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Abstract. The notion of the B-contraction was introduced in recent years

by Bijender et al. The contraction of this type is a legitimate generalization

of the conventional contraction in literature. The present work established
the new concept of almost B-contraction including generalized B-contraction.

Further, these contractions are utilized to prove some fixed point theorems.

Some illustrative examples are provided to support these results. Finally, an
application is presented to solve the Volterra-type integral equations.

1. Introduction and Preliminaries

The Banach contraction principle gave rise to the fruitful theory of invariant
point, which has been extensively researched. The utility of the concept relied
on the existence of solutions to mathematical issues derived from economics and
engineering. After the existence of the solutions has been proven, the numerical
methodology for obtaining the approximated solution will be defined. The consid-
ered spaces, which are specified using intuitive axioms, greatly influence the fixed
points of the function. Various metric spaces, such as G-metric spaces, partial
metric spaces, b-metric spaces, fuzzy metric spaces, probabilistic metric spaces,
etc., are proposed. Different kinds of fixed-point theorems originate from differ-
ent spaces. In other words, the literature has many distinct sorts of fixed-point
theorems.

An unambiguous methodology of the fixed-point hypothesis is included in the
doctoral thesis of Banach. Due to the simplicity and effectiveness of BCP, it has
been widely used in approaching of tackling current challenges in various areas of
mathematical sciences. Over the decades, the Banach contraction concept has been
developed in various approaches. In several generalizations, the map’s contractive
character is weakened, see, for example, [2]-[9], and sometimes the topology is
weakened in several extensions, see [13]-[26] and others. Nadler [25] advanced the
study of BCP from single-valued to multi-valued type contractive mappings, for
more results see, [28]-[33] and references cited therein. Recently an interesting
generalization of BCP was given by Bijender et al., [10]. First, we will review the
idea of B-contraction as established by Bijender et al., [10], and summarize his
conclusions.
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Definition 1.1. [10] Let B be the collection of mappings φ : R+ → R holds the
following axioms:

(M-1) for all a, b ∈ R+ such that a < b, φ(a) < φ(b), i.e., strictly increasing,
(M-2) lim

n→∞
φ(an) = 0⇔ lim

n→∞
an = 0, where {an}n∈N is sequence with an > 0,

(M-3) Also, the function φ has continuity on (0,∞).

Definition 1.2. [10] A self-mapping T on a metric space (E, d) is said to be a
B-contraction if there exists α ∈ (0, 1) and φ ∈ B such that

∀ς, ϑ ∈ E, d(Tς, Tϑ) > 0⇒ φ(d(Tς, Tϑ)) ≤ αφ(d(ς, ϑ)). (1.1)

Further, Bijender et al. [10] observed the various types of mappings φ in 1.1
and obtained a broad array of contractions, some of which are distinguished in the
existing studies, as seen in the illustrations below:

Example 1.3. [10] Consider φ(ς) =
√
ς, ς > 0 then φ satisfies (M-1)-(M-3) and

the contractive condition 1.1 for the φ-contraction T , is reduced to

d(Tς, Tϑ) ≤ α2d(ς, ϑ) for all ς, ϑ ∈ E, T ς 6= Tϑ.

Example 1.4. [10] Let φ(ς) = ςn, ς > 0, where φ satisfies (M-1)-(M-3) and the
contractive condition 1.1 for the φ-contraction T , is reduced to

d(Tς, Tϑ) ≤ α 1
n d(ς, ϑ) for all ς, ϑ ∈ E, T ς 6= Tϑ.

Example 1.5. [10] Let φ(ς) =
ς

ς + 1
, ς > 0, then φ satisfies (M-1)-(M-3) and the

contractive condition 1.1 for the φ - contraction T , is reduced to

d(Tς, Tϑ) ≤ α (d(Tς, Tϑ) + 1)

(d(ς, ϑ) + 1)
d(ς, ϑ), for all ς, ϑ ∈ E, T ς 6= Tϑ.

For several other instances of the function φ ∈ B one may refer to [10]. Fur-
thermore, Bijender et al. showed that each B-contraction T implies conventional
contraction, i.e.,

d(Tς, Tϑ) ≤ λd(ς, ϑ) for all ς, ϑ ∈ E, T ς 6= Tϑ, λ ∈ (0, 1),

this implies that B-contraction T is continuous. On similar lines authors in [10]
observed that if φ1, φ2 ∈ B with φ1(ς) ≤ φ2(ς) for all ς > 0 and H = φ2 − φ1 is
non-decreasing, then every φ1-contraction T is an φ2-contraction.

