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MODELING AND ANALYSIS OF HEPATITIS B AND DIPHTHERIA
CO-INFECTION VIA FRACTAL-FRACTIONAL OPERATORS WITH
MITTAG-LEFFLER KERNEL

M.SHARMILA * AND S.INDRAKALA

ABSTRACT. Combination infections of diphtheria and hepatitis B provide increasing global
public health issues because of their intricate transmission patterns. In order to incorporate
memory effects, non-local interactions, and fractal aspects of disease propagation, a unique
fractal-fractional model with a Mittag-Leffler kernel is constructed in this paper. To represent
actual co-infection scenarios, the model integrates important epidemiological characteristics
such as transmission, development, treatment, recovery, immunization, and re-susceptibility
rates. Variations in fractional order and fractal dimension have a substantial impact on dis-
ease dynamics, resulting in protracted outbreaks and delayed peaks, according to numerical
models. The important impact of dual-pathogen interactions is shown by the results, which
show magnified co-infection effects with higher infection and treatment levels under increased
transmission.

1. Introduction

Hepatitis B is a potentially fatal liver infection that affects billions of people globally, with
millions of chronic cases and a high death rate from liver complications. It continues to spread
despite successful vaccinations due to reasons like declining immunity, various modes of trans-
mission, and population movement. To comprehend HBV transmission and assess control
measures, such as vaccination and treatment plans, numerous mathematical modeling studies
have been carried out. Similar to this, diphtheria is still a dangerous and extremely conta-
gious illness, and recent outbreaks have been connected to decreased immunity and dropping
vaccination rates[l, 2, 3, 4, 5, 6, 7, 8, 9, 10].

Ongoing public health issues are highlighted by its serious repercussions and recurrence in
some areas. Inspired by these worries, this study creates a thorough modeling framework that
includes both asymptomatic and symptomatic infections as well as important control measures.
In order to effectively manage the spread of these infectious diseases and reduce transmission,
the work highlights the vital role that vaccination, awareness campaigns, and prompt medical
intervention play [11, 12, 13, 14, 15, 16, 17, 18, 19].
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2. Mathematical Model Formulation and Assumptions

The total population of human at time ¢, denoted by Np(t), is divided into fifteen mutually
exclusive compartments of susceptible individuals S, (t), exposed individuals to diphtheria only
Ep(t), individuals infected with diphtheria only I (¢), individuals on treatment with diphtheria
only Th(t), recovered individuals from diphtheria only Rp(t), vaccinated population against
both diphtheria and hepatitis BV (¢), individuals exposed to both diphtheria and hepatitis
BEpp(t), individual co-infected with both diphtheria and hepatitis BIpp(t), individual on
treatment of both diphtheria and hepatitis B Tp(t), recovered individual from both diphtheria
and hepatitis Rpp(t), exposed individuals to hepatitis B only Fg(t), individuals infected with
acute hepatitis B only I4(t), individuals infected with chronic hepatitis B only I (t),,individuals
on treatment of hepatitis BT5(t), recovered individuals from hepatitis BRp(¢), and bacteria
population B. So that,

Nh(t) = Sh(t) + ED(t) + ID(t) -I-TD(t) + RD(t) + V(t) + EDB(t)
“FIDB(t) +TDB(t) +RDB(t) +EB(t) +IB(t) -‘FTB(t) +RB(t) + B.

The susceptible human populations are recruited at the rate of Ay, the susceptible bacteria
populations are recruited at the rate of Ag. Susceptible individuals are vaccinated against
Diphtheria and Hepatitis B at the rate wy and after some times the vaccine wane at the rate of
wo. Contact rate between the susceptible humans and infected human population with diphthe-
ria, Contact rate between the susceptible humans and Humans on diphtheria only treatment,
Contact rate between the susceptible humans and Bacteria population, Contact rate between
the susceptible humans and infected human population with both diphtheria and Hepatitis B
diseases, Contact rate between the susceptible humans and human population treatment of
diphtheria and Hepatitis B diseases, Contact rate between the susceptible humans and infected
human population with Hepatitis B, Contact rate between the susceptible humans and Humans
on Hepatitis B only treatment are @1, @2, ¢3, @4, ©5, 81, B2-

