
ON SOME SUBALGEBRA BUNDLES OF A LIE ALGEBRA
BUNDLE OF FINITE TYPE

K. KAMALAKSHI, HUSNIYAH ALZUBAIDI, HAKEEM A. OTHMAN, R. RAJENDRA,
P. SIVA KOTA REDDY*, AND SAMI H. ALTOUM

Abstract. In this paper, we establish the existence of a finite dimensional
ample Lie subalgebra in the sections of a Lie algebra bundle of finite type.
We prove Engel’s and Lie’s theorem for bundles where the base space need
not be compact. Also, we discuss about the existence of a Cartan subalgebra
bundle, Engel and toral subalgebra bundle of a Lie algebra bundle of finite
type.

1. Introduction

We begin by recalling the following notions of bundles from [1–4,8–17,19,20,22].
When a vector bundle ξ = (ξ, p,X) is such that a morphism � : ξ ⊕ ξ → ξ gives a
Lie algebra structure on each fiber ξx, we call it as a Lie algebra bundle. If each
fiber is a semisimple Lie algebra we call it a semisimple Lie algebra bundle.

A vector bundle ξ where each fiber is having a Lie algebra structure and for any
x in X there is a neighborhood U of x in X, a Lie algebra L and a homeomorphism
Φ : U × L → p−1(U) such that Φx : {x} × L → p−1(x) is an isomorphism of Lie
algebras ∀x ∈ U , is called a locally trivial Lie algebra bundle.

Leonid N. Vaserstein [22] defined finite type vector bundles. Motivated by this
concept Ranjitha Kumar et al. [15] introduced the concept of Lie algebra bun-
dle of finite type. A Lie algebra bundle ξ over an arbitrary space X is of finite
type if there exists a finite partition S of unity on X (that is, S is a finite set
consisting of non-negative continuous functions on X whose sum equals 1) such
that ξ restricted to the set {x ∈ X|g(x) 6= 0} is a trivial Lie algebra bundle for
each g ∈ S. As any compact Hausdorff space attains partition of unity, we ob-
serve that every Lie algebra bundle over a compact Hausdorff space is of finite type.

If s : X → ξ is a map such that p ◦ s = idX , then it is called as a section of ξ.
We usually use Γ(ξ) to denote the set of all sections of ξ. A map f : ξ → η, where ξ
and η are the vector bundles over a topological space X, is such that fx : ξx → ηx
is a homomorphism between the Lie algebras, ξx and ηx for all x ∈ X. We call
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f as a morphism between ξ and η. If f is bijective and f−1 is continuous, f is
an isomorphism. Existence of a finite partition of unity in the base space of any
finite type Lie algebra bundles paves the way to prove some results by weakening
the condition of compactness, which we discuss in this paper. We establish the
existence of a finite dimensional ample Lie subalgebra in the sections of a Lie
algebra bundle of finite type. We prove Engel’s and Lie’s theorem for bundles
where the base space need not be compact. Also, we discuss about the existence
of a Cartan subalgebra bundle, Engel and toral subalgebra bundle of a Lie algebra
bundle of finite type. Some recent developments in the theory of algebra bundles
can be found in [2, 3, 9, 10, 14–18, 20]. Throughout this paper, it is assumed that
all underlying vector spaces are real and finite dimensional.

2. Engel’s and Lie’s theorem for Lie algebra bundles of finite type

In this section, we shall study the Engel’s and Lie’s theorem for finite type
Lie algebra bundle ξ, by observing the existence of a finite dimensional ample Lie
subalgebra in Γ(ξ).

Definition 2.1. A Lie subalgebra V ⊆ Γ(ξ) is said to be an ample Lie subalgebra
if a Lie morphism, φ : X × V → ξ defined by φ(x, v) = v(x) is surjective.

Lemma 2.2. Let p : ξ → X be lie algebra bundle of finite type. Then Γ(ξ) contains
a finite dimensional ample Lie subalgebra.

Proof. Since ξ is a Lie algebra bundle of finite type, we get a finite partition of
unity {fi}ni=1 such that ξ when restricted to each Ui is trivial, where Ui = {x ∈
X : fi(x) 6= 0}. We observe that {Ui}ni=1 covers X. Since each ξ|Ui is a trivial
we can find a finite dimensional ample Lie subalgebra Vi ⊂ Γ(ξ|Ui

). Now define,
pi : Vi → Γ(ξ) for each i such that if s ∈ Vi, pi(s) is defined as

pi(s)(x) =

{
fi(x)s(x), for x ∈ Ui;
0, x /∈ Ui.

