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Abstract. Information pertaining to financial investments may not always be exact
or accurate. In such situations, fuzzy environments produced better effective results.

This study examines the stock price behaviour to forecast the erratic price movements

in the volatile financial market. This would support investors in their analysis of the
stocks that they purchase and help them to make an intelligent choice.

1. Introduction

The binomial approach to option pricing was first put up by Cox, Ross, and Rubinstein
[2] in the year 1979. Later, Black-Scholes [1] established European option in the early
1970s and it has had tremendous impact on trading. However, conventional models are
inadequate for dealing with undetermined and unclear scenario, as it frequently affects
the unstable financial markets. Therefore, it is crucial to examine the fuzzy options
due to its siginificant importance. In 2008, Li et al. [10] developed a stock model for
European option formula and studied some its mathematical properties. Further, Liu
[4] introduced fuzzy calculus to finance, where stock prices were determined through a
geometric process. Peng [9] proposed a more general model to elucidate American option
formula. Several scholars have used a variety of derivative options in their research
[3, 8, 11, 12, 15, 13, 17, 18]. The behaviour of options in a fuzzy setting are explored in
this paper. The design of the paper is as follows:
Section 2, reviews the fundamental resluts which are important to analyse the present
work. Further, section 3 deals with the siginificance of martingale in a fuzzy approach to
compute fuzzy prices. In section 4, some properties of the same are iilustrated. Finally,
section 5 gives the conclusion.

2. Basic Results

The key definitions and results from [14, 16, 7, 5, 6] which are required to comprehend
price movements in a fluctuating market are summarised.
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3. Impact of conditional expectation with fuzzy random variables on
investment strategy

Theorem 3.1. Suppose that X̃1 and X̃2 are integrably bounded fuzzy random variables.
Then,

(i) E(X̃1 + X̃2) ≈ E(X̃1) + E(X̃2).

(ii) If X̃1 ⪯ X̃2, then E(X̃1) ⪯ E(X̃2).

Proof. (i) For every x ∈ X, we have

E(X̃1 + X̃2)(x) = supα∈[0,1]min{α, 1E(X̃1+X̃2)α
(x)}.

=⇒ E(X̃1 + X̃2)(x) = supα∈[0,1]min{α, 1E(X̃1)α
(x)}+ supα∈[0,1]min{α, 1E(X̃2)α

(x)}
=⇒ E(X̃1 + X̃2)(x) = E(X̃1)(x) + E(X̃2)(x)

=⇒ E(X̃1 + X̃2) ≈ E(X̃1) + E(X̃2).

(ii) Since X̃1 ⪯ X̃2 =⇒ (X̃1)α ≤ (X̃2)α
i.e., X̃1 ⪯ X̃2 =⇒ E(X̃1)α ≤ E(X̃2)α
Hence, for every x ∈ X, we have

E(X̃1)(x) = supα∈[0,1]min{α, 1E(X̃1)α
(x)}.

=⇒ E(X̃1)(x) ≤ supα∈[0,1]min{α, 1E(X̃2)α
(x)}

=⇒ E(X̃1)(x) ≤ E(X̃2)(x) =⇒ E(X̃1) ⪯ E(X̃2). □

Theorem 3.2. (i) E(ÃX̃1 + B̃X̃2/N ) ≈ ÃE(X̃1/N )+ B̃E(X̃2/N ), where Ã and B̃ are
any two positive constant linear fuzzy numbers.

(ii) E(E(X̃/N )) ≈ E(X̃).

(iii) If X̃ is N− measurable, then E(X̃/N ) ≈ X̃.

(iv) If X̃1 ⪯ X̃2, then E(X̃1/N ) ⪯ E(X̃2/N ).

(v) If N1 and N2 are sub σ - algebras of N such that N1 ⊂ N2, then E(E(X̃/N1)/N2) ≈
E(X̃/N1) ≈ E(E(X̃/N2)/N1).

Proof. (i), (ii) and (iii) can be proved easily.

(iv) For every Λ ∈ N , if X̃1(ω) ⪯ X̃2(ω), then we have∫
Λ
(X̃1)

±
α (ω)dP (ω) ≤

∫
Λ
(X̃2)

±
α (ω)dP (ω).∫

Λ
E((X̃1)

±
α /N )(ω)dP (ω) =

∫
Λ
(X̃1)

±
α (ω)dP (ω)

=⇒
∫
Λ
E((X̃1)

±
α /N )(ω)dP (ω) ≤

∫
Λ
(X̃2)

±
α (ω)dP (ω) =⇒

∫
Λ
E((X̃1)

±
α /N )(ω)dP (ω) ≤∫

Λ
E((X̃2)

±
α /N )(ω)dP (ω), ω ∈ Ω and x ∈ R

=⇒ E(X̃1/N ) ⪯ E(X̃2/N ).

(v) If N1 ⊂ N2, then we have E(X̃/N1) is
N2− measurable.
Using (iv), E(E(X̃/N1)/N2) ≈ E(X̃/N1).
For every Λ ∈ N1 ⊂ N2, since∫
Λ
E(X̃/N2)(ω)dP (ω) ≈

∫
Λ
X̃(ω)dP (ω),

we have, E(E(X̃/N2)/N1) ≈ E(X̃/N1).

Hence, E(E(X̃/N1)/N2) ≈ E(X̃/N1)

≈ E(E(X̃/N2)/N1). □
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Definition 3.3. A discrete time fuzzy stochastic process Ỹ ≈
{
Ỹn,Mn

}N

n=0
is a fuzzy

martingale relative to a filtration {Mn}Nn=0 for each n = 0, 1, . . . , N if

(i) E(Ỹn+1/Mn) ≈ Ỹn. Further if ≈ in (i) is replaced by (≼ or ≽), we have

(ii) E(Ỹn+1/Mn) ≼ Ỹn, then
{
Ỹn,Mn

}N

n=0
is a fuzzy supermartingale with respect to

{Mn}Nn=0

(iii) and E(Ỹn+1/Mn) ≽ Ỹn, then
{
Ỹn,Mn

}N

n=0
is a fuzzy submartingale equipped to a

filtration {Mn}Nn=0.

