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PROPERTIES OF STOCK OPTION PRICES USING A MARTINGALE
APPROACH IN AN AMBIGUOUS SETTING
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AND PRABAKARAN N*

ABSTRACT. Information pertaining to financial investments may not always be exact
or accurate. In such situations, fuzzy environments produced better effective results.
This study examines the stock price behaviour to forecast the erratic price movements
in the volatile financial market. This would support investors in their analysis of the
stocks that they purchase and help them to make an intelligent choice.

1. Introduction

The binomial approach to option pricing was first put up by Cox, Ross, and Rubinstein
[2] in the year 1979. Later, Black-Scholes [1] established European option in the early
1970s and it has had tremendous impact on trading. However, conventional models are
inadequate for dealing with undetermined and unclear scenario, as it frequently affects
the unstable financial markets. Therefore, it is crucial to examine the fuzzy options
due to its siginificant importance. In 2008, Li et al. [10] developed a stock model for
European option formula and studied some its mathematical properties. Further, Liu
[4] introduced fuzzy calculus to finance, where stock prices were determined through a
geometric process. Peng [9] proposed a more general model to elucidate American option
formula. Several scholars have used a variety of derivative options in their research
[3, 8, 11, 12, 15, 13, 17, 18]. The behaviour of options in a fuzzy setting are explored in
this paper. The design of the paper is as follows:
Section 2, reviews the fundamental resluts which are important to analyse the present
work. Further, section 3 deals with the siginificance of martingale in a fuzzy approach to
compute fuzzy prices. In section 4, some properties of the same are iilustrated. Finally,
section 5 gives the conclusion.

2. Basic Results

The key definitions and results from [14, 16, 7, 5, 6] which are required to comprehend
price movements in a fluctuating market are summarised.
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3. Impact of conditional expectation with fuzzy random variables on
investment strategy

Theorem 3.1. Suppose that )21 and Xg are integrably bounded fuzzy random variables.
Then,

(i) E(Xl +X2) E(Xl) + B(Xa).

(ii) If X1 < Xo, then E(X;) =< E(X,).

Proof. (i) For every « € X, we have

E(X1 + XQ)( ) = Supgepomin{a, 1, B(%14 %) (x)}

= E(Xl + X2)( )= SuPae[o 1] min{a, 1g (m)} + SuPuepo 1]m1n{a 1g E(X2)a (z)}
—+ BT + Ba)(e) = B (o) + B(Fa)(e)

= E(X1+X3) = E(X1) + E(Xy).

(ii) Since X1 =< X2 = (X1)a §~(X2)a

i.e. X1 -<X2 — E(Xl) < E(Xg)a

Her}vce for every z € X, we have

E(Xy)(x) = supae[071]min{oz7 1E()~(1)a (x)}.

= B(X))(x) < SUP, 0,1 min{a, Lg%, (x)}

— BE(X))(z) < BE(Xy)(z) = E(X1) < E(X,). 0

Theorem 3.2. (i) E(AX, + BX2/N) ~ AE(X,/N) + BE(X2/N), where A and B are
any two posztwe constagt linear fuzzy numbers.

(ii) B(E(X/N)) = E(X).

(111) IfX is N'— measurable, then E(X/N)

(iv) If X1 = X, then E(X1/N) < E(Xz/N)-

(v) If N1 and N are sub o - algebras of N such that N1 C Na, then E(E(X/NV)/Ns) ~
E(X/N1) = E(E(X [N2)/Nq).

Proof. (i), (ii) and (iii) can be proved easily.

(iv) ~F0r every AeN,if X1( ) < X5(w), then we have

N X1 (w)dP(w <fA X2 Fw )~dP( w).

[y B(X)E /M) @)PW) = [, (X0)E (@)dP(w) i

= fA Xl)i//\/)( )dp(w) < [y(X2)g (W)dP(w) = [ E(X1)5 /N)(w)dP(w) <
JL E( (X2)E/N)(w)dP(w), w € Qand z € R

— E(X1/N) < BE(Xy/N).

(v) If N7 C Ny, then we have E(X /N7) is

N>— measurable. B

Using (iv), E(E(X/N1)/N2) = E(X/N7).

For every A € N1 C Ng, since

fA X/N2 fA

we have, F( ~(X/J\f2)/./\/1) ~(X/N1).