Then pi is a Lie algebra homomorphism. Now consider {Ui} in the increasing or-
der of indices. Define φ :

n∏
i=1

Vi → Γ(ξ), as φ((s1(x), s2(x), . . . , sn(x))) = pi(si)(x),

where i is the least index for which x ∈ Ui. Then φ is a homomorphism. Con-
sider V = φ(

n∏
i=1

Vi) which is a subalgebra of Γ(ξ). We observe that V is finite

dimensional. Now we shall prove that the natural map from X × V → ξ is a
surjective Lie bundle morphism. Let u ∈ ξ. Then there exists x ∈ X such that
u ∈ ξx. Since {fi} is a partition of unity, there exists a Ui such that x ∈ Ui. Then
u ∈ ξ|Ui

. Now since Vi is an ample subalgebra of ξ|Ui
, we have s ∈ Vi such that

s(x) = u. Now let v ∈ V such that v = φ(s1, s2, . . . , sn), where si = s. Now
v(x) = φ(s1, s2, . . . , sn)(x) = s(x) = u. Hence V is a finite dimensional ample Lie
subalgebra of Γ(ξ). �

Remark 2.3. Suppose p : ξ → X is a Lie algebra of finite type. Then End(ξ) =⋃
x∈X

End(ξx) is also a Lie algebra bundle of finite type. For, let {f1, f2, . . . fn} be

finite partition of unity and Ui = {x ∈ X; fi(x) 6= 0} for all i, such that ξ|Ui is
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trivial. Let φi : Ui×Li →
⋃

x∈Ui

ξx be the isomorphism. Then ψi : Ui×End(Li) →⋃
x∈Ui

End(ξx) is an isomorphism. Thus by above Lemma, Γ(End(ξ)) has a finite

dimensional ample Lie subalgebra.

Definition 2.4. Let G be Lie subalgebra of HOM(ξ). Then T ∈ G is said to be
nilpotent on ξ, if Tx = T |ξx : ξx → ξx is nilpotent for every x ∈ X. For T ∈ G we
can define ad T : G → G as

ad T (S) = [T, S] : ξ → ξ,

where ad T (S)(u) = [Tx, Sx](u) = Tx(Sx(u))− Sx(Tx(u)), for u ∈ ξx.

Theorem 2.5. Consider a Lie algebra bundle of finite type ξ. Let X be a finite
dimensional ample Lie subalgebra of Γ(End(ξ)) such that X consists of nilpotent
sections. Then there is a non-zero section sξ in Γ(ξ) satisfying the condition
σX(x)(sξ(x)) = 0 , x ∈ X, σX ∈ X.

Proof. Let ω be an isomorphism between Γ(End(ξ)) and HOM(ξ). Then for any
σX ∈ X, we have F = ω(σX) is a morphism in Hom(ξ). Hence it suffices to show
that there is a section sξ 6= 0 such that F (sξ) = 0 for any F ∈ ω(X).
Let ψ : HOM(ξ) → gl(Γ(ξ)) be defined by ψ(F ) : Γ(ξ) → Γ(ξ), ψ(F )(s) = F ◦ s.
Then clearly ψ is a Lie algebra homomorphism. Since ω(X) is a Lie subalgebra of
HOM(ξ), ψ(ω(X)) is a Lie subalgebra of gl(Γ(ξ)) containing nilpotent operators
on Γ(ξ). We can prove the result by induction on dimX, following the methods in
Theorem 3.1, in [19] �

Corollary 2.6 (Engel’s Structure Theorem for Lie Bundles of Finite Type). Sup-
pose ξ = (ξ, p,X) be a Lie algebra bundle of finite type and X be a finite dimensional
ample Lie subalgebra of Γ(End(ξ)) such that every section of σX of X is nilpotent
on ξ. Let V be a finite dimensional ample Lie subalgebra of Γ(ξ). Then there is a
basis {si}ni=1 of V such that for any element σX ∈ X, we have

σX(x) (sj(x)) =
∑
i<j

αi(x)si(x), ∀x ∈ X, 1 ≤ j ≤ n.

Proof. If we consider any section σ of End(ξ), we can get a unique morphism
F ∈ HOM(ξ) which gives raise to an equivalent conclusion: Then there is a basis
{si}ni=1 of V such that for every element F of ω(X), we have

F (sj(x)) =
∑
i<j

αi(x)si(x), ∀x ∈ X, 1 ≤ j ≤ n.

Now the result can be concluded by induction on dimV as written in Corollary 1
in [19]. �

Theorem 2.7 (Engel’s Theorem for Lie Bundles of Finite Type). For any Lie
algebra bundle of finite type ξ and a finite dimensional ample Lie subalgebra V of
Γ(ξ), ξ is nilpotent if and only if ad s : V → V is nilpotent for all s in V .