In X̃ 1 and X̃ 2, we note that 1 and 2 refers to the index and not power.

Theorem 3.4. Let X̃ 1 ≈
{
X̃1

n,Mn

}N

n=0
and X̃ 2 ≈

{
X̃2

n,Mn

}N

n=0
be two fuzzy sub-

martingales with respect to {Mn}Nn=0. Then for any two positive constant linear fuzzy

numbers Ã and B̃, ÃX̃ 1+ B̃X̃ 2 ≈
{
ÃX̃1

n + B̃X̃2
n,Mn

}N

n=0
is a fuzzy submartingale with

respect to {Mn}Nn=0.

Proof. By Theorem 3.2, we have

E(ÃX̃1
n+1 + B̃X̃2

n+1/Mn)

≈ ÃE(X̃1
n+1/Mn) + B̃E(X̃2

n+1/Mn).

If
{
X̃1

n,Mn

}N

n=0
and

{
X̃2

n,Mn

}N

n=0
are fuzzy

submartingales, then we have

E(X̃1
n+1/Mn) ⪰ X̃1

n and E(X̃2
n+1/Mn) ⪰ X̃2

n.

Since E(X̃1
n+1/Mn) ⪰ X̃1

n and Ã ⪰ 0̃

=⇒ ÃE(X̃1
n+1/Mn) ⪰ ÃX̃1

n.

Similarly, if E(X̃2
n+1/Mn) ≥ X̃2

n and B̃ ⪰ 0̃

=⇒ B̃E(X̃2
n+1/Mn) ⪰ B̃X̃2

n.

=⇒ E(ÃX̃1
n + B̃X̃2

n/Mn)

⪰ ÃE(X̃1
n/Mn) + B̃E(X̃2

n/Mn). □

Remark 3.5. Similar to Theorem 3.4, the results of fuzzy martingale and fuzzy super-
martingale will follow immediately.

4. Properties of option prices in a fuzzy set up

Definition 4.1. The fuzzy pay off process of American and European fuzzy put options

models on fuzzy future contracts are defined as P̃AP
n (F̃n,i) ≈ P̃ EP

n (F̃n,i) ≈
K̃ − F̃n,i, for n = 0, 1, . . . , N and i = 0, 1, . . . , N.

Definition 4.2. The fuzzy pay off process of American and European fuzzy call options

models on fuzzy future contracts are defined as P̃AC
n (F̃n,i) ≈ P̃ EC

n (F̃n,i) ≈
F̃n,i − K̃, for n = 0, 1, . . . , N and i = 0, 1, . . . , N.

Proposition 4.3.

Ṽn(F̃n,i) ≽ max{K̃ − F̃n,i, 0̃} (4.1)

for n=0,1,. . . ,N and i=0,1,. . . ,N.
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Proof. We prove equation (4.1) by backward induction on n. When n = N : we have

ṼN (F̃N,i) ≽ max{K̃ − F̃N,i, 0̃}
Assume equation (4.1) is true for n = N − 1, then we have

Ṽn+1(F̃n+1,i) ≽ max{K̃ − F̃n+1,i, 0̃}.
Hence, we have Ṽn(F̃n,i) ≽ max{K̃ − F̃n,i, 0̃}. □

Remark 4.4. In line with Proposition 4.3, we can prove Ṽn(F̃n,i) ≽ max{F̃n,i−K̃, 0̃}, forn =
0, 1, . . . , N
and i = 0, 1, . . . , N.

Proposition 4.5. Suppose that Ṽ AP1 , Ṽ AP2 and Ṽ A3 are the fuzzy intrinsic values of
American fuzzy put option model on fuzzy future contract corresponding to the constant

fuzzy strike prices K̃1 ≽ K̃2 ≽ K̃3 such that K̃3− K̃2 ≈ K̃2− K̃1 for the same underlying
fuzzy stock and for the same expiration date N , then

Ṽ A1 + Ṽ AP3 ≽ 2Ṽ A2 . (4.2)

Proof. We show equation (4.2) by reverse induction on n.
To prove equation (4.2) for n = N.

Ṽ AP1

N (F̃uu...u
N )K̃1

+ Ṽ AP3

N (F̃uu...u
N )K̃3

≈
max{K̃1 − F̃uu...u

N , 0̃}+max{K̃3 − F̃uu...u
N , 0̃}

=⇒ Ṽ AP1

N (F̃uu...u
N )K̃1

+ Ṽ AP3

N (F̃uu...u
N )K̃3

≈
max{2K̃2 − 2F̃uu...u

N , 0̃}
(since K̃3 − K̃2 ≈ K̃2 − K̃1)

=⇒ Ṽ AP1

N (F̃uu...u
N )K̃1

+ Ṽ AP3

N (F̃uu...u
N )K̃3

≈
2max{K̃2 − F̃uu...u

N , 0̃}
=⇒ Ṽ AP1

N (F̃uu...u
N )K̃1

+ Ṽ AP3

N (F̃uu...u
N )K̃3

≈
2Ṽ AP2

N (F̃uu...u
N )K̃2

Ṽ AP1

N (F̃uu...u
N )K̃1

+ Ṽ AP3

N (F̃uu...u
N )K̃3

≽ 2Ṽ AP2

N (F̃uu...u
N )K̃2

.

Similarly, we can prove it is false for other states. Let us assume that equation (4.2) fails
to hold for n+ 1.