Exposed individuals to diphtheria only progresses to infected human population with diph-
theria only at the rate of oy, exposed individuals to Hepatitis B only progresses to infected
human population with Hepatitis B only at the rate of as, exposed individuals to diphtheria
only progresses to infected human population with diphtheria only at the rate of az. Exposed
individuals to hepatitis B only progresses to infected human population with both diseases at
the rate of ay, exposed individuals to both hepatitis B and diphtheria progresses to infected
human population with both diseases at the rate of as, infected human population with diph-
theria only are treated at the rate of 0, infected human population with hepatitis B only are
treated at the rate of 05, infected human population with both diphtheria and hepatitis B are
treated at the rate of 05, infected human population with both diphtheria and hepatitis B re-
ceive diphtheria only at the rate of 6, infected human population with both diphtheria and
hepatitis B receive hepatitis B only at the rate of 65, Human population on diphtheria only
treatment recovered at the rate 7;, acute infected humans with hepatitis B only are treated
at the rate 6, exposed human population to hepatitis B only progresses to acute infected hu-
man population with hepatitis B only at the rate as, acute hepatitis B only infected human
population progresses to chronic infected human population with hepatitis B only at the rate
ag, chronic hepatitis B infected humans are treated at the rate of 85, Human population on
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diphtheria only treatment recovered at the rate 2, Human population on both diphtheria and
hepatitis B treatment recovered at the rate 3, Human populations die naturally at the rate of
1r, Bacteria populations die naturally at the rate of up, Disease induced death rate of diph-
theria only infected humans, Disease induced death rate of hepatitis B only infected humans,
Disease induced death rate of humans on diphtheria only treatment, Disease induced death rate
of humans on hepatitis B only treatment, Disease induced death rate of humans infected with
both diphtheria and hepatitis B , Disease induced death rate of humans on both diphtheria
and hepatitis B treatment, are 1, d2, d3, d4, J5, and g respectively. The recovered human pop-
ulations from diphtheria only become susceptible again at the rate of oy while the recovered
human population from hepatitis B only becomes susceptible again at the rate of .

I. We assume that recovered human population from both diseases can become susceptible
again [25].

II. We assume an imperfect vaccine for Diphtheria and hepatitis B human population.

ITI. We assume disease induced death in human population [26, 31, 32, 33, 34, 35].

2.1. Model Flow Diagram. The figure 1 above shows how shared risk factors and transmis-
sion routes can lead to diphtheria and hepatitis B co-infection [27, 28]. Co-infection increases
disease severity and complicates diagnosis and management. Early detection, appropriate treat-
ment, isolation, and strong vaccination programs are key to preventing transmission and reduc-
ing complications.
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FiGURE 1. Diphtheria and Hepatitis B co-infection flow Diagram
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2.2. Model Equations. Arising from the model formulation, flow diagram above, guided
with assumptions, we obtain the model equations as follows:

dS
s =Ap+wV+o1Rp+o2Rg — AgS — ApS — (w1 + Mh) S,
dFE
TtD = ApS —AgEp — (041 —‘r/,ch) ED7
dFE

dljB =AgEp +ApEp — (a5 + ) Epp,
dFE
TtB = AgS —A\pEp — (042 + /J,h) EB,
dV
i =wi1S — (w2 +pa) V,
dl
—r = 1Ep — (01 + o5+ 61 + ) I,
dl
cTtA = aoBp — (02 + ag + ag + 02 + pn) L4, (1)
dl
d7t0 = agly — (06 + 07 + pn) Ic,

TR aslp +aqlp +asEpp — (03 + 04+ 05+ 05 + pn) Ips
dT’
Tf =01Ip+04dpp — (1 + 935+ pn)Ip
dTp
T OsIpp + 0214 + O6Ic — (y2 + 04 + pn) T
dT’

d[t)B =0sIpp — (v3+ 6 + pn) ToB
dR
TtD =mnTp — (o1 + pn) Rp
dR

dDB =v31Ipp — unlRpB

t
dR
TtB =%Tp +v4lc — (02 + pn) Rp
dB
— =Ap —upB
dt B — MUB
Where
A — (Y1Ip +2Tp + 3B +Yulpp + VsTpp)
D=
Np,
Ap = (Bila + BoT8 + Yalpp + UsTpe + Yelc)
Np,
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VARIABLES | DESCRIPTION