Proof. We can observe that, the given necessary and sufficient condition between
the nilpotency of ξ and the nilpotency of ad s can be easily established by using
the definitions and the fact that if each ad s is nilpotent, ad V will be a nilpotent

29



KAMALAKSHI, ALZUBAIDI, OTHMAN, RAJENDRA, P. S. K. REDDY, AND ALTOUM

Lie algebra which gives raise to a surjective homomorphism between ad V and ξx
(which follows from Theorem 3.2 in [19]). �

Definition 2.8. Let ξ be a Lie algebra bundle. The derived series of ξ can be
defined as follows:

ξ(0) = ξ, ξ(1) = [ξ, ξ] =
⋃
x∈X

[ξx, ξx] , ξ
(k) =

⋃
x∈X

[
ξ(k−1)
x , ξ(k−1)

x

]
for k ≥ 0.

Definition 2.9. A Lie algebra bundle ξ = (ξ, p,X) is a solvable Lie algebra bundle
if ξ(m) = 0 for some positive integer m.
Consider the dual bundle (Endξ)∗ of (Endξ). Let β ∈ Γ((Endξ)∗). By denoting
β(x) = βx, we have for each β in Γ((Endξ)∗) the joint eigenspace corresponding
to η, a Lie subalgebra of Γ(Endξ) defined as

(Γ(ξ))β = {s ∈ Γ(ξ)/ σ(x)(s(x)) = βx(σ(x)) · s(x), ∀ x ∈ X, σ ∈ η}
The non zero element in (Γ(ξ))β is called joint eigenvector in Γ(ξ) corresponding
to η with respect to β ∈ Γ((Endξ)∗).

Theorem 2.10. If (ξ, p,X) be a Lie algebra bundle of finite type and W is a finite
dimensional solvable ample Lie subalgebra of Γ(End(ξ)), then there is a non zero
joint eigenvector in Γ(ξ) corresponding to W .

Proof. If ω : Γ(End(ξ)) → HOM(ξ) is a Lie algebra isomorphism, then ω(W ) is a
solvable Lie subalgebra of HOM(ξ). Now we can get desired non-zero eigenvector
by using the induction on ω(W ) (which follows from Theorem 4.1 in [19]). �

Theorem 2.11 (Lie’s theorem for bundles of finite type). Let ξ = (ξ, p,X) be a
Lie algebra bundle of finite type. Let V be a finite dimensional ample Lie subalgebra
of Γ(ξ). If W is a finite dimensional solvable ample Lie subalgebra of Γ(Endξ),
then we get a basis {si}ni=1 of V such that σ ∈W satisfies

σ(x)(sj(x)) =
∑
i≤j

αisi(x), x ∈ X.

Proof. Theorem 2.10, signifies the existence of a nonzero element in V . Now the
proof follows by induction on the dimV . �

3. Root System of a Lie Agebra Bundle of Finte Type

In this section, we discuss about the existence of a Cartan subalgebra bundle of
a Lie algebra bundle of finite type which in turn gives the root space decomposition
of the bundle with respect to the Cartan subalgebra bundle.

Definition 3.1. Any subalgebra h of a finite dimensional Lie algebra g is called
a Cartan subalgebra if it is nilpotent and equal to its normalizer.

Definition 3.2. If h is a Cartan subalgebra of a complex semisimple Lie algebra

g, Then g can be written as a direct sum g = h ⊕
( ⊕

α∈∆

gα

)
, called as the root

space decomposition of g relative to h, where α ∈ h∗ and gα = {g ∈ g : [h, g] =
α(h)(g),∀h ∈ h}. ( [7], page 35)
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Definition 3.3. For any Cartan subalgebra h of a semisimple Lie algebra g,
linear functional α ∈ h∗, α 6= 0 such that gα 6= 0 is called a root of g relative to h.

Definition 3.4. Let π : ξ → M be a semisimple Lie algebra fiber bundle with
standard fiber L. A Lie algebra subbundle η of ξ with standard fibre H is said to
be a Cartan subalgebra bundle of ξ if H is a Cartan subalgebra of L and further
for each m ∈ M , the fibre ηm of η over m is a Cartan subalgebra of ξm the fibre
of ξ over m.

Proposition 3.5. Every complex semisimple Lie algebra bundle of finite type
admits a Cartan subalgebra bundle.