Ṽ AP1
n+1 (F̃

uu...u
n+1 )K̃1

+ Ṽ AP3
n+1 (F̃

uu...u
n+1 )K̃3

⪯ 2Ṽ AP2
n+1 (F̃

uu...u
n+1 )K̃2

and it does not hold for other states. Now we prove equation (4.2) is false for n.
Ṽ

AP1
n (F̃uu...u

n )
K̃1

+ Ṽ
AP3
n (F̃uu...u

n )
K̃3

≈

max

(
K̃1 − F̃uu...u

n , 1̃
(1̃+R̃)

(
P̃uṼ

AP1
n+1 (F̃uu...u

n+1 )
K̃1

+ P̃dṼ
AP1
n+1 (F̃uu...d

n+1 )
K̃1

))
+max

(
K̃3 − F̃uu...u

n , 1̃
(1̃+R̃)

(
P̃uṼ

AP3
n+1 (F̃uu...u

n+1 )
K̃3

+ P̃dṼ
AP3
n+1 (F̃uu...d

n+1 )
K̃3

))
≈ 2

max

(
K̃2 − F̃uu...u

n , 1̃
(1̃+R̃)

(
P̃uṼ

AP2
n+1 (F̃uu...u

n+1 )
K̃2

+ P̃dṼ
AP2
n+1 (F̃uu...d

n+1 )
K̃2

))
(since K̃3 − K̃2 ≈ K̃2 − K̃1)

=⇒ Ṽ
AP1
n (F̃uu...u

n )
K̃1

+ Ṽ
AP3
n (Fuu...u

n )
K̃3

≽ 2Ṽ
AP2
n (F̃uu...u

n )
K̃2

(by equation (??)
In a similar manner, we can prove it is false for other states i.e., a contradiction. Therefore
equation (4.2) is true for n and this implies equation (??) may false for n+ 1. □

Proposition 4.6. If K̃1 and K̃2 are the different constant fuzzy strike prices such that

K̃1 ≽ K̃2 and if Ṽ AC
K̃1

and Ṽ AC
K̃2

are the corresponding fuzzy intrinsic values of American
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fuzzy call option model on fuzzy future contract for the same underlying fuzzy stock with
the same expiration date N , then

Ṽ AC
K̃1

⪯ Ṽ AC
K̃2

. (4.3)

Proof. We prove equation (4.3) by reverse induction on n. First we prove for n = N.

Ṽ AC
N (F̃uu...u

N )K̃1
≈ max{F̃uu...u

N − K̃1, 0̃}
(since K̃1 ≽ K̃2 =⇒ F̃uu...u

N − K̃1 ⪯ F̃uu...u
N − K̃2)

=⇒ Ṽ AC
N (F̃uu...u

N )K̃1
⪯ max{F̃uu...u

N − K̃2, 0̃}
=⇒ Ṽ AC

N (F̃uu...u
N )K̃1

⪯ Ṽ AC
N (F̃uu...u

N )K̃2

Similarly, we can prove it for other states. Suppose that equation (4.3) does not hold for
n+ 1, we have

Ṽ AC
n+1(F̃

uu...u
n+1 )K̃1

⪰ Ṽ AC
n+1(F̃

uu...u
n+1 )K̃2

(4.4)

and it is false for other states. Now, we prove equation (4.3) fails to hold for n.
Ṽ AC
n (F̃uu...u

n )
K̃1

≈ max(
F̃uu...u
n − K̃1,

1̃
(1̃+R̃)

(
P̃uṼ AC

n+1(F̃
uu...u
n+1 )

K̃1
+ P̃dṼ

AC
n+1(F̃

uu...d
n+1 )

K̃1

))
Using equation (4.4), we have
Ṽ AC
n (S̃uu...u

n )
K̃1

⪰

max

(
F̃uu...u
n − K̃2,

1̃
(1̃+R̃)

(
P̃uṼ AC

n+1(F̃
uu...u
n+1 )

K̃2
+ P̃dṼ

AC
n+1(F̃

uu...d
n+1 )

K̃2

))
=⇒ Ṽ AP

n (F̃uu...u
n )

K̃1
⪰ Ṽ AC

n (F̃uu...u
n )

K̃2
.

Similarly, we can show it is false for other states. This is a contradiction. Since
equation (4.3) holds for n which imply equation (4.4) is false for n+ 1. □

Proposition 4.7. Suppose that if Ṽ AC
K̃1

, Ṽ AC
K̃2

are the fuzzy intrinsic values of American

fuzzy call option model on fuzzy future contract for the same underlying fuzzy stock and

having the same expiration date N and if K̃1 ≼ K̃2, then Ṽ AC
K̃2

− Ṽ AC
K̃1

≼ K̃2 − K̃1.

Proof. By property (i) in Proposition 4.7, if K̃1 ≼ K̃2, then we have Ṽ A
K̃1

⪰ Ṽ AP
K̃2

.

(i.e) Ṽ AP
K̃1

− Ṽ AP
K2

⪰ 0̃. Since K̃1 ≼ K̃2, K̃1 − K̃2 ⪯ 0̃.

Therefore Ṽ AP
K̃1

− Ṽ AP
K̃2

⪰ K̃1 − K̃2. □

Remark 4.8. Analogues of property proved in Proposition 4.5, we can also prove for
American fuzzy call option model on fuzzy future contract.
In line with the Propositions 4.5, 4.6 and 4.7, similarly we can show them for European
fuzzy put / call options models.

Proposition 4.9. Suppose that the discounted fuzzy intrinsic values of the buyers of fuzzy
put option model on fuzzy future contract and the discounted fuzzy intrinsic values of fuzzy

call option sellers model on fuzzy future contract processes
{

Ṽ AP/AC
n

(1̃+R̃)n

}N

n=0
are Q− fuzzy

supermartingale processes and that
{

X̃AP/AC
n

(1̃+R̃)n

}N

n=0
is another Q− fuzzy supermartingale

process satisfying X̃
AP/AC
n (F̃uuu...u

n ) ≽ P̃
AP/AC
n (F̃uuu...u

n ), then

X̃AP/AC
n (F̃uuu...u

n ) ≽ Ṽ AP/AC
n (F̃uuu...u

n ), (4.5)

for n = 0, 1, . . . , N and it is true for other states.
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Proof. Since
{

Ṽ AP/AC
n

(1̃+R̃)n

}N

n=0
is a Q− fuzzy supermartingale process and

Ṽ
AP/AC
n (F̃uuu...u

n ) ≽ P̃
AP/AC
n (F̃uuu...u

n ), then we have

Ṽ
AP/AC
n (F̃uuu...u

n ) ≽ 1̃

1̃+R̃
ẼQ

n (Ṽ
AP/AC
n+1 (F̃uuu...u

n+1 )), for

n = 0, 1, . . . , N .