S

Susceptible human population

\Y%

Population of human vaccinated against both disease

Ep

Exposed individuals to diphtheria only

Ip

Infected individuals with diphtheria only

Tp

Treated individuals with diphtheria only

Rp

Recovered individuals from diphtheria only

Ep

Exposed individuals to hepatitis B only

Iy

Infected individuals with acute hepatitis B only

Ic

Infected individuals with chronic hepatitis B only

Tg

Treated individuals with hepatitis B only

2.3. Model Variables and Parameters Descriptions.

Rp Recovered individuals from hepatitis B only

Epp Exposed individuals to both diphtheria and hepatitis B

Ipp Infected individuals with both diphtheria and hepatitis B

Tpp Treated individuals with both diphtheria and hepatitis B

Rpr Recovered individuals from both diphtheria and hepatitis B

Parameters | Description

Ay Recruitment rate of human population

Lh, Natural death rate of human population

w1 Vaccination rate

wa Waning rate of vaccine

1 Contact rate between susceptible humans population and infected
humans with diphtheria only

P Contact rate between susceptible humans population and humans
on treatment with diphtheria only

Y3 Contact rate between susceptible human population and bacteria
population

N Contact rate between susceptible human population and infected
individual with both diphtheria and hepatitis B

Vs Contact rate between susceptible humans population and humans
on treatment with diphtheria and hepatitis B

Vg Contact rate between susceptible humans population and chronic
infected humans with hepatitis B only

b1 Contact rate between susceptible humans population and acute
infected humans with hepatitis B only

Bo Contact rate between susceptible humans population and humans
on treatment with hepatitis B only
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aq

Progression rate from exposed human population to diphtheria
only to infected human population with diphtheria only

02

Treatment rate of acute infected humans with hepatitis B only

Qa9

Progression rate from exposed human population to hepatitis B
only to acute infected human population with hepatitis B only

875

Progression rate from acute hepatitis B only infected human pop-
ulation to chronic infected human population with hepatitis B

only

O

Treatment rate of infected humans with hepatitis B only

b,

Treatment rate of infected humans with diphtheria only

§a!

only

3

diseases

(o)

The rate at which recovered humans from hepatitis B only become
susceptible again

01

The rate at which recovered humans from diphtheria only become
susceptible again

01

Disease induced death rate of infected humans with diphtheria
only

o3

Disease induced death rate of humans on treatment of diphtheria
only

as

Progression rate of infected humans population with both diph-
theria and hepatitis B to exposed human population with both
diphtheria and hepatitis B

04

The rate at which infected humans with diphtheria and hepatitis
B receive diphtheria only treatment

03

The rate at which infected humans with diphtheria and hepatitis
B receive hepatitis B only treatment

05

Disease induced death rate of infected humans with both diphthe-
ria and hepatitis B

d6

Disease induced death rate of humans on treatment of both diph-
theria and hepatitis B

05

Treatment rate of infected humans with both diseases

Progression rate from exposed human population to hepatitis B
only to acute infected human population

V2

Recovery rate due to treatment of infected humans with hepatitis
B only
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02 | Disease induced death rate of infected humans with hepatitis B
only

64 | Disease induced death rate of humans on treatment of hepatitis
B only

Ap | Recruitment rate of bacterial

Table 1 summarizes the key variables and parameters used in the study, including their
definitions and roles in analyzing diphtheria and hepatitis B co-infection [27].

3. Preliminaries

3.1. Background materials. The manuscript relies on Fractal fractional operator definitions
which we will explain first Let us define ( 7 ) to represent fractional-order while the symbol ( ¢
) stands for fractal-dimension. When y(¢) remain continuous it also has fractal differentiability
on (a,b) with (¢)), these definitions find their description in [21] as well as [22].

Definition 3.1. [35]. The Caputo fractional differential operator makes use of the Mittag-
Leffler Kernel to define the fractal fractional derivative of functions y(t) at order (7) while
operating on dimension (¢) as the follows:
. AB(o) ' [ =1 . ] dys)
FFHDOfy(t): T /aE¢ (t—s) 150 ds

o 1—7

t>a>0

Where 7,9 € (0,1],AB(7) = 1 — 7 + 7/T'(7) is the normalization function with AB(0) =
AB(1) =1 and

(1) dutp = lim (e(s) — 2(0))/ (s — %) .
Moreover, the Mittag-Leffler function is defined by;
E(Z2) =Y Z'(rk+1),Z,7 € C,7 >0,
k=0
with C is the set the of complex number.
Definition 3.2

[21,22]. We present the equation for fractal fractional integration with the Mittag-Leffler
Kernel in the Caputo sense of order (7) for dimension (¢);