Hence, E(E(X/N1)/N2) = E(X /N7)

~ E(E(X/N2)/NY). O
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Definition 3.3. A discrete time fuzzy stochastic process Y =~ {Yn, Mn} is a fuzzy
n=0

martingale relative to a filtration {M,,})_, for each n =0,1,..., N if

(i) E(Yp41/My) & Y,. Further if &~ in (i) is replaced by (< or ), we have
~ - _ N
(ii)) E(Yn41/My) < Yy, then {Yn,./\/ln} is a fuzzy supermartingale with respect to

n=0
(M) )
(iii) and E(}N/'n+1//\/ln) = Y,,, then {17“, ./\/ln} is a fuzzy submartingale equipped to a
n=0
filtration {M,,}7_,.

In X! and )?2, we note that 1 and 2 refers to the index and not power.

~ ~ N ~ - N
Theorem 3.4. Let X! ~ {X}L,Mn} and X? ~ {Xﬁ,/\/ln} be two fuzzy sub-
n=0 n=0
martingales with respect to {M,}N_,. Then for any two positive constant linear fuzzy

~ SO e s N
numbers A and B, AX' + BX? ~ {AX}l + BX2, ./\/ln} . is a fuzzy submartingale with
n=
respect to {M,}N_,.
Proof. By Theorem 3.2, we have
BE(AX, 1+ BX} 1/M,)
~ AE(Xp 1 /M) + BE(XZ 1 /My).
~ N - N

If {X,ll,./\/ln} and {X,%,Mn} are fuzzy

—0 =0
subglartingalens7 then we have " B
E(X, 41/ My) = X, and B(XZ, 1/ M,) = X3
Since E(X}.1/M,) = X} and A =0
= AE(X} /M,) = AX]}.
Similarly, if B(X2,,/M,) > X2 and B > 0
— BE(X2,,/M,) - BX2.
= F(AX]+ BX2/M,)
= AB(X}/M,) + BE(X2/M,). O
Remark 3.5. Similar to Theorem 3.4, the results of fuzzy martingale and fuzzy super-
martingale will follow immediately.

4. Properties of option prices in a fuzzy set up

Definition 4.1. The fuzzy pay off process of Anlericari and European fuzzy put options
models on fuzzy future contracts are defined as PAY(F, ;) ~ PSP(F, ;) ~
K—-F,; foorn=0,1,...,Nand i=0,1,..., N.
Definition 4.2. The fuzzy pay off process of American and European fuzzy call options
models on fuzzy future contracts are defined as PAY(F, ;) ~ PSC(F, ;) ~
F,i—K,forn=0,1,...,Nandi=0,1,...,N.
Proposition 4.3. o o

Vo (Fri) = maz{K — F, ;,0} (4.1)
for n=0,1,...,N and i=0,1,...,N.
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Proof. We prove equation (4 1) by backward induction on n. When n = N: we have
VN(FN Z) max{K FN z;O}

Assume equation (4.1) is true for n = N — 1, then we have

Vn+1(Fn+1,1) ma:r{K Fn+1 1,0} _

Hence, we have V,,(F, ;) = maz{K — F, ;,0}. O

Remark 4.4. In line with Proposition 4.3, we can prove ‘7” (E”) = max{ﬁn’i—f(,a}, forn =
0,1,...,N
andi=0,1,...,N.

Proposition 4.5. Suppose that ‘~/AP1,‘~/AP2 and VA= are the fuzzy intrinsic values of
American fuzzy put 0pti0~n moc}gl on fuzzy fzﬁfur@ contract coq"esponding to the constant
fuzzy strike prices K1 %= Ky = K3 such that K3 — Ko =~ Ky — K; for the same underlying
fuzzy stock and for the same expiration date N, then

VAL L VAP o gy, (4.2)

Proof. We show equation (4.2) by reverse induction on n.
To prove equation (4.2) for n = N.

‘7]-/\[41’1 (ﬁ;\/}uu)gl + ‘7]-/\[4133 (ﬁ;\;fuu)f{i% ~

max{[?l ﬁ'“" 0} + HlaX{I?z; — ﬁ““ “ 0}

— V-AP1 (Fuu u)K V.Aps (Fuu u)Kd ~

max{?Kg — 2F"“ “ ()}

(smce Kg — K2 K2 Kl)

— V-APl (Fuu u)K V.APS(Fuu u)
2 max{K, — Fu-v 0}

— VAPl(Fuu u)f( VAPS(Fuu u)
2V[<[4P2( Fe: U)Kg

‘7]<[4P1 (ﬁ}\;{uu)K + VAP3 (Fuu u)K - 2vAP2 (Fuu u)K2 .