Theorem 1.6. [10] Let E be a non-empty set and mapping d : E×E → R+ such
that pair (E, d) is complete metric space. If self map T on E is B-contraction,
then there exists unique ς ∈ E such that Tς = ς.

The main objective of the present work is to introduce the new concept of
almost B-contraction, generalized B-contraction and to utilize them to prove fixed
point theorems in the setting of complete metric structure.

2. Main Results

To begin, consider the concept of almost contraction in metric space (for more
details, see [11, 12])
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Definition 2.1. Assume that E be a non-empty set and (E, d) be a complete
metric space. A self-mapping T : E → E is said to be an almost contraction if
there exists 0 < δ < 1 and L ≥ 0 with

d(Tς, Tϑ) ≤ δd(ς, ϑ) + Ld(ϑ, T ς) for all ς, ϑ ∈ E. (2.1)

Remark 2.2. Because of symmetric relation of distance, the almost contraction
condition admits the undermentioned property

d(Tς, Tϑ) ≤ δd(ς, ϑ) + Ld(ς, Tϑ) for all ς, ϑ ∈ E. (2.2)

So, it is necessary to check both 2.1 and 2.2 for a mapping T to be almost con-
traction.

In [11, 12], Berinde demonstrated that contractions such as Banach, Zamfirescu,
and Chatterjea are almost contractions. Berinde [11] showed that an almost con-
traction mapping on a complete metric space structure (E, d) ensures unique fixed
point.

Now, we introduced the following definition.

Definition 2.3. Let T : E → E be a self mapping defined on metric space (E, d).
Then T is almost B-contraction there exists α ∈ (0, 1) and L ≥ 0 satisfying

∀ ς, ϑ ∈ E [d(Tς, Tϑ) > 0⇒ φ(d(Tς, Tϑ)) ≤ αφ(d(ς, ϑ) + Ld(ς, Tϑ))] (2.3)

also, it is necessary to check for almost contraction

∀ ς, ϑ ∈ E [d(Tς, Tϑ) > 0⇒ φ(d(Tς, Tϑ)) ≤ αφ(d(ς, ϑ) + Ld(ϑ, T ς))]. (2.4)

Remark 2.4. By assuming φ ∈ B is an identity mapping, one can find that each
almost contraction implies almost B-contraction but not conversely.
Consider (E, d) be a complete metric space, where E = { 1n : n ∈ N} ∪ {0} with
usual metric d. If map T : E → E such that

Tς =

{
1

n+1 if ς = 1
n ,

0 if ς = 0,

then for ς =
1

n
, ϑ =

1

n+ 1
, we have d(ϑ, T ς) = 0 and

sup
ς,ϑ∈E,ς 6=ϑ

d(T ( 1
n ), T (

1

n+ 1
))

d(
1

n
,

1

n+ 1
)

= 1,

which is contradiction, hence there is no 0 < δ < 1and L ≥ 0 satisfying condition
2.1 but T is almost B-contraction.

Theorem 2.5. Consider E 6= φ be a set and mapping d : E ×E → R+ such that
pair (E, d) is complete metric space. If self map T on E is an almost B-contraction,
then ∃ p ∈ E such that Tp = p.

Proof. Let us assume ς0 ∈ E be arbitrary and a sequence {ςn}∞n=1 that for all
n ∈ N ∪ {0},

ςn = Tςn−1, (2.5)
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if for some nk0 ∈ N ∪ {0} such that ςnk+1 = ςnk
, then result is obvious. So,

assume that ςn+1 6= ςn for every n ∈ N∪ {0}. Take Υn = d(ςn+1, xn), n ∈ N∪ {0}.
Then Υn > 0 ∀ n ∈ N ∪ {0}. From 2.5, we have φ(Υn) = φ(d(ςn+1, ςn)) =
φ(d(Tςn, T ςn−1)) ≤ αφ(d(Υn−1)). Similarly repeating this process, we get φ(Υn) ≤
αnφ(Υ0), as n approaches to ∞, φ(Υn)→ 0, using (M-2), gives

lim
n→∞

Υn = 0⇒ lim
n→∞

d(xn, T ςn) = 0. (2.6)

Now, to show that sequence {ςn}n∈N is a Cauchy sequence, let us assume ∃ ε > 0
and {rn}∞n=1 and {sn}∞n=1 two sequences, with rn, sn both in N such that

rn > sn > n, d(ςrn , ςsn) ≥ ε, d(ςrn−1
, ςsn) < ε, ∀n ∈ N. (2.7)

Thus, we obtain

ε ≤ d(ςrn , ςsn) ≤ d(ςrn , ςrn−1
) + d(ςrn−1

, ςsn)

≤ d(ςrn , ςrn−1
) + ε

= d(ςrn−1 , T ςrn−1) + ε.