— Y1z T ¢
FRED N = P s [ ©

SY=ly(s)ds,t > a >0

165



M.SHARMILA * AND S.INDRAKALA

Definition 3.3
[21]. = € C((a,b), R), The fractal Laplace transform of order ( 7 ) is given as follows

FLYa(t) = / (1) exp(—pt)t*—Ldt (4)
0
Lemma 3.2. [22] Fractal fractional initial value problem is as follows:
FFHDgx(t) = G(t,(t)),t € [0,T],7,¢ € (0,1] (5)
x(0) = g
The problem in (4) can be expressed as [50]
FFHDOt z(t) = Pt~ LG (¢, x(t)),t € [0,T), 7,7 € (0,1] (6)
z(0) = xo.

The corresponding integral equation defines the solution of problem (5) is as follow:

=) PTG ) T e e
() = a(0) + P EETO) [svi—GSa)as ()

Several Lemmas became necessary for analyzing both uniqueness and existence in the pro-
posed model.

Lemma 3.3 (Banach fixed point theorem). [23] The Banach space X contains a closed subset
D C X, D # 0 within it.

The operator P yields exactly one fized point in D when it meets the contraction condition
P:D— D.

Lemma 3.4 (Krasnoselskii’s fixed point theorem). [24] The set D consists of every element
from Y forming both a non-empty subset and a closed as well as convex space.

Let P and Q) represent the two operators such that,

e PU+ QV € D, whenever U,V € D,

e () is compact and continuous

e P denotes the contraction mapping. then, there exist k € D such Z = PK + QK.
The new application utilizes the fractal fractional derivative operator to advance the Typhoid

fever model (2.7) within the Mittag-Leffler Kernel framework 7 € (0, 1] and ¢ € [0, 1], FFHDg::f’,
as follows:

e {080, En(t), Eps(t), Es(t). V1), In(t), La(t). Ic(1),
FEHDoy () = G (IDB<t>7TD<t>,T (1), To(t). Ro(t), Rps (1), R (1), B<t>)’
S(t), Ep(t), Epp(t), Es(t), V(t), Ip(t),1a(t), Ic(t), )

(). T (). R n)

¢ ), In
FFHDTVEp(t) =G ’
0 En(t) 2(IDB(t) Tp(t),T Tpr(t),Rp(t),Rps(t),Ra(t), B
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FPHDG} Eop(t) = G (I;’BS((>) <(>,) E?Jf(T)m gt) Dgg RD(B)< f), r({; <I>C( )<t>>’
PR () = G () Tonslty Rt 510
FREDSIV) =Gl rath. Toney. EiRLZ(?(u({i(I)C() )
FFHD{/Ip(t) = Gs <IDB<()) t() )T Zj(T)DB< gt)RX;EgIR[; 1), ; >
FFHDG Y 14(t) = Gy (IDB(<)> (()t) E?J)S« T>DB( gwRZEg RDB b Rt; )
FFHDIo(t) = Gs (1,_:;;()) (()t) E,(J;x T)DB<§’?RZE§§ Iolt tg,:;f({tB(l )
FERDG ont) = 6ol . o) RDB) Do)
FFHDGTp(t) = G (I;’B 5( E)?TD( t(>,)T§ff( T)DBZ §t> Zg RDB tl)rAR i )
P () = G f;;; )
(

)
t,S(t), Ep(t), Epp(t), Ep
(t

o (1), V(0), In (), La(0),
FFHDg Tpp(t) = G2 (IDB(t),TD() Ts(t), Tpg(t), Ro(t), RDB(t) RB() t))

Y

FRHDGERp(0) = G <I;:($)Ti[()() )T?(D?(T)DB( g )RDEtg RDB (I

PR Rost) =Gu (S ) R;B)<t§A§;< {).B e <t>)’
PR R = G (o sl o), )
FPHDGEB) = Gu (Iﬁf(g?m (> )Tfff(T)DB< §”RZEZ§ QD( >< t),R o (ti( )< >>’
Where G =60 (Iﬁii?iﬁff ,)Tiff(T)m g )RDE ; ffjf;)( . ® )<I)C (B)(t)) .