Similarly, we can prove it is false for other states. Let us assume that equation (4.2) fails
to hold for n + 1.

/AP ( Tuu... 1/APs ( Twuu... 1/ AP
VAT (B ™) g, + VAR (FS) g, 2 2V (i )g,

n n

Q

K3

Q

K3

and it does not hold for other states. Now we prove equation (4.2) is false for n.
v (ﬁ:fu“'u)gl + ‘75“33(13:;“”’”)173 ~

= Fuu... i 5 A B AP puu...d 7> Fuu... i
max (Kl — Fpte, i+h) (Puvn+1 (F::Jrul u)f(l + PaV, 1 (F::Jrul )ﬁl)) +max (KS - Fyee, (I+R) (P“ n+l (F::J'il u)‘ +PdV +1 (F::J'ﬁ
~ 2
= Sua... i .d - = == ~
e (K2 Ry, s (pu ”H 2 (Funy-u % JrPdv”+1 (Fusy )}?2)) (since K3 — Ko ~ Ko — K1)
S APy .AP3 A Po
= V7 L(Fym “)gl (Fpte “)KS =2V 2 (e “)1?2

(by equation (?7?)
In a similar manner, we can prove it is false for other states i.e., a contradiction. Therefore
equation (4.2) is true for n and this implies equation (??) may false for n + 1. O

Proposition 4.6. If K1 and K2 are the different constant fuzzy strike prices such that
Ky = K> and if VAC and VAC are the corresponding fuzzy intrinsic values of American
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fuzzy call option model on fuzzy future contract for the same underlying fuzzy stock with
the same expiration date N, then

1 AC AC
VAC < VA, (4.3)

Pmof We prove equatlon (4.3) by reverse induction on n. First we prove for n = N.
UU... U UU... u
V (F )Kl ~ Ina)i{F — K1,0} N
(since K1 - K2 = Fy* " — K1 =< F]\L,““ — K»)
AC ( Tpuw..wy Tuu..u _ Jo. 0
— YN (ﬁN )Kl =< Iilax{FNN K5, 0}
c c
= VRC(FR")g, S VEO(FR")g,
Similarly, we can prove it for other states. Suppose that equation (4.3) does not hold for
n+ 1, we have
VAL ) g, = VAS(FY )k, (4.4)

and it is false for other states. Now, we prove equation (4.3) fails to hold for n.
Vfc(ﬁ#u"'“)~ A max
(ﬁ#u'”u - Ky, m (Pu VAG (P “I%, + PV AS (B d)K1)>
Using equation (4.4), we have
VfO(gzuu)ﬁl -
maz [ FEY % — Ko, 7(TJE§) (ﬁuvvfﬁ(ﬁﬁfi”“)g + PyVy7 +1(F#i'1"d);<‘2))
— vyfp(ﬁ#uu)z?l - 97‘{40(?#““)?2

Similarly, we can show it is false for other states. This is a contradiction. Since
equation (4.3) holds for n which imply equation (4.4) is false for n + 1. O

Proposition 4.7. Suppose that if ‘N/AC YN/AC are the fuzzy intrinsic values of American
2

fuzzy call option model on fuzzy future contract for the same underlying fuzzy stock and
having the same expiration date N and if K1 Kg, then VAC VAC < K2 - K.

Proof. By property (i) in Proposition 4.7, if K < Kg, then we have V]:? = V[i(“P.
. - - - - - — . 1 2
(i.e) VI:(“lP — VAP = 0. Since K1 < Ky, K1 — K3 < 0.
Therefore VAP — VAP = K| — K. [l
K Ko
Remark 4.8. Analogues of property proved in Proposition 4.5, we can also prove for
American fuzzy call option model on fuzzy future contract.

In line with the Propositions 4.5, 4.6 and 4.7, similarly we can show them for European
fuzzy put / call options models.