(2.8)

Considering 2.6 and the preceding inequality, we obtain

lim
n→∞

d(ςrn , ςsn) = ε. (2.9)

Therefore, from 2.6, there exists n ∈ N, satisfying

d(ςrm , T ςrm) <
ε

3
and d(ςsm , T ςsm) <

ε

3
, ∀ m ≥ n, (2.10)

further, we shall prove that

d(Tςrm , T ςsm) = d(ςrm+1 , ςsm+1) > 0, ∀ m ≥ n. (2.11)

To serve this purpose, let ∃ p ≥ n so that

d(ςrp+1
, ςsp+1

) = 0, (2.12)

using 2.7, 2.10 and 2.12, we have

ε ≤ d(ςrp , ςsp) ≤ d(ςrp , ςrp+1) + d(ςrp+1 , ςsp)

≤ d(ςrp , ςrp+1
) + d(ςrp+1

, ςsp+1
) + d(ςsp+1

, ςsp)

= d(ςrp , T ςrp) + d(ςrp+1
, ςsp+1

) + d(ςsp , T ςsp)

<
ε

3
+ 0 +

ε

3
=

2ε

3
,

this leads to contradiction, hence 2.11 is true. Thus

φ(d(Tςrm , T ςsm)) ≤ αφ(d(ςrm , ςsm)). (2.13)

By (M-3), 2.10 and 2.13, we get

φ(ε) ≤ αφ(ε).

It is a contraction, so our assumption is wrong. This shows that the sequence
{ςn}n∈N is a Cauchy sequence. Furthermore, using completeness of (E, d) implies
that the sequence {ςn} → p ∈ E i.e., lim

n→∞
ςn = p. From (M-1) and 2.1, it is easy to

say that d(Tς, Tϑ) < d(ς, ϑ)+Ld(ϑ, T ς), for all ς, ϑ ∈ E with Tς 6= Tϑ. Therefore,
∀ ς, ϑ ∈ E,

d(Tς, Tϑ) ≤ d(ς, ϑ) + Ld(ϑ, T ς). (2.14)
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Thus, d(Tp, ςn+1) = d(Tp, T ςn) ≤ d(ςn, p) +Ld(p, T ςn) = d(ςn, p) +Ld(p, ςn+1), as
n→∞, d(p, Tp) = 0 and so Tp = p. �

As shown with example in remark 2.4, almost B-contraction does not implies al-
most contraction. Also, mapping T is almost B-contraction but not B-contraction.
This ensures that, the above Theorem 2.5 as extension over the Theorem 1.6.

Example 2.6. Assume E = [0, 1] ∪ {2, 3} with usual metric d. Let mapping

T : E → E be a self-mapping defined as Tς =


1− ς

2
if ς ∈ [0, 1],

ς if ς ∈ {2, 3}.
Since d(T2, T3) = 1 = d(2, 3), then for α ∈ (0, 1), we have φ(d(T2, T3)) >
αφ(d(2, 3)). Which shows that, the self-mapping T is not B-contraction. Now
consider φ(ς) = ς, then T is almost B-contraction with α = [ 12 , 1) and L = 1.

In theorem 2.5, we proved that almost B-contraction, possesses a fixed point.
Means that Theorem 2.5 does not guarantee the uniqueness of fixed point for the
self-mapping T . For the uniqueness of fixed point of T , we have to consider some
extra properties, which is mentioned in the next result.

Theorem 2.7. Let the self-mapping T : E → E be an almost B-contraction
defined on complete metric space (E, d) and G∗ : R+ → R be such that it satisfies
the conditions (M-1) to (M-3), with L1 ≥ 0 and α1 ∈ (0, 1). Suppose that T also
satisfies

∀ς, ϑ ∈ E, [d(Tς, Tϑ) > 0⇒ G∗(d(Tς, Tϑ)) ≤ α1G
∗(d(ς, ϑ) +L1d(ς, T ς))], (2.15)

then T possesses a unique fixed point.