The functions G; of the developed model follow the sequence for i = 1,2,3,...16 below:
Gy =Ap+wV+01Rp +09Rp — AgS — ApS — (w1 + pn) S,
G2 = ApS — AgEp — (a1 + pun) Ep,
Gz = ApEp + A\pEp — (a5 + un) Epp,
G4 =ApS — ApEp — (az + upn) Ep,
Gs = w1 S — (w2 + )V,
Go = a1Ep — (6h +az + 01 + pn) Ip,
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Gr = a2Ep — (02 + au + a6 + 62 + pn) L4,
Gs = agla — (06 + 07 + pn) Ic,
Gy = azlp +aylp +asEpp — (03 + 04 + 05 + 65 + un) Ips,
G1o=01Ip +04lpp — (71 + 03 + pn) T,
G11 =03Ipp + 0214 + O6lc — (2 + 04 + pn) T, 9)
Gi2 = 0sIpp — (3 + 06 + i) TpB,
G13 =Tp — (01 + pn) Rp,
G14 =73Tpp — pnRpB,
Gi5 = 72Tp +yalc — (02 + pn) Rp
Gi6=Ap —upB
With
So > 0,Epo > 0,Eppo > 0,Epg >0, Vo >0,
Ipo = 0,140 = 0,10 = 0,Ippo =20, Tpg >0, Tpo =0, Tppo > 0,
Rpo > 0,Rppo = 0,Rpe >0, By > 0.

The fractal fractional FF-Diphtheria and Hepatitis B co-infection model exists under the
label (8).
We observed that if we let 7 = 1 in the FF-Diphtheria and Hepatitis B co-infection model
transforms into the (7) to create an integer-order model system.
The model gets simplified into the fractional Diphtheria and Hepatitis B co-infection model by
letting ¢ = 1.

3.7. Model Analysis. Positivity of the model solution
(R ={G € RY:G>0&(8.Ep,Epp, s, Vilp,La1ov1s, To, T, Top Ro,Rop, R, B)” })
The vector transform is expressed by (.)7.

Theorem 3.5. G satisfies boundedness in R}f in addition to being non-negative for the solution
of the FF-Diphtheria and Hepatitis B co-infection model described by (8).

Proof. For t € (0,00), Existence and uniqueness of the FF-Diphtheria and Hepatitis B co-
infection model (8) is obtained.
Consequently, The non-negative region Rf represents a positive invariant region according to
the presented content. Our research used the FF-Diphtheria and Hepatitis B co-infection model
described in (8) as the basis for our analysis;

FFHDg:Z[’S(t) = A +wev+01Rp +09Rp +03Rpg >0
FFHD{Ep(t) = ApS >0

FFHD{}Epp(t) = \gEg + ApEg > 0

FFHDJ} Ep(t) = ApS >0

168



HEPATITIS B AND DIPHTHERIA VIA FRACTAL-FRACTIONAL

FFHDJYV(t) = wi S >0

FFHDy{Ip(t) = a1Ep > 0 (10)
FFHDJ{IA(t) = a2Ep > 0

FFHD{ Ic(t) = agla > 0

FFHD{) Ipp(t) = aslp + asdp + asEpp > 0

FFHDy{Tp(t) = 611p + 04Ipp > 0
FFHD{Ty(t) = 031pp + 0214 + 051c > 0
FFHD{} Tpp(t) = 051pp > 0
FFHD{}Rp(t) =1Tp > 0

FFHD{{ Rpp(t) =v3Tpp > 0
FFHDY Rp(t) = 72T +yalc > 0
FFHD{}B(t) = Ap >0

If (S,Epo,Eps,Ego, V.1po,140,1co,IpBo, Too, Tro, Toso, Rpo, Rpso, Reo, Bo) € RIS,
then, from the time interval from (10) solution G remains prevented from escaping through the
hyper planes. Consequently, R}f is a positively invariant.

Ny,=S+FEp+FEpg+Eg+V+Ip+Ia+Ic+Ipg+Tp+Ts+Tpp+ Rp+ Rpp+Rg+ B and

Np = B.
So from the FF-Diphtheria and Hepatitis B model (8) we obtained:

{FFHDg;:f’Nh (t)(t) = Ap, — uhNh} and {FFHDg;;"NB t)(t) = Ap — ,uBNB} (11)

Using the fractal Laplace transform Eq. (3), we conclude that,

A A
Nh(t)g—hast%oo, NBS—Bandt%oo.
Hh HB

So we now have the biological range of values of the FF-Diphtheria and Hepatitis B co-
infection model (8) as follows;