Proposition 4.9. Suppose that the discounted fuzzy intrinsic values of the buyers of fuzzy
put option model on fuzzy future contract and the discounted fuzzy intrinsic values of fuzzy

Sap/acy N
call option sellers model on fuzzy future contract processes { (%+§)" } are Q— fuzzy
=0
. gAp/ac N ! .
supermartingale processes and that { dl Ty } is another Q— fuzzy supermartingale
g n=0
process satisfying XfP/AC(F,’L‘““"'“) = PfP/AC(F#“““'“), then
Xv;:lP/.AC(ﬁ#uu...u) - VZ\P/.AC(ﬁ#uu...u), (45)
for n=0,1,..., N and it is true for other states.
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AP/ AC

Proof. Since {YT+ o0 } is a Q— fuzzy supermartingale process and
n=0

: , then we have
VnAP/AC(F#uuu) . = ~E’Q(‘/-AP/.AC( uuuu))’ for

1+R 1 n+1 n+1
n=0,1,...,N.
gAP/Ac N ~ ~
{)({1-5-71%)"} is another QQ— fuzzy supermartingale process dominating P,“:‘ p/AC (Fu.w)
=0

then we have X and
Xt PIAC Ry s A EQ(X A (Fuyge), for m = 0,1, N,

AP/-AC(Fuuu u) - PAP/AC(Fuuu u)

n n+1
We prove equation (4.5) by reverse induction on n.
When n = N: Suppose

X—AP/AC(ﬁ;\Lqu...u) = ﬁAP/AC(ﬁ;\J}uu...u) and

v]\J;lP/AC(ﬁ;\Lruu...u) = ﬁ]éP/AC(ﬁﬁuumu) then we have XAP/AC (Fuuu ) o VAP/AC<Fuuu ),
Assume equation (4.5) is true for n+ 1.

i.e., we have X:‘_ﬁ/AC(F“““ ) =< VAP/AC(F““" ).

We now show equation (4.5) is true for n.

Since X;7/AC (Fuu.u) o

L (BQ(XAC (Fuwy-))), we have

ﬁ n+1
-AP/-AC(Fuuu...u) L(Eg(vrilz/Ac(Fu}iu ).
" XAP/AC(Fuuu ) PAP/.AC<F:uu...u) and
AP iy T (BGARAC Lt ), hen e v
KAP/AC (Fuuiecu) o max ([ BAP/AC (Fuu.uy 1+EE§(V:4+P1/AC(F1LW u))) )
— RAP/AC (Fuwu oy GAP/AC (Fuuu.u) forn —0,1,... N

and it is true for other states. In a similar fashion, we can prove equation (4.5) is true
forn=1and n =0. g

Definition 4.10. The fuzzy intrinsic values of European fuzzy put option model price
on fuzzy stocks is defined by 175P(§N7¢) A max {[N( - §N7i,6} ,fori =0,1,...,N and

VSP(Sn i)~ (1+R)
European fuzzy put option price on fuzzy Stocks at time n + 1 is defined as
EQ(Vn+1(Sn+17i)) ~ (P, n+1(US,”) + PyVE (DS,”)), forn =0,1,2,...,N — 1 and

n

1=0,1,.

(EQ(KL+1(Sn+17i))) , where the expected fuzzy intrinsic values of

Definition 4.11. The fuzzy intrinsic values of European fuzzy call option model price
on fuzzy stocks is defined by ‘756(5'1\/,1') /A max {§Nz — 1?75} ,fori =0,1,..., N and

VEC(S,) ~ e (EQ(V

n+1(5n+1,i))) , where the expected fuzzy intrinsic values of

European fuzzy call option prlce on fuzzy stocks at time n + 1 is defined as
EQ(VW(SHM)) (PVEG(US,) + PaVESG (DS, ), for n = 0,1,2,...,N — 1 and
1=0,1,.
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~ N
EpP
Proposition 4.12. The discounted fuzzy intrinsic process {(”R)} for both buy-
+
=0

ers and sellers of European fuzzy put/call options models on fuzzy future contract is a
Q— fuzzy martingale.

Proof. For proving the same, we have to show that

1 5Q £P/£c uuL gy T SEP/EC  muuu...u
T RO Ey m g TR E (4.6)
forn=0,1,..., N and it can be true for other states by reverse induction on 7.

Assume (4 6) ‘does not hold for n = p+ 1 and it is false for other states when

UP, + DP; ~ 1+ R. Then we have the following two assumptions:
Assumption(i):

1 pEP/EC u 1 yEP/EC

Fuuu >_ Fuuu U 47
(1+R)p+2 p+1( p+2 ( )) - (1+R)p+1 p+1 ( ) ( )
Assumption (ii):
1 EP/EC T GEP/EC
e p+1( p+2/ (Fseuy) < L / (B (4.8)

(1 + R)p+1 p+1

Now to prove equation (4.6) is not true for n = p.