If
{

X̃AP/AC
n

(1̃+R̃)n

}N

n=0
is anotherQ− fuzzy supermartingale process dominating P̃

AP/AC
n (F̃uuu...u

n ),

then we have X̃
AP/AC
n (F̃uuu...u

n ) ≽ P̃
AP/AC
n (F̃uuu...u

n ) and

X̃
AP/AC
n (F̃uuu...u

n ) ≽ 1̃

1̃+R̃
ẼQ

n (X̃
AP/AC
n+1 (F̃uuu...u

n+1 )), for n = 0, 1, . . . , N .

We prove equation (4.5) by reverse induction on n.
When n = N : Suppose

X̃
AP/AC
N (F̃uuu...u

N ) ≽ P̃
AP/AC
N (F̃uuu...u

N ) and

Ṽ
AP/AC
N (F̃uuu...u

N ) ≽ P̃
AP/AC
N (F̃uuu...u

N ), then we have X̃
AP/AC
N (F̃uuu...u

N ) ≽ Ṽ
AP/AC
N (F̃uuu...u

N ).
Assume equation (4.5) is true for n+ 1.

i.e., we have X̃
AP/AC
n+1 (F̃uuu...u

n+1 ) ⪯ Ṽ
AP/AC
n+1 (F̃uuu...u

n+1 ).
We now show equation (4.5) is true for n.

Since X̃
AP/AC
n (F̃uuu...u

n ) ≽
1̃

1̃+R̃
(ẼQ

n (X̃
AP/AC
n+1 (F̃uuu...u

n+1 ))), we have

X̃
AP/AC
n (F̃uuu...u

n ) ≽ 1̃

1̃+R̃
(ẼQ

n (Ṽ
AP/AC
n+1 (F̃uuu...u

n+1 ))).

If X̃
AP/AC
n (F̃uuu...u

n ) ≽ P̃
AP/AC
n (F̃uuu...u

n ) and

X̃
AP/AC
n (F̃uuu...u

n ) ≽ 1̃
1̃+R̃

(
ẼQ

n (Ṽ
AP/AC
n+1 (F̃uuu...u

n+1 ))
)
, then we have

X̃
AP/AC
n (F̃uuu...u

n ) ≽ max

(
P̃

AP/AC
n (F̃uuu...u

n ), 1̃
1̃+R̃

ẼQ
n (Ṽ

AP/AC
n+1 (F̃uuu...u

n+1 ))

)
.

=⇒ X̃
AP/AC
n (F̃uuu...u

n ) ≽ Ṽ
AP/AC
n (F̃uuu...u

n ), for n = 0, 1, . . . , N

and it is true for other states. In a similar fashion, we can prove equation (4.5) is true
for n = 1 and n = 0. □

Definition 4.10. The fuzzy intrinsic values of European fuzzy put option model price

on fuzzy stocks is defined by Ṽ EP
N (S̃N,i) ≈ max

{
K̃ − S̃N,i, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ EP
n (S̃n,i) ≈ 1̃

(1̃+R̃)

(
ẼQ

n (Ṽ EP
n+1(S̃n+1,i))

)
, where the expected fuzzy intrinsic values of

European fuzzy put option price on fuzzy stocks at time n+ 1 is defined as

ẼQ
n (Ṽ EP

n+1(S̃n+1,i)) ≈ (P̃uṼ
EP
n+1(Ũ S̃n,i) + P̃dṼ

EP
n+1(D̃S̃n,i)), for n = 0, 1, 2, . . . , N − 1 and

i = 0, 1, . . . , n.

Definition 4.11. The fuzzy intrinsic values of European fuzzy call option model price

on fuzzy stocks is defined by Ṽ EC
N (S̃N,i) ≈ max

{
S̃N,i − K̃, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ EC
n (S̃n,i) ≈ 1̃

(1̃+R̃)

(
ẼQ

n (Ṽ EC
n+1(S̃n+1,i))

)
, where the expected fuzzy intrinsic values of

European fuzzy call option price on fuzzy stocks at time n+ 1 is defined as

ẼQ
n (Ṽ EC

n+1(S̃n+1,i)) ≈ (P̃uṼ
EC
n+1(Ũ S̃n,i) + P̃dṼ

EC
n+1(D̃S̃n,i)), for n = 0, 1, 2, . . . , N − 1 and

i = 0, 1, . . . , n.
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Proposition 4.12. The discounted fuzzy intrinsic process

{
Ṽ EP
n

(1̃ + R̃)n

}N

n=0

for both buy-

ers and sellers of European fuzzy put/call options models on fuzzy future contract is a
Q− fuzzy martingale.

Proof. For proving the same, we have to show that

1̃

(1̃ + R̃)n+1
Ẽ

Q
n (Ṽ

EP/EC
n+1 (F̃

uuu...u
n+1 )) ≈

1̃

(1̃ + R̃)n
Ṽ

EP/EC
n (F̃

uuu...u
n ) (4.6)

for n = 0, 1, . . . , N and it can be true for other states by reverse induction on n.
Assume (4.6) does not hold for n = p+ 1 and it is false for other states when

Ũ P̃u + D̃P̃d ≈ 1̃ + R̃. Then we have the following two assumptions:
Assumption(i):

1̃

(1̃ + R̃)p+2
Ẽ

Q
p+1(Ṽ

EP/EC
p+2 (F̃

uuu...u
p+2 )) ⪰

1̃

(1̃ + R̃)p+1
Ṽ

EP/EC
p+1 (F̃

uuu...u
p+1 ) (4.7)

Assumption (ii):

1̃

(1̃ + R̃)p+2
Ẽ

Q
p+1(Ṽ

EP/EC
p+2 (F̃

uuu...u
p+2 )) ⪯

1̃

(1̃ + R̃)p+1
Ṽ

EP/EC
p+1 (F̃

uuu...u
p+1 ) (4.8)