{(57 ED)EDBaEB7 V7ID7]A)ICaIDByTDaTB)TDB7RD7RDB)RBa B) S R16 2 O} and Nh(t) S

Similarly, N, < %
This shows that the above model is biologically feasible. O

3.2. Equilibrium points of Hepatitis B and Diphtheria and their stabilities. The FF-
Diphtheria model demonstrates two steady states which occur when the right side of equivalence
(8) displays zero value. Then, we obtain;
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3.3. The Disease free Equilibrium point. The disease-free equilibrium exists as a state
with zero illness symptoms in human populations.
0 170 70 0 70 70 70 70 70 0 40 M0 0 RO 0 RO
(S 7EDaEDBaEva 7ID’IA7]C’IDB7TD7T37 TDB7RD7RDB’RBvB )
B ( Ap (w2 + pun) wiAp AB)

70a070707070a070707077

b b b b (12)
pn (w2 + w1 + fin) pn (wWa + w1 + fin) 1B

3.4. Hepatitis B sub-model Basic Reproduction Number. Basic Reproduction number
defines the complete number of infections which spread from one infected human to susceptible
population. The determination of Basic Reproduction number happens through next generation
method R = pFV~! by using F as a non-negative matrix with other transition terms V and
determining the largest Eigen value p.

r Bi(wetpn)  Pa(watpn)  Ba(watpn)
0 w;+j1+:h w2+51+:h w2+51+:h A 0 0 0
= 0 0 0 V= —ay A 0 0
0 0 0 0 0 —ag Az 0
L 0 0 0 0 and 0 =0 -0 Ay
EREE.
Vfl — A31242 As 0 0
= apan ag 1 0
A A
L A3A,As AzA; 0 As
pB _ 2 (A4 AsBrpn + Ay AsBrwr + AuBapnta + Agfzwibs + AsaefBapin + AsasPawi) (13)
B )

Ag A3 Ay As (wa + w1 + wp)
Where A1 = (a2 + pn) , A2 = (g + 02 + 02 + pn) , Az = (0 + 74 + 07 + pn) , As = (2 + 64 + un).

3.5. Hepatitis B sub-model Endemic Equilibrium points. We examined the possibility
of an endemic equilibrium point, signifying a stable condition where Hepatitis B persists within
the population. At this equilibrium, the model’s variables remain positive and retain non-zero
values.

(8" #0,Ep #0,I3 #0,1¢ #0,Tp #0,V* #0,Rp #0).
To analyze the endemic equilibrium point, the model equations are reformulated based on the

infection rates within the populations [41, 42]. Utilizing the fractional Hepatitis B model (6),
the endemic equilibrium state is defined as follows:

g* ApAgAs Az Ay As Ar

((A2A3A7 (AB 4+ A1) As — 720202 pa2) Ay — oaXpasos (Asvya + 720s)) As — Az AsAyAs Azwiws’
B = ApAgA3AyAs A7 \p

(((A2A3A7A5 — apy20202) Ay — oa0006 (Asya + 7206)) Ap + A1 A2 A3 Ay As Ar) Ag — A Az Ay As Aqwwy’
I = ApAgAsAs Az pas

(((A2A3A7 A5 — Qaya0202) Ay — 020206 (Asya + 7205)) Ap + A1 A A3 Ay As A7) Ag — As A3 Ay As Aqwiws’
e ApAgAs Az panag

€7 (((A2A3A4A7 — asa67409) As — agy209 (Asba + a6l)) Ap + A1 As Az Ay As A7) Ag — Ag Az Ay As Aqwiws’
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ApAgA7 ) \pas (A402 + 05606)

Tj = ’
B (((A2A3A7A5 — Ck2’720292) A4 — 0200200 (A5’Y4 + ’7206)) AB + A1A2A3A4A5A7) AG - A2A3A4A5A7W10J2
v ApAs A3 Ay As Azwy
(A7A2 (A + A1) Ag — wiws) A3As — 720202 A Agrn) Ay — o2 A Agaaas (Asya + 7206)
B ApAp (Agy202 + a6 (As7s + 7206)) a2 As

B (((A2A3A5A7 — CKQ’}/QO'QQQ) A4 — 02020 (A574 + 7206)) AB + A1A2A3A4A5A7) AG —(A2343A4A5A7UJ1WQ '
14

Substituting into the force of infection

(Bila + P2lc + B3TB)
Ny,

A =
We obtained:

QiAp+Q2=0 (15)
Where

A3 Ay AsAg A7 + AyAs Ag Aray + Ay Ag Aranls
Q1 =Ap | +A4Asa27202 + AsAgAranos + As Asaiaaya
+AsArar060s + Agaaoisy20s

Qg = Ah (A6A2A3A4A5A7 + (A2A3A4A5A7w1) (1 — ROB))

This implies that the model has a stable endemic equilibrium point.