Proof. Let ξ = (ξ, π,M) be a semisimple lie algebra bundle of finite type. Then
there exists a partition of unity {fi}ni=1 on M such that ξ|Ui

= ξi is trivial where
Ui = {m ∈ M : fi(m) 6= 0} and {Ui}ni=1 cover M . Let L be the standard fibre of
Ui and H be a Cartan subalgebra of L. Now ηi = Ui ×H is a Cartan subalgebra

bundle of ξi. Let ξi = ηi ⊕
( ⊕

α̂i∈∆̂i

ξiα̂i

)
be the root space decomposition of

ξi with respect to ηi. ∆i ⊂ Γ(η∗i ), the root system of ξi with respect to ηi,
∆̂i = {α̂i : αi ∈ ∆i} (Follows from the proof of Proposition 6.9 in [1]). Construct
a Lie algebra bundle η, using the technique of clutching construction, by defining
quotient topology on the topological union of ηi’s. Let η∗ be the dual bundle of η
over M . For α ∈ ∆, define α̂ : M → η∗ by α̂ =

n∑
i=1

giα̂i. Then ∆̂ = {α̂ : α ∈ ∆}

and ξα̂ =
⋃

m∈M

ξα̂m where ξα̂m = {l ∈ ξm : θm(h, l) = α̂(m)(h)l, ∀h ∈ ηm} where

the bundle structure on ξα̂ is given by clutching construction using (ξi)α̂i [20].

Then we have ξ = η⊕
( ⊕̂

α∈∆̂

ξα̂

)
, which is the root space decomposition of ξ with

respect to η and ∆̂ is the root system of the Lie algebra bundle ξ with respect to
the Cartan subalgebra bundle η. �

Engel and Toral Subalgebra Bundles. Now we shall define Engel and toral
subalgebra bundle and we prove their existence where the underlying field is of
characteristic zero. [7]. If g is a Lie algebra, then g = g0(ad s) ⊕ g∗(ad s), where
g∗(ad s) is the sum gf (ad s) = ker(ad s − f)k, for f 6= 0 (k is the multiplicity
of f) [from [7], 15.1 Decomposition of g relative to ad s]. Now we consider the
following lemma:

Lemma 3.6 (Lemma 15.1, in [7]). If u, v ∈ F, [gu(ad s), gv(ad s)] ⊂ gu+v(ad s).
In particular, g0(ad s) is a subalgebra of g. If charF = 0, then every element of
gu(ad s) is ad- nilpotent for u 6= 0.

By the above lemma, g0(ad s) is a subalgebra of g, for s ∈ g, called an Engel
subalgebra of g with respect to s (It is a subalgebra of elements annihilated by
some power of ad s.).

Definition 3.7. Suppose T is a subalgebra of a Lie algebra g such that every
element of T is semisimple, that is it has no nonzero nilpotent element. Then T
is called toral subalgebra of g.
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Definition 3.8. Let π : ξ →M be a semisimple Lie algebra bundle with standard
fiber L. A Lie algebra subbundle η of ξ with standard fibre E is said to be an
Engel (toral) subalgebra bundle of ξ if E is an Engel (toral) subalgebra of L and
further for each m ∈ M , the fibre ηm of η over m is an Engel (toral) subalgebra
of ξm the fibre of ξ over m.

Remark 3.9. We have, a subalgebra A of Lie algebra g is a Cartan subalgebra if
and only if it is a minimal Engel subalgebra. Also A is Cartan if and only if it is
a maximal toral subalgebra. (From Theorem 15.3 and Corollary 15.3 in [7]).

Theorem 3.10. Every complex semisimple Lie algebra bundle of finite type admits
an Engel subalgebra bundle and a toral subalgebra bundle.

Proof. We have proved the existence of a Cartan subalgebra bundle in Proposition
3.5. But every Cartan subalgebra is a minimal Engel subalgebra and a maximal
toral subalgebra. Hence the result. �

Lemma 3.11. Suppose θ : ξ → ξ′ is a surjective morphism between two complex
semisimple Lie algebra bundles ξ and ξ′ of finite type. Then
(a) θ carries Cartan subalgebra bundles to Cartan subalgebra bundles.
(b) If η′ is a Cartan subalgebra bundle of ξ′, then any Cartan subalgebra bundle of
θ−1(η′) is a Cartan subalgebra bundle of ξ.

Proof. Proof of (a): Let g and g′ be standard fibers of ξ and ξ′ respectively. Since
θ is onto, if H is a standard fiber of a Cartan subalgebra bundle η of ξ, θH(H)
is a Cartan subalgebra of g′ (By Lemma 15.4 in [7]). Also θm(ηm) is a Cartan
subalgebra in ξ′m. Thus θ(η) is Cartan subalgebra bundle of ξ′.
Similarly we can prove (b). �
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