Now to prove equation (4.6) is not true for n = p.
1

(1̃+R̃)p+1 ẼQ
p (Ṽ

EP/EC
p+1 (F̃uuu...u

p+1 )) ≈

1
(1̃+R̃)p+1 ẼQ

p (Ṽ
EP/EC
p+1 ((1̃ + R̃)N−(p+1)S̃uuu...u

p+1 ))

=⇒ 1
(1̃+R̃)p+1 ẼQ

p (Ṽ
EP/EC
p+1 (F̃uuu...u

p+1 )) ≈ 1̃
(1̃+R̃)p+1 (P̃uṼ

EP/EC
p+1 ((1̃ + R̃)N−(p+1)ŨS̃uuu...u

p ) + P̃dṼ
EP/EC
p+1 ((1̃ +

R̃)N−(p+1)D̃S̃uuu...u
p ))

=⇒ 1
(1̃+R̃)p+1 ẼQ

p (Ṽ
EP/EC
p+1 (F̃uuu...u

p+1 )) ≈ 1̃
(1̃+R̃)p+1 (P̃uṼ

EP/EC
p+1 ((1̃ + R̃)N−(p+1)S̃uuu...u

p+1 ) + P̃dṼ
EP/EC
p+1 ((1̃ +

R̃)N−(p+1)S̃uuu...d
p+1 ))

=⇒ 1
(1̃+R̃)p+1 ẼQ

p (Ṽ
EP/EC
p+1 (F̃uuu...u

p+1 )) ⪰ 1̃
(1̃+R̃)p

Ṽ
EP/EC
p ((1̃ + R̃)N−pS̃uuu...u

p )

Since
1̃

(1̃+R̃)p+2 (P̃uṼ
EP/EC
p+2 ((1̃+R̃)N−(p+2)S̃uuu...u

p+2 )+P̃dṼ
EP/EC
p+2 ((1̃+R̃)N−(p+2)S̃uuu...d

p+2 )) ⪰ 1̃
(1̃+R̃)p+1 Ṽ

EP/EC
p+1 ((1̃+

R̃)N−(p+1)S̃uuu...u
p+1 ),

by equation (4.7)

=⇒ 1

(1̃+R̃)p+1
ẼQ

p (Ṽ
EP/EC
p+1 (F̃uuu...u

p+1 )) ⪰
1̃

(1̃+R̃)p
Ṽ

EP/EC
p (F̃uuu...u

p ).

We can also prove equation (4.6) is false for other states.
In a similar way, by using equation (4.8), we can show

1

(1̃+R̃)p+1
ẼQ

p (Ṽ
EP/EC
p+1 (F̃uuu...u

p+1 )) ⪯
1̃

(1̃+R̃)p
Ṽ

EP/EC
p (F̃uuu...u

p ).

Likewise, it can be proved that it is false for other states.
Thus, we get a contradiction and hence equation (4.6) is true for n = p which implies
equations (4.7) and (4.8) are false for n = p+ 1.

Hence, the same holds for n = 0: Similarly, we can show (4.6) is true when Ũ P̃u+D̃P̃d ≽
1̃ + R̃ and Ũ P̃u + D̃P̃d ≼ 1̃ + R̃, using reverse induction on n. □

Definition 4.13. Let {X̃n}Nn=0 be a discrete time fuzzy stochastic process with respect to
the filtration {Mn}Nn=0 and let τ be a stopping time. Then the stopped fuzzy stochastic

process {X̃}τ is defined by X̃τ
n(w) ≈ X̃τ(w)∧n(w) for any positive integer n and any

w ∈ Ω, where τ(w) ∧ n = min{τ(w), n}.
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Theorem 4.14. The stopped discounted fuzzy intrinsic values of American fuzzy put/call

options models on fuzzy future contracts process for buyers and sellers
{

Ṽ
AP/AC
n∧τ

(1̃+R̃)n∧τ

}N

n=0
are Q− fuzzy supermartingales with respect to Q.

Proof. If τ ≥ n+ 1, then
1̃

(1̃+R̃)n+1
ẼQ

n (Ṽ
AP/AC
(n+1)∧τ (F̃

uuu...u
n+1 )) ≈

1

(1̃+R̃)n+1
ẼQ

n (Ṽ
AP/AC
(n+1)∧τ ((1̃ + R̃)N−(n+1)S̃uuu...u

n+1 ))

=⇒ 1̃
(1̃+R̃)n+1 ẼQ

n (Ṽ
AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ≈ 1̃

(1̃+R̃)n+1(
P̃uṼ

AP/AC
(n+1)∧τ

((1̃ + R̃)N−(n+1)ŨS̃uuu...u
n ) + P̃dṼ

AP/AC
(n+1)∧τ

((1̃ + R̃)N−(n+1)D̃S̃uuu...u
n )

)
=⇒ 1̃

(1̃+R̃)n+1 ẼQ
n (Ṽ

AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ≈ 1̃

(1̃+R̃)n+1(
P̃uṼ

AP/AC
(n+1)∧τ

((1̃ + R̃)N−(n+1)S̃uuu...u
n+1 ) + P̃dṼ

AP/AC
(n+1)∧τ

((1̃ + R̃)N−(n+1)S̃uuu...d
n+1 )

)
=⇒ 1̃

(1̃+R̃)n+1 ẼQ
n (Ṽ

AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ≈ 1̃

(1̃+R̃)n+1(
P̃uṼ

AP/AC
n+1 ((1̃ + R̃)N−(n+1)S̃uuu...u

n+1 ) + P̃dṼ
AP/AC
n+1 ((1̃ + R̃)N−(n+1)S̃uuu...d

n+1 )
)

=⇒ 1̃
(1̃+R̃)n+1 ẼQ

n (Ṽ
AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ⪰

1̃
(1̃+R̃)n

Ṽ AP
n ((1̃ + R̃)(N−n)S̃uuu...u

n )

=⇒ 1̃
(1̃+R̃)n+1 ẼQ

n (Ṽ
AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ⪰ 1̃

(1̃+R̃)n
Ṽ AP
n (F̃uuu...u

n )

=⇒ 1̃
(1̃+R̃)n+1 ẼQ

n (Ṽ
AP/AC
(n+1)∧τ

(F̃uuu...u
n+1 )) ⪰ 1̃

(1̃+R̃)n
Ṽ

AP/AC
n∧τ (F̃uuu...u

n )

Similarly, we can prove it for other states.
We can also show equation (4.5) is true for n = 1 and n = 0.
In a similar manner, we can prove that

1̃

(1̃+R̃)n+1
ẼQ

n (Ṽ
AP/AC
(n+1)∧τ (F̃

uuu...u
n+1 )) ≈

1̃

(1̃+R̃)n
Ṽ

AP/AC
n∧τ (F̃uuu...u

n ), if τ ≤ n. □

Remark 4.15. An analogue of Theorem 4.14 can be proved showing that the stopped
discounted fuzzy intrinsic values of European fuzzy put and call options models on fuzzy
future contracts processes are Q− fuzzy martingale using Proposition 4.12.