EP/SC uu'u. u ~
WEQ< ol (Rl ~

E <V£P/£C((1+R>N*(P+1)§g$?,.,u))

(1+R)P+1
EP/EC  muuu...uyy i ep/eC SIN— = Swuu...u ep/eC
W Q(V / (Fpue-m) ~ W (P p+1/ (@ + RN-+D gy )+Pdv / (T +
I§>N—(p+1)55uuu )
FEP/EC Fuuu...uyy A, pep/ec = N—(p+1) Suuu...u sp/sc
WE (Vi (FRev) =~ W (PuV, e (@+ RN- )Sp ) + Pq V @+
I§>N (P+1)S'uu'u d))
1 B9 8P/SC’ ww. .. u EP/EC (% | H\N—pJuuu...u
= Gappri? (V (Fpge™) = (H_R)pV (14 R)™Psy )
Since
(I+1§1)p+2 (Pu psfz/sc((l+ﬁ>zv—(p+2)§;1g )+PdV£P/£C((1+R)N (p+2)suuu d)) (1+R)p+1 9p€ﬁ/£c((1+
R)N*(P#»l)sgiu “uy,
by equation (4.7)
1 Q 7EP/EC Ty, .u
(I+R)p+1 (Verl ( p+1 ) =
1 EP/SC(Fuuu u)
(A+R)r

We can also prove equation (4.6) is false for other states.
In a similar way, by using equation (4.8), we can show

1 7€P/EC [ Tuuu...u
(1+R)p+1 Q(Vp+1 ( p+1 ) =
1 EP/‘SC UUU... U
S ).

L1kew1se it can be proved that it is false for other states.

Thus, we get a contradiction and hence equation (4.6) is true for n = p which implies
equations (4.7) and (4.8) are false for n=p+ 1.

Hence, the same holds for n = 0: Similarly, we can show (4.6) is true when UP,+DP, =
1+ R and UP + DPd <1+ R using reverse induction on n. ([l

Definition 4.13. Let {X IV be a discrete time fuzzy stochastic process with respect to
the filtration {M,,}N_; and let 7 be a stopplng time. Then the stopped fuzzy stochastic
process {X}T is defined by XT( ) ~ XT(w)An( w) for any positive integer n and any
w € Q, where 7(w) A n = min{r(w), n}.
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Theorem 4.14. The stopped discounted fuzzy intrinsic values of American fuzzy put/call

Sapr/ac N
options models on fuzzy future contracts process for buyers and sellers {g’_ﬁ%ﬁ}
n=0

are Q— fuzzy supermartingales with respect to Q.

Proaf If 7 > n+1, then
Q(V—AP/AC( uuuu))

~
~

W (n+1)AT\E ntl

T PRV (A RN S
WEQWKSZQC;(WH )~ ﬁ

(PLVL (A + BN (D g5 4 Pdv(ff:{;“ﬁm + RN (D pguueu))
WEQWKSZQC;(WH ) ® T

(PuVAIAS (A + RN =D Gy 4 ByATIAC (T 4 RN -+ D Suuyed))

(7L+1)A’r , (7L+1)A’r
=QGAP/AC  Fuuu...uyy .
(1+R)ﬂ+1 By (V(n+1)Ar(F'n+1 ) = (1+R)n+1

(IguV:\P/AC((1+R)N—(n+1)§uuu uy 4 By VA /AC((I+E)N—(n+1)§;:iz{...d>)

i AP/.AC
WEQ( Vit iyar (Bt ) =
nVT.LAP((l_'_R)(N n)suuu ‘)
(1+R)
AP/AC .AP
(1+R)”+1 EQ(V(n«#{)Aq—(F::i’“ Yy - (1+R)n v (F'uuu )

.AP AC u N AP/AC u...u
= W 2 (,Hr{),\.,.(Fu ) = (1+1R)" Vn/\T/ (e )

Similarly, we can prove it for other states.
We can also show equation (4.5) is true for n =1 and n = 0.
In a similar manner, we can prove that

1 -AP/-AC UUW... U ~
(1+R)n+1 Q(‘/(n+1)/\7'( n+1 )) ~
AP/AC ; S iy -
(T+11§)" n,\T/ (F U if T < n. O

Remark 4.15. An analogue of Theorem 4.14 can be proved showing that the stopped
discounted fuzzy intrinsic values of European fuzzy put and call options models on fuzzy
future contracts processes are Q— fuzzy martingale using Proposition 4.12.