Proof. Assume ς1 and ς2 be two fixed points of self-mapping T . Suppose that
d(ς1, ς2) > 0. From 2.15, we have

G∗(d(ς1, ς2)) = G∗(d(Tς1, T ς2))

≤ α1[G∗(d(ς1, ς2) + Ld(ς1, T ς1))]

= α1G
∗(d(ς1, ς2)),

which contradicts our assumption. Thus, the fixed point is unique. �

Definition 2.8. Let T : E → E be a self-mapping defined on metric space (E, d).
Then the self-mapping T is said to be generalized B-contraction if for φ ∈ B with
α ∈ (0, 1) satisfies

∀ς,ϑ ∈ E, [d(Tς, Tϑ) > 0⇒ φ(d(Tς, Tϑ)) ≤ αφ(M(ς, ϑ))], (2.16)

where, M(ς, ϑ) = max{d(ς, ϑ), d(ς, T ς), d(ϑ, Tϑ)}.

Theorem 2.9. Consider E 6= Φ be a set and mapping d : E × E → R+ such
that pair (E, d) is complete metric space. If self-mapping T on E is generalized
B-contraction, then there exists a unique ς ∈ E such that Tς = ς.

Proof. Assume ς0 be arbitrary and fixed in E. Let a sequence {ςn}∞n=1 be such
that ∀ n in N ∪ {0},

ςn = Tςn−1, n ∈ N (2.17)
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If for some nk0 ∈ N ∪ {0} such that ςnk+1 = ςnk
, then result is obvious. So,

assume that ςn+1 6= ςn for every n ∈ N∪ {0}. Take Υn = d(ςn+1, xn), n ∈ N∪ {0}.
Then Υn > 0 ∀ n ∈ N ∪ {0}. From 2.17, we obtained φ(Υn) = φ(d(ςn+1, ςn)) =
φd(Tςn, T ςn−1)) ≤ αφ(M(ςn, ςn−1)) = αφ(max{Υn,Υn−1}) for some n ∈ N. If
Υn ≥ Υn−1, then φ(dn) ≤ αφ(dn), this leads to contradiction, so this implies that
Υn < Υn−1,∀n ∈ N. Hence, we have φ(Υn) ≤ αφ(Υn−1). Similarly, repeating
this process, we get φ(Υn) ≤ αnφ(Υ0), as n approaches to ∞, φ(Υn) → 0, along
with use of (M-2), provides

lim
n→∞

Υn = 0⇒ lim
n→∞

d(ςn, T ςn) = 0. (2.18)

Further, to show that the sequence {ςn}n∈N is a Cauchy sequence, let us assume
that ∃ ε > 0 and the sequences {rn}∞n=1 and {sn}∞n=1, where rn, sn in N such that

rn > sn > n, d(ςrn , ςsn) ≥ ε, d(ςrn−1
, ςsn) < ε, ∀n ∈ N. (2.19)

Thus, we get

ε ≤ d(ςrn , ςsn) ≤ d(ςrn , ςrn−1) + d(ςrn−1 , ςsn)

≤ d(ςrn , ςrn−1) + ε

= d(ςrn−1
, T ςrn−1

) + ε.

(2.20)

Considering 2.18 and the preceding inequality, we obtain

lim
n→∞

d(ςrn , ςsn) = ε. (2.21)

Therefore, from 2.18, there exists n ∈ N satisfying

d(ςrm , T ςrm) <
ε

3
and d(ςsm , T ςsm) <

ε

3
, ∀ m ≥ n. (2.22)

Further, we shall prove that

d(Tςrm , T ςsm) = d(ςrm+1 , ςsm+1) > 0, ∀ m ≥ n. (2.23)

For this assume that, ∃ p ≥ n such that

d(ςrp+1 , ςsp+1) = 0, (2.24)

using 2.19, 2.22 and 2.24, we have

ε ≤ d(ςrp , ςsp) ≤ d(ςrp , ςrp+1
) + d(ςrp+1

, ςsp)

≤ d(ςrp , ςrp+1
) + d(ςrp+1

, ςsp+1
) + d(ςsp+1

, ςsp)

= d(ςrp , T ςrp) + d(ςrp+1 , ςsp+1) + d(ςsp , T ςsp)

<
ε

3
+ 0 +

ε

3
=

2ε

3
.

(2.25)

this leads to contradiction, hence 2.23 is true. Thus

φ(d(Tςrm , T ςsm)) ≤ αφ(M(ςrm , ςsm)) (2.26)

where

M(ςrm , ςsm) = max{d(ςrm , ςsm), d(ςrm , T ςrm), d(ςsm , T ςsm).