5. Fuzzy put/call options pricing models on fuzzy future contracts using
continuous time fuzzy stochastic process

This section is dealt with the fuzzy put/ call options models on fuzzy future contracts
for both buyers and sellers using continuous time fuzzy stochastic process. The fuzzy
stock price and fuzzy future price processes are modeled using continuously compounded
fuzzy risk-free interest rate to model continuous time fuzzy stochastic process which is
approximated by a discrete time fuzzy process with sufficiently large finite n (see Figure
1).

Definition 5.1. The fuzzy future price at time n is denoted F̃n,i and defined by

F̃n,i ≈ eR̃△tS̃n,i, for n = 0, 1, . . . , N and i = 0, 1, . . . , N , where ∆T = T
n . Hence, the

fuzzy future price grows with continuously compounded fuzzy risk-free interest rate.

Example of modeling the fuzzy stock price and fuzzy future price process
using continuous time fuzzy stochastic process:
Here, we divide the number of time steps into three in the fuzzy binomial tree model.
Using the three-period fuzzy binomial tree model, we estimate the fuzzy stock prices
and fuzzy future prices of INTC shares involving GLOFN for the data considered in
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0 2 4 6 8 101214161820
105
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101

Time

Defuzzified
fuzzy
stock
prices

Figure 1. Evolution of Defuzzified fuzzy stock prices
during n = 0 to n = 20

Table (1) . The same is computed using the codes of fuzzy stock and fuzzy future prices
given in MATLAB program . Defuzzify the same, by choosing k = 0.3. The values are
represented in the form of a three-period binomial tree (see Figures 2 and 3).
Bearish Scenario 2020:

Symbol S0 K Premium Expiry Style R
MSFT $49.57 $54.50 $1.25 1/10/2020 P / C 0.11

Table 1. Quotes of American type INTC (2020) shares

We infer that the defuzzified fuzzy stock and fuzzy future prices of INTC shares evolves with

0

Time

0.09722

0.19444

0.29166

S0

Sd
1

Su
1

Sdd
2 Sud

2
Suu
2

Sddd
3 Sudd

3 Suud
3

Suuu
3

49.57

50.0125 50.3168

50.4748 50.7864 51.1042

50.9574 51.2767 51.6021 51.9339

Figure 2. Defuzzified fuzzy stock prices: three - period binomial tree

respect to the continuous time.
Fuzzy risk-neutral probability measures involving continuously compounded fuzzy
risk-free interest rate:
Following the treatment of fuzzy risk-neutral probability measures involving GLOFN discussed,
the following possible no arbitrage conditions satisfied by the two up and down fuzzy jump
factors and the continuously compounded fuzzy risk-free interest rate of the fuzzy stock are
defined as follows:
i.e., Di<eRk△t<Uj for i = 1, 2, 3, 4, k = 1, 2, 3, 4, 5, 6, 7, 8 and j = 5, 6, 7, 8.
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0.29166

F0

F d
1

Fu
1

F dd
2 Fud

2
Fuu
2

F ddd
3 Fuddd

3 Fuud
3

Fuuu
3

49.5718

50.0143 50.3186

50.4766 50.7882 51.1060

50.9592 51.2785 51.6040 51.9358

Figure 3. Defuzzified fuzzy future prices: three - period binomial tree

Definition 5.2. The up and down fuzzy risk-neutral probability measuresQ∗(P̃ ∗
u , P̃

∗
d ) for buyers

are defined by

P̃ ∗
u ≈ (

er̃1△t − d4
u5 − d4

,
er̃2△t − d4
u5 − d4

,
er̃3△t − d4
u5 − d4

,
er̃4△t − d4
u5 − d4

,

er̃5△t − d4
u5 − d4

,
er̃6△t − d4
u5 − d4

,
er̃7△t − d4
u5 − d4

,
er̃8△t − d4
u5 − d4

; k)

P̃ ∗
d ≈ (

u5 − er̃8△t

u5 − d4
,
u5 − er̃7△t

u5 − d4
,
u5 − er̃6△t

u5 − d4
,
u5 − er̃5△t

u5 − d4
,

u5 − er̃4△t

u5 − d4
,
u5 − er̃3△t

u5 − d4
,
u5 − er̃2△t

u5 − d4
,
u5 − er̃1△t

u5 − d4
; k)

Definition 5.3. The up and down fuzzy risk-neutral probability measures Q∗(P̃ ∗
u , P̃

∗
d ) for sellers

are defined by

P̃ ∗
u ≈ (

er̃1△t − d1
u8 − d1

,
er̃2△t − d1
u8 − d1

,
er̃3△t − d1
u8 − d1

,
er̃4△t − d1
u8 − d1

,

er̃5△t − d1
u8 − d1

,
er̃6△t − d1
u8 − d1

,
er̃7△t − d1
u8 − d1

,
er̃8△t − d1
u8 − d1

; k)

P̃ ∗
d ≈ (

u5 − er̃8△t

u8 − d1
,
u8 − er̃7△t

u8 − d1
,
u8 − er̃6△t

u8 − d1
,
u8 − er̃5△t

u8 − d1
,

u8 − er̃4△t

u8 − d1
,
u8 − er̃3△t

u8 − d1
,
u8 − er̃2△t

u8 − d1
,
u8 − er̃1△t

u8 − d1
; k).