5. Fuzzy put/call options pricing models on fuzzy future contracts using
continuous time fuzzy stochastic process

This section is dealt with the fuzzy put/ call options models on fuzzy future contracts
for both buyers and sellers using continuous time fuzzy stochastic process. The fuzzy
stock price and fuzzy future price processes are modeled using continuously compounded
fuzzy risk-free interest rate to model continuous time fuzzy stochastic process which is
approximated by a discrete time fuzzy process with sufficiently large finite n (see Figure

1).
Definition 5.1. The fuzzy future price at time n is denoted E” and defined by

ﬁn’i R~ RAtSnl, forn =0,1,...,N and i« = 0,1,..., N, where AT = % Hence, the
fuzzy future price grows with continuously compounded fuzzy risk-free interest rate.

Example of modeling the fuzzy stock price and fuzzy future price process
using continuous time fuzzy stochastic process:
Here, we divide the number of time steps into three in the fuzzy binomial tree model.
Using the three-period fuzzy binomial tree model, we estimate the fuzzy stock prices
and fuzzy future prices of INTC shares involving GLOFN for the data considered in
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Defuzzifie

fuzzyl}
stockll 101

priceslii
118

105

0246 8101214161820
Timell

FIGURE 1. Evolution of Defuzzified fuzzy stock prices
during n =0 to n =20

Table (1) . The same is computed using the codes of fuzzy stock and fuzzy future prices
given in MATLAB program . Defuzzify the same, by choosing & = 0.3. The values are
represented in the form of a three-period binomial tree (see Figures 2 and 3).

Bearish Scenario 2020:

[Syrnbol [SO [K [Premium ]Expiry ]Style ]R ]
[MSFT [$49.57 [$54.50 [$1.25 [1/10/2020 P/C [0.11]

TABLE 1. Quotes of American type INTC (2020) shares

We infer that the defuzzified fuzzy stock and fuzzy future prices of INTC shares evolves with

49.57
/SO\ N O
50.0125 50.3168 Timefl
/Sf\ /Si‘\ 0.09722m
474 4 1.1042

50. d7 8 50.786 5 u(i 0.1044/m
O.29166l

50. 3334 51. 279i 5% gg 51, u

FIGURE 2. Defuzzified fuzzy stock prices: three - period binomial tree

respect to the continuous time.

Fuzzy risk-neutral probability measures involving continuously compounded fuzzy
risk-free interest rate:

Following the treatment of fuzzy risk-neutral probability measures involving GLOFN discussed,
the following possible no arbitrage conditions satisfied by the two up and down fuzzy jump
factors and the continuously compounded fuzzy risk-free interest rate of the fuzzy stock are
defined as follows:

ie., Di<efrSt<U; for i =1,2,3,4, k=1,2,3,4,5,6,7,8 and j = 5,6,7,8.
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49.5718
/FO\ N O

50.0143 50.3186 Timep
/F{i\ /F f\ 0.09722m
50.4766 50.7882 51.1060 0.19444m

/Fd\ / u\ /“\
51.2785 51. 60 51.9358 0.29166m
Fu ddl Fuu F l

FIGURE 3. Defuzzified fuzzy future prices: three - period binomial tree

Definition 5.2. The up and down fuzzy risk-neutral probability measures Q* (ISJ, ﬁd* ) for buyers
are defined by

enAt —dy ergAt —dy ergAt —dy 67"4At —dy

5%
Puz( ) )

U57d4 ’ U57d4 U57d4 U57d4
e'rsAt _ d4 er(,-At _ d4 €r7At _ d4 6r3At _ d4

i k)

YN

us—ds T us—ds ' us—ds  us—da

Uus — ergAt Uus — er7At us — ergAt us — e

P ~
( U5—d4 ’ U5—d4 ’ U5—d4 ’ U5—d4 ’

us — 67‘4At us — 67‘3At us — 67‘2At us — 67‘1At

ik
us—ds | us—ds | us—ds | us—ds )

Definition 5.3. The up and down fuzzy risk-neutral probability measures Q* (EL ]Sj ) for sellers
are defined by

el JAN dl e'rgAt _ dl e'rgAt _ dl 6T4At _ dl

P: ~ ( ) ) )
US—dl Ug—dl u8—d1 u8—d1
e'rsAt _ dl eT@At _ dl 67‘7At _ dl 6r8At _ dl

i k)

N

u8—d1 ’ US—dl ’ us—dl ’ US—d1
Uus — ergAt ug — e'r7At ug — e'rﬁAt us — e
’LLs—dl ’ ’LLs—dl ’ US—dl ’ US—dl

VN Ty At Fo At AL

Pi =~ (

ug — e ug — e ug — e ug — e

us—dl ’ us—dl ’ ’I,Ls—dl ’ ’I,Ls—dl

k).