3.6. Semnsitivity Analysis of Hepatitis B sub-model.
SR(’? Kn

ay = — = 0.000188,
Qg + [y
B ) 0
Sﬁﬂ - (O +va+ 67+ )?((;fi’gjj‘s—:rﬂi;75j‘24+6ﬂh,)ﬁ1+(04652+5392)#h) = —0.28352,
6 74 7 Hh +agB2v2+aeB204+B302(06+v4+57)
5 a2 (v2 + 04 + ftn) Y4
Sy = - = —0.141758
(06 +y4+07+pn)(v2+0a+pn)Br1+ (s f2+B302) n )
(06 Tyt o7 + Mh) ( ’ +046/3;’)’2+h92/33"/4+046[§254+92/363(§7+gg) ! )

R _ 62 (V2 + 04 + i) 07 — —0.189011
o (O + 74+ 07 + pn) (2 + 64 + pr) Ba ’
(06 +va + 674+ pn) |+ (B2 + B302) pin + asB2y2

+ag 204 + B3l (06 + Y4 + 97)

Sfés _ 0205 (06 + v4 + 67 + ) 64 — 0.25055,
: (06 +ya + 07 + pn) (v2 + 04 + pn) B
(2 +0a+ pn) | + (B2 + B362) pun + s faya + 204

+B302 (06 + v4 + 07)
B302 (06 +va + 07 + pin) 7o
(06 + 4 + 67 + pn) (v2 + 64 + pn) B1

(v2+ 04+ pn) | + (B2 + B362) pun + s faya + 6204
+B362 (06 + v2 + 67)

Ry
SVz =

= —0.313188,

171



M.SHARMILA * AND S.INDRAKALA

GRE _ (06 + va 4 07 + pn) (2 + 64 + pn) B1 05919
A (06 +va + 67 + pn) (V2 + 64 + pn) Br + (s B2 + B302) pin + asBay2z + asB204 + Baba (O + 74 + d7) '
sh — w12 — 0.62484,
(i 4+ w1) (w2 + w1 + pn)
i _ Pab (05 + s + 07 + pin) = 0.033828,
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shy — __“2 624956,
wo + w1 + fn

RB
S = —0.167264.

3.7. Diphtheria Sub-model Basic Reproduction Number. Basic Reproduction number
defines the complete number of infections which spread from one infected human to susceptible
population. The determination of Basic Reproduction number happens through next generation
method RY = pFV~! by using F as a non-negative matrix with other transition terms V and
determining the largest Eigen value p.

Y1(watpn)  Yo(wetpn)  Ys(watiun)

0 w2 +w1+pn watwi+pn w2 Fw1+Mh
F— 0 0 0 0
0 0 0 0
0 0 0 0
K P1(wotpn)  Ya(wotpn)  Y3(wotpn) L 0 0 0
wotwitpn  wetwitpn,  wetwitpn 512 1
V= —o K3 0 0 VL= I§2K3 ? (1) 0
0 —01 K, 0 K3}<21K4 Kgi(:} Ka 0
0 0 0 Ky 0 0 0 I%
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This is the dominant Eigen value:

a1 (Kapntr + Kawothy + pptha01 4+ warh2by)

Ry =
KoK3 Ky (we + w1 + pn)
4. Numerical Simulation
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Fig.4c: Simulation of humans
on Diphtheria only treatment
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Fig.6a: Simulation of acute infected
population to hepatitis B ’

Fig.6b: Simulation of chronic
infected population to hepatitis

8 s

2 ;

£ 1000 'E" B

£ &R 1000

&= k-
500 -2

= E & &® 500

e = [ -

2 a & 3

g g 0 = = 0

- 1 2 3 4 5 6 7 8 o S 12 3 4 5 6 7 8

2 =

2 Time in (days) 5 Time in (days)

g =

- 0

« g () 1=0, ] e ) 1=0.3 =g 11=0.5 g (11=0. 1 === () 1=0.3 === w1=0.5
s (1) 1=0. 7 g 1 1=0.9 sy 1207 e—g—11=0.9