Remark 5.4. Analogues of Definitions 5.2 and 5.3, give rise to fuzzy risk-neutral probability
measures involving general trapezoidal and triangular fuzzy numbers for both buyers and sellers
under the respective no-arbitrage assumptions.

Definition 5.5. The fuzzy intrinsic values of American fuzzy put option model on fuzzy future

contract is defined by b Ṽ AP
N (F̃N,i) ≈ max

{
K̃ − F̃N,i, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ AP
n,i (F̃n,i) ≈ max

{
K̃ − F̃n,i,

1̃

eR̃△t
ẼQ∗

n (Ṽ AP
n+1(F̃n+1,i))

}
,

for i = 0, 1, . . . , n and

n = N −1, N −2, . . . , 0 where, ẼQ∗
n (Ṽ AP

n+1(F̃n+1,i)) ≈ P̃ ∗
u Ṽ

AP
n+1(F̃n+1,i)+ P̃ ∗

d Ṽ
AP
n+1(F̃n+1,i) denotes

the expectation with respect to the fuzzy risk-neutral probability measure Q∗.
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Definition 5.6. The fuzzy intrinsic values of European fuzzy put option model on fuzzy future

contract are defined as Ṽ EP
N (F̃N,i) ≈ max

{
K̃ − F̃N,i, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ EP
n (F̃n+1,i) ≈

{
1̃

eR̃△t
ẼQ∗

n (Ṽ EP
n+1(F̃n+1,i))

}
,

for i = 0, 1, . . . , n and n = N − 1, N − 2, . . . , 0 where, ẼQ∗
n (Ṽ EP

n+1(F̃n,i)) ≈ P̃ ∗
u Ṽ

EP
n+1(F̃n+1,i) +

P̃ ∗
d Ṽ

EP
n+1(F̃n+1,i) denotes the expectation with respect to the fuzzy risk-neutral probability mea-

sure Q∗.

Definition 5.7. The fuzzy intrinsic values of American fuzzy call option model on fuzzy future

contract are defined by Ṽ AC
N (F̃N,i) ≈ max

{
F̃N,i − K̃, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ AC
n (F̃n,i) ≈ max

{
F̃n,i − K̃, 1̃

eR̃△t
ẼQ∗

n (Ṽ AC
n+1(F̃n+1,i))

}
,

for i = 0, 1, . . . , n and

n = N −1, N −2, . . . , 0 where, ẼQ∗
n (Ṽ AC

n+1(F̃n+1,i)) ≈ P̃ ∗
u Ṽ

AC
n+1(F̃n+1,i)+ P̃ ∗

d Ṽ
AC
n+1(F̃n+1,i) denotes

the expectation with respect to the fuzzy risk-neutral probability measure Q∗.

Definition 5.8. The fuzzy intrinsic values of European fuzzy call option model on fuzzy future

contract are defined as Ṽ EC
N (F̃N,i) ≈ max

{
F̃N,i − K̃, 0̃

}
, for i = 0, 1, . . . , N and

Ṽ EC
n (F̃n,i) ≈

{
1̃

eR̃△t
ẼQ∗

n (Ṽ EC
n+1(F̃n+1,i))

}
,

for i = 0, 1, . . . , n and n = N − 1, N − 2, . . . , 0 where, ẼQ∗
n (Ṽ EC

n+1(F̃n+1,i)) ≈ P̃ ∗
u Ṽ

EC
n+1(F̃n+1,i) +

P̃ ∗
d Ṽ

EP
n+1(F̃n+1,i) denotes the expectation with respect to the fuzzy risk-neutral probability mea-

sure Q∗.

Remark 5.9. We call 1̃

eR̃△t
ẼQ∗

n (Ṽn+1(F̃n,i)) as the expected discounted fuzzy intrinsic values

under Q∗ and given by 1̃

eR̃△t
ẼQ∗

n (Ṽn+1(F̃n,i)) ≈ 1̃

eR̃△t

(
P̃ ∗
u Ṽ

EP
n+1(F̃n+1,i) + P̃ ∗

d Ṽ
EP
n+1(F̃n+1,i)

)
,

for i = 0, 1, . . . , n and n = N − 1, N − 2, . . . , 0.

Definition 5.10. A continuous time fuzzy stochastic price process X̃ ∗ ≈
{
X̃n,Mn

}∞

n=0
is a

Q∗ fuzzy martingale under Q∗ with respect to a filtration {Mn}∞n=0 if

(i) ẼQ∗
n (X̃n+1) ≈ X̃n, where ẼQ∗

n is the expectation with respect to the fuzzy risk-neutral
probability measure Q∗.

(ii) Further if (i) is replaced by ẼQ∗
n (X̃n+1) ≼ X̃n, then X̃ ∗ ≈

{
X̃n,Mn

}∞

n=0
is a Q∗− fuzzy

supermartingale with respect to {Mn}∞n=0

(iii) and if (i) is replaced by ẼQ∗
n (X̃n+1) ≽ X̃n, then X̃ ∗ ≈

{
X̃n,Mn

}∞

n=0
is a Q∗− fuzzy

submartingale related to a filtration {Mn}∞n=0 .

Remark 5.11. In order to prove Proposition 5.14 and Remarks 5.13, 5.15, 5.16, 5.17, 5.18, using
continuous time fuzzy stochastic process, we choose n as a finite large number in the fuzzy
binomial tree model.

Definition 5.12. The expected fuzzy future price at time n in continuous time is defined as

ẼQ
n (F̃uuu...u

n+1 ) ≈ ẼQ
n (eR̃△tS̃uuu...u

n+1 ).

i.e., ẼQ
n (F̃uuu...u

n+1 ) ≈ eR̃△tP̃uS̃
uuu...u
n Ũ + eR̃△tP̃dS̃

uuu...u
n D̃. Similarly, it can be defined for other

states.

Remark 5.13. The discounted fuzzy stock price process turns out to be a Q∗− fuzzy martingale,
Q∗− fuzzy supermartingale and Q∗− fuzzy submartingale using continuous time fuzzy stochastic
process.