Remark 5.4. Analogues of Definitions 5.2 and 5.3, give rise to fuzzy risk-neutral probability
measures involving general trapezoidal and triangular fuzzy numbers for both buyers and sellers
under the respective no-arbitrage assumptions.

Definition 5.5. The fuzzy intrinsic values of American fuzzy put option model on fuzzy future
contract is defined by b VAp(ﬁN i) A max {I? — ﬁN“a} Jfori=0,1,...,N and

VAP( n z) ~ maX{K Fn iy EQ* (Vn+1( n+1, z))}7
fori =0,1,...,nand

n=N-—1,N—2,...,0 where, EQ" (Vn+1( nt1,)) ~ Py Vn+1( nt1,i) +Pd Vn+1( n+1,i) denotes
the expectation with respect to the fuzzy risk-neutral probability measure Q™.
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Definition 5.6. The fuzzy intrinsic values of European fuzzy put option model on fuzzy future
contract are defined as ‘N/g (FN i) A max {K FN is } fori=0,1,...,N and

VEP (o) » { 7 B (VL (Fana)) |
fori =0,1,...,nand n = N —1,N — 2,...,0 where, E' (Vn_H(F i) ~ P Vn+1( n+1,) +

135 fol (ﬁnﬂ,i) denotes the expectation with respect to the fuzzy risk-neutral probability mea-
sure Q*.

Definition 5.7. The fuzzy intrinsic values of American fuzzy call option model on fuzzy future
contract are defined by ?ﬁc(ﬁm) ~ max{ﬁj\” - I~(,6} ,fori=0,1,...,N and

VAC(Fo) ~ max { P = K, 0 B (VAS (Fasna)) |

fori =0,1,...,nand

n=N—-1,N-2,...,0 where, ES" (V;AS (Fni1.)) = PiViAS (Fui1 i) + PiViAS (Fuy1.i) denotes
the expectation with respect to the fuzzy risk-neutral probablhty measure Q~.

Definition 5.8. The fuzzy intrinsic values of European fuzzy call option model on fuzzy future
contract are defined as ‘7156 (ﬁN i) A max {E\“ — I?,ﬁ} Jfori=0,1,...,N and

VEC(Fug) ~ { = BY (VEG (B, Z))} :

fori =0, 1 ,nandn =N —1, N — ,0 where, E‘Q (Vn+1(Fn+1 i)~ Vn+1( i) +

V (Fry, 1) denotes the expectatlon w1th respect to the fuzzy risk-neutral probability mea-
sure Q .

}A N,?* (lN/nH(Fn i)) as the expected discounted fuzzy intrinsic values

under Q* and given by eﬁ%tﬁﬁ?* (Vn+1(Fn,i)) ~ RAt (P Vn“( nt+1,) + PdV ( 1, 1)) ,
fori=0,1,...,nandn=N—-1,N—-2,...,0.

Definition 5.10. A continuous time fuzzy stochastic price process X+~ {)?n,./\/ln}oo is a
Q" fuzzy martingale under Q" with respect to a filtration {Mn}o, if "0

(i) ES (Xni1) ~ Xn, where ES is the expectation with respect to the fuzzy risk-neutral
probability measure Q*.

(ii) Further if (i) is replaced by Ef’?* (Xn+1) < Xn, then X* ~ {Xn,/\/ln} is a Q" — fuzzy
supermartingale with respect to { M., }nrg e

(i) and if (i) is replaced by EQ (Xny1) = Xn, then X* ~ {Xn,./\/ln} is a Q"— fuzzy

n=|

submartingale related to a filtration {M,}52 .

Remark 5.11. In order to prove Proposition 5.14 and Remarks 5.13, 5.15, 5.16, 5.17, 5.18, using
continuous time fuzzy stochastic process, we choose n as a finite large number in the fuzzy
binomial tree model.

Definition 5.12. The expected fuzzy future price at time n in continuous time is defined as
EQ( uuu u) EQ(ERAtS::iT"u).

i.e. EQ( “““ ) & eRAtﬁugﬁf““‘““fj + eRAtﬁdgﬁ"““‘“B. Similarly, it can be defined for other
states.