Fig.6c: Simulation of population Fig.6d: Simulation of vaccinated

-

= L =

@ s age

g hepatitis B treatment .5 humans against hepatitis B

-
80

E =

600 w

5 i

" 400 g8 10

- 5%

T 200 = 50

z =

@& 0 &2 a 0

= 1 2 3 4 5 6 7 8 g 12 3 4 5 6 7 8
=

. s o s :
Time in (days) 2 Time in (days)
=
e (1) 120, ] s (1] =03 sl 01=0.5 g (1) 120, ] g (91203 s 01=0.5
e (9120, 7 o 01=0.9 e 11207 e 1=0.9

Fig.7a: Simulation of Recovered Fig.7b: Simulation of

m v
.. = .

4 humans from hepatitis B £ cumulative new cases of

B ..

S E‘ hepatitis B

]

= 1000 k-]

g g

S 200 4 30

= g m

Fi 600 E 20

g 400 2

.El 200 g 10

T 0 = 0

[ 1 2 3 4 5 6 7 8 g 1 2 3 4 5 6 7 8

=

5 Time in (days) o Time in (days)
e () 1=0. ] = 0 1=0.3 =——w1=0.5 e () 1=0. ] = 1=0.3 =——w1=0.5
s (0 1=0.7 s——1=0.5 s ) 1=0.7 s 01=0.9

176



HEPATITIS B AND DIPHTHERIA VIA FRACTAL-FRACTIONAL

Fig.7c: Simulation of cumulative
new cases of hepatitis B

30

1 2 3 4 5 6 7 a8

Cumulative new cases of hepatitis
B

Time in (days)

e 1 =0.] = 51=0.3 === 01=0.5

01=0.7 ==g==01=0.9

Fig.8a : Simulation of chronic
infected with hepatitis B

1 2 3 4 5 6 7 8

Time in (days)

Chronic infected with hepatitis B

g §1=0.] === §1=().3 === 61=0.5

01=0.7 ==g=01=0.9

Acute infected with hepatitis B

g §1=0.] e 1=0.3 === 1=0.5

1000
800
600
400
200

Humans on treatment hepatitis B

Fig.7d: Simulation of acute

infected with hepatitis B
30
25
20
15
10
s &
0
1 2 3 4 5 6 7

Time in (days)

01=0.7 =g 51=0.9

Fig.8b : Simulation of humans on

treatment hepatitis B

1 2 3 4 3 6 7

Time in (days)

g 01=0. 1 =g §1=0.3 === 01=0.5

5. Discussion

The simulation findings show how treatment and vaccination rates affect the dynamics of
infections with only hepatitis B and diphtheria. Raising the rate of diphtheria treatment in-
creases the vulnerable and treated populations while drastically lowering the number of exposed
and infected people. In a similar vein, increased vaccination rates reduce vulnerable, exposed,
and infected populations, but they also increase the vaccinated class and may initially increase

reported cumulative cases because of better detection.

Increasing vaccination rates for Hepatitis B increases the vaccinated group while decreasing
susceptible, exposed, acute, and chronic infected populations. Increasing the number of peo-
ple receiving treatment and recovering from Hepatitis B successfully lowers acute and chronic
infections as well as cumulative instances. Overall, the findings show that lowering the bur-
den of illness and preventing the spread of disease depend heavily on increased treatment and

vaccination rates.
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6. Conclusion

In order to understand the intricate dynamics of Hepatitis B and Diphtheria co-infection, this
work provides a novel fractal-fractional mathematical model that incorporates several compart-
ments, including susceptible, vaccinated, exposed, infectious, treated, recovered populations,
and bacterial load. To capture memory effects, non-local interactions, and fractal features in
disease transmission, the model uses a fractal-fractional derivative with a Mittag-LefHler ker-
nel. Numerical models show that differences in fractional order and fractal dimension have a
substantial impact on the course of the disease, resulting in longer infection peaks and longer
epidemic durations, especially in co-infected and chronic compartments.

The findings demonstrate that, due to interactions between bacterial dynamics and viral
persistence, co-infection increases the burden of disease in comparison to single infections.
Additionally, while high transmission and susceptibility maintain epidemics, higher treatment,
recovery, and immunization rates successfully lower infection levels. Sensitivity analysis of
the basic reproduction number highlights the fractal-fractional framework’s ability to capture
co-infection dynamics and demonstrates that improving healthcare treatments and lowering
transmission are crucial for successful disease control.
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