We prove Proposition 5.14 using Definitions 5.12 and Remark 5.11.
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Proposition 5.14. The discounted fuzzy future price process is a Q∗− fuzzy martingale, Q∗−
fuzzy supermartingale and Q∗− fuzzy submartingale with respect to the fuzzy risk-neutral prob-
ability measure Q∗ whenever

(i) Ũ P̃u + D̃P̃d ≈ eR̃△t;

(ii) Ũ P̃u + D̃P̃d ≽ eR̃△t;

(iii) Ũ P̃u + D̃P̃d ≼ eR̃△t.

Proof. To show that the discounted fuzzy future price process is a Q∗− fuzzy submartingale
with respect to Q∗ under condition (ii), we have to show that

1̃

(eR̃△t)n+1
ẼQ

n (F̃uuu...u
n+1 ) ≽

1̃

(eR̃△t)n
F̃uuu...u
n , for n = 0, 1, . . . , N (5.1)

and it holds for other states. We prove equation (5.1) by reverse induction on n.
Assume equation (5.1) fails to hold for n = p+ 1 and it does not hold for other states, then we
have

1̃

(eR̃△t)p+2
ẼQ

p+1(F̃
uuu...u
p+2 ) ⪯ 1̃

(eR̃△t)p+1
F̃uuu...u
p+1 (5.2)

and it does not hold for other states.
Now to prove equation (5.1) is false for n = p.

ẼQ
p (F̃uuu...u

p+1 ) ≈ ẼQ
p (eR̃△tS̃uuu...u

p+1 )

=⇒ ẼQ
p (F̃uuu...u

p+1 ) ≈ eR̃△tẼQ
p (S̃uuu...u

p+1 ) =⇒ ẼQ
p (F̃uuu...u

p+1 ) ⪯ (eR̃△t)2ẼQ
p (S̃uuu...u

p+1 )

=⇒ 1̃

eR̃△t
ẼQ

p (F̃uuu...u
p+1 ) ⪯ eR̃△tS̃uuu...u

p =⇒ 1̃

eR̃△t
ẼQ

p (F̃uuu...u
p+1 ) ⪯ F̃uuu...u

p

=⇒ 1̃

(eR̃△t)p+1
ẼQ

p (F̃uuu...u
p+1 ) ⪯ 1̃

(eR̃△t)p
F̃uuu...u
p .

Similarly, we can prove equation (5.1) does not hold for other states, which is a contradiction.
Since equation (5.1) is true for n = p will imply equation 5.2 is false for n = p+ 1.

When n = 1: if Ũ P̃u + D̃P̃d ≈ eR̃△t, then we have ẼQ
1 (F̃u

2 ) ≈ ẼQ
1 (eR̃△tS̃u

2 ).

=⇒ ẼQ
1 (F̃u

2 ) ≈ eR̃△tẼQ
1 (S̃u

2 ) =⇒ ẼQ
1 (F̃u

2 ) ⪯ (eR̃△t)2S̃u
1

=⇒ 1̃

eR̃△t
ẼQ

1 (F̃u
2 ) ≽ eR̃△tS̃u

1 =⇒ 1̃

eR̃△t
ẼQ

1 (F̃u
2 ) ≽ F̃u

1

=⇒ 1̃

(eR̃△t)2
ẼQ

1 (F̃u
2 ) ≽

1̃

(eR̃△t)1
F̃u
1 .

In like manner, we can prove it for down state.

i.e., 1̃

(eR̃△t)2
ẼQ

1 (F̃ d
2 ) ≽

1̃

(eR̃△t)1
F̃ d
1 .

When n = 0: if Ũ P̃u + D̃P̃d ≈ eR̃△t, then we have ẼQ
0 (F̃1) ≈ ẼQ

0 (eR̃△tS̃1).

=⇒ ẼQ
0 (F̃1) ≈ eR̃△tẼQ

0 (S̃1) =⇒ ẼQ
0 (F̃1) ⪯ (eR̃△t)2S̃0

=⇒ 1̃

eR̃△t
ẼQ

0 (F̃1) ≽ eR̃△tS̃0 =⇒ 1̃

(eR̃△t)1
ẼQ

0 (F̃1) ≽ 1̃

(eR̃△t)0
F̃0. Similarly, we can prove

equation (5.1) is true when (i) and (iii) holds by reverse induction on n. □

Remark 5.15. The discounted fuzzy intrinsic values of buyers in American fuzzy put and call
option models on fuzzy future contracts processes respectively are Q∗− fuzzy supermartingale
and Q∗− fuzzy martingale. Also, the same processes respectively are Q∗− fuzzy martingale and
Q∗− fuzzy supermartingale in sellers model.
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Remark 5.16. Analogues to Proposition 4.9, we can prove that

{
Ṽ

AP/AC
n

1̃

eR̃△t

}N

n=0

is the smallest

Q∗− fuzzy supermartingale dominating

{
X̃

AP/AC
n

1̃

eR̃△t

}N

n=0

with respect to the fuzy risk-neutral

probability measures Q∗.

Remark 5.17. Similar to Proposition 4.12, we can prove that the discounted fuzzy intrinsic
values of European fuzzy put option and fuzzy call option models on fuzzy future contracts
processes are Q∗− fuzzy martingale for both buyers and sellers.

Remark 5.18. Parallel to Theorem 4.14, the stopped discounted fuzzy intrinsic values of Amer-
ican fuzzy put and call option models on fuzzy future contracts processes for buyers and sellers{

Ṽ
AP/AC
n∧τ

e(R̃△t)n∧τ

}N

n=0

are Q∗− fuzzy supermartingale. Similarly using Remark4.15, the stopped dis-

counted fuzzy intrinsic values of European fuzzy put and call option models on fuzzy future

contracts processes for buyers and sellers

{
Ṽ

EP/EC
n∧τ

e(R̃△t)n∧τ

}N

n=0

are Q∗− fuzzy martingale.

6. Conclusions and Future Work

This study examined certain characteristics of fuzzy options derivatives, which enable traders
to adjust their strategies based on prospective profits, thereby reducing risk.
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