Remark 5.13. The discounted fuzzy stock price process turns out to be a Q*— fuzzy martingale,
Q" — fuzzy supermartingale and Q" — fuzzy submartingale using continuous time fuzzy stochastic
process.

We prove Proposition 5.14 using Definitions 5.12 and Remark 5.11.
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Proposition 5.14. The discounted fuzzy future price process is a Q™ — fuzzy martingale, Q™ —
fuzzy supermartingale and Q*— fuzzy submartingale with respect to the fuzzy risk-neutral prob-
ability measure Q" whenever

(i) UP, + DPy ~ e"4t;

(ii) UP, + DPy 3= RN

(iii) UP, + DPy < efA t

Proof. To show that the discounted fuzzy future price process is a Q*— fuzzy submartingale
with respect to @* under condition (ii), we have to show that

%ES(T#}“-“) . %ﬁ:“-"“, forn=0,1,...,N (5.1)
(6RAt)n+1 (eRAt)n

and it holds for other states. We prove equation (5.1) by reverse induction on n.
Assume equation (5.1) fails to hold for n = p+ 1 and it does not hold for other states, then we
have

1 -Q LuuL...u 1 LUU... U
W’%ﬂ( i) = (A P (5:2)

and it does not hold for other states.
Now to prove equation (5.1) is false for n = p.
EQ( uuu u) ~ Eg(ethSgi?u) )
wud... U\ ~, ROt TA Quuw...u T muuY...u RAt\2 17 Quuw...u
= Eff( ) R e MTER (S) = B (B 2 ()P ER (S
1 Q1 RAt Quuu... 1 7Q(m 7

E EE Q( uuu u) j e tsguu u E—, eﬁlAt E}(}Q( Zl)},ril, u) j F}z}tuu u

Q uuw.. . u 1 uu...u
= (e RAt)p+1E ( p+1 ) = (eﬁ.At)p FP .
Similarly, we can prove equation (5.1) does not hold for other states, which is a contradiction.
Since equation (5.1) is true for n = p will imply equation 5.2 is false for n=p + 1.

When n = 1: if UP, + DPy ~ eﬁAt then we have EQ(ﬁﬁ‘) ~ E?(em@;).

— BO(FY) ~ FOER(SY) — BR(FY) < (e Ratzgy
= ,{A,EQ(FZ) = RS = JLoER(F3) = By
== m Q) = ﬁﬁf‘.

In like manner, we can prove it for down state.

ie., (RM)ZEQ(FQ) (RAt)lFl

When n = 0: if UP, + DPy; ~ eRAt then we have Eg(ﬁl) ~ E(?(eﬁAtgl).
= EJ(F) ~ efMER(S) = EQ(F) < (e741)25,

— RAtEQ(Fl) - eRAtSO — ﬁE(?(Fl) = = RAt)O Fo Similarly, we can prove
equation (5.1) is true when (i) and (iii) holds by reverse induction on n. O

Remark 5.15. The discounted fuzzy intrinsic values of buyers in American fuzzy put and call
option models on fuzzy future contracts processes respectively are Q*— fuzzy supermartingale
and Q" — fuzzy martingale. Also, the same processes respectively are Q* — fuzzy martingale and
Q™ — fuzzy supermartingale in sellers model.
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1

RAt

N
SAP/AC
Remark 5.16. Analogues to Proposition 4.9, we can prove that {V"~} is the smallest
n=0

S AP/AC
Q*— fuzzy supermartingale dominating {X"~} with respect to the fuzy risk-neutral
n=0

probability measures Q™.

Remark 5.17. Similar to Proposition 4.12, we can prove that the discounted fuzzy intrinsic
values of European fuzzy put option and fuzzy call option models on fuzzy future contracts
processes are Q" — fuzzy martingale for both buyers and sellers.

Remark 5.18. Parallel to Theorem 4.14, the stopped discounted fuzzy intrinsic values of Amer-
ican fuzzy put and call option models on fuzzy future contracts processes for buyers and sellers

e(EAt)’VL/\T
n=0

counted fuzzy intrinsic values of European fuzzy put and call option models on fuzzy future

N
SAP/AC
{V"A%} are Q" — fuzzy supermartingale. Similarly using Remark4.15, the stopped dis-

N
SEP/EC
V. .
contracts processes for buyers and sellers {W} are Q" — fuzzy martingale.
e
n=0

6. Conclusions and Future Work

This study examined certain characteristics of fuzzy options derivatives, which enable traders
to adjust their strategies based on prospective profits, thereby reducing risk.
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