By (M-3), 2.21 and 2.26, we get

(i) If M(ςrm , ςsm) = d(ςrm , ςsm) ⇒ φ(ε) ≤ αφ(ε), contradiction exists,
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(ii) If M(ςsm , ςsm) = d(ςrm , T ςrm) ⇒ φ(ε) ≤ αφ(0), again a contradiction
exists,

(iii) If M(ςsm , ςsm) = d(ςsm , T ςsm) ⇒ φ(ε) ≤ αφ(0), again a contradiction
exists.

Hence our assumption is wrong, proving that the sequence {ςn}n∈N is a Cauchy
sequence and utilizing completeness of (E, d), sequence {ςn}n∈N is convergent to
ς ∈ E. If Tς 6= ς, then one can find a particular n1 ∈ N and subsequence {ςnk

} of
{ςn} such that d(Tςnk

, T ςn) > 0, ∀ nk ≥ n1. Therefore, we have

φ(d(ςnk+1
, T ς)) = φ(d(Tςk, T ς)) ≤ φ(M(ςk, ς))

≤ φ(max{d(ςnk
, ς), d(ςnk

, ςnk+1
), d(ς, T ς)}),

Using the continuity of φ and employing limit as k approaches to ∞, one get

φ(d(ς, T ς)) ≤ αφ(d(ς, T ς)),

this leads to a contradiction, thus ς is a fixed point of T i.e., Tς = ς. Let ϑ(6= ς) ∈ E
be another fixed point of E, i.e., Tϑ = ϑ. Therefore,

φ(d(ς, ϑ)) = φ(d(Tς, Tϑ)) ≤ αφ(M(ς, ϑ))

= αφ(max{d(ς, ϑ), d(ς, T ς), d(ϑ, Tϑ)})
= αφ(d(ς, ϑ)),

this leads to contradiction of our assumption. It ensures the uniqueness of fixed
point of the self-mapping T . �

3. Application

Here, this section discusses further use of fixed point methods in solving the
undermentioned Volterra-type integral problem.

ς(t) =

∫ t

0

K(t, s, ς(s))ds+ g(t), t ∈ [a, b], a > 0, b > 0. (3.1)

Let E = C[a, b] be the set of all real valued, continuous functions defined on
[a, b] and for arbitrary ς ∈ E define ||ς||∞ = supt∈[a,b]{|ς(t)|}. and the metric

d : E × E → R+ ∪ {0} is given by

d(ς, ϑ) = ||ς − ϑ||∞ = sup
t∈[a,b]

|ς(t)− ϑ(t)|. (3.2)

Also the metric space (E, d) is complete and the operator T : E → E is defined by

(Tς)t =

∫ t

0

K(t, s, ς(s))ds+ g(t), t ∈ [a, b], a > 0, b > 0.

then integral equation 3.1 has a solution iff operator T has a fixed point.

Theorem 3.1. Consider an operator T : C([a, b],R) → C([a, b],R) such that the
following requirements are fulfilled:

(i) K : [a, b]× [a, b]× R→ R and g : [a, b]→ R,
(ii)

∫ t

0
K(t, s, .) : R→ R increases monotonically, ∀ t, s ∈ [a, b],
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(iii) there exists α ∈ (0, 1) such that

|K(t, s, ς)−K(t, s, ϑ)| ≤
√
α

t
|M(ς, ϑ)|

where M(ς, ϑ) = max{d(ς, ϑ), d(ς, T ς), d(ϑ, Tϑ)}, for all t, s ∈ [a, b] and
ς, v ∈ (C[a, b],R).

Then, the integral equation 3.1 possesses a unique solution.

Proof. Let

T (ς)(t) =

∫ t

0

K(t, s, ς(s))ds+ g(s), t ∈ [a, b].

Now, using (iii), ∀ ς, ϑ ∈ (C[a, b],R), one get

|T (ς)(t)− T (ϑ)(t)| ≤
∫ t

0

|K(t, s, ς(s))−K(t, s, ϑ(s))|ds

≤
∫ t

0

√
α

t
|M(ς, ϑ)|ds

≤
√
α

t
|M(ς, ϑ)|

∫ t

0

ds,

therefore, we get

|T (ς)(t)− T (ϑ)(t)| ≤
√
α|M(ς, ϑ)|

or

d(Tς, Tv) ≤
√
α|M(ς, ϑ)|.

All the assumptions of result 2.10 are met for φ(ς) = ς2. Hence, integral equation
3.1 has a solution, which is a unique. �
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