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A STUDY OF FIXED POINTS FOR ALMOST B-TYPE
CONTRACTION

ISANEHLATA, 2POOJA VATS, AND 3VIZENDER SINGH

ABSTRACT. The notion of the B-contraction was introduced in recent years
by Bijender et al. The contraction of this type is a legitimate generalization
of the conventional contraction in literature. The present work established
the new concept of almost B-contraction including generalized B-contraction.
Further, these contractions are utilized to prove some fixed point theorems.
Some illustrative examples are provided to support these results. Finally, an
application is presented to solve the Volterra-type integral equations.

1. Introduction and Preliminaries

The Banach contraction principle gave rise to the fruitful theory of invariant
point, which has been extensively researched. The utility of the concept relied
on the existence of solutions to mathematical issues derived from economics and
engineering. After the existence of the solutions has been proven, the numerical
methodology for obtaining the approximated solution will be defined. The consid-
ered spaces, which are specified using intuitive axioms, greatly influence the fixed
points of the function. Various metric spaces, such as G-metric spaces, partial
metric spaces, b-metric spaces, fuzzy metric spaces, probabilistic metric spaces,
etc., are proposed. Different kinds of fixed-point theorems originate from differ-
ent spaces. In other words, the literature has many distinct sorts of fixed-point
theorems.

An unambiguous methodology of the fixed-point hypothesis is included in the
doctoral thesis of Banach. Due to the simplicity and effectiveness of BCP, it has
been widely used in approaching of tackling current challenges in various areas of
mathematical sciences. Over the decades, the Banach contraction concept has been
developed in various approaches. In several generalizations, the map’s contractive
character is weakened, see, for example, [2]-[9], and sometimes the topology is
weakened in several extensions, see [13]-[26] and others. Nadler [25] advanced the
study of BCP from single-valued to multi-valued type contractive mappings, for
more results see, [28]-[33] and references cited therein. Recently an interesting
generalization of BCP was given by Bijender et al., [10]. First, we will review the
idea of B-contraction as established by Bijender et al., [10], and summarize his
conclusions.
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Definition 1.1. [10] Let B be the collection of mappings ¢ : RT™ — R holds the
following axioms:

(M-1) for all a,b € R such that a < b, ¢(a) < ¢(b), i.e., strictly increasing,

(M-2) lim ¢(a,) =0« lim a, = 0, where {a, }nen is sequence with a,, > 0,
n— oo n— oo

(M-3) Also, the function ¢ has continuity on (0, c0).

Definition 1.2. [10] A self-mapping T on a metric space (E,d) is said to be a
B-contraction if there exists a € (0,1) and ¢ € B such that

Ve,0 € E, d(Ts,T0) > 0 = ¢(d(T<, TV)) < ad(d(s, ). (1.1)

Further, Bijender et al. [10] observed the various types of mappings ¢ in 1.1
and obtained a broad array of contractions, some of which are distinguished in the
existing studies, as seen in the illustrations below:

Example 1.3. [10] Consider ¢(s) = 1/S,s > 0 then ¢ satisfies (M-1)-(M-3) and
the contractive condition 1.1 for the ¢-contraction T, is reduced to

d(Ts, TY) < a?d(s,?) for all ¢,9 € B, Ts # TY.

Example 1.4. [10] Let ¢(s) = ¢™,¢ > 0, where ¢ satisfies (M-1)-(M-3) and the
contractive condition 1.1 for the ¢-contraction T, is reduced to

d(Ts,TY) < and(s,?) for all ¢,9 € E, T # T9.

Example 1.5. [10] Let ¢(s) = %,g > 0, then ¢ satisfies (M-1)-(M-3) and the
S

contractive condition 1.1 for the ¢ - contraction T, is reduced to

(d(Ts, TY)+ 1)

(d(s,9) +1)
For several other instances of the function ¢ € B one may refer to [10]. Fur-

thermore, Bijender et al. showed that each B-contraction 7" implies conventional
contraction, i.e.,

d(Ts, TY) < M\d(s,9) for all ¢,9 € E,Ts # T9, X € (0,1),

this implies that B-contraction 7' is continuous. On similar lines authors in [10]
observed that if ¢1, s € B with ¢1(s) < ¢a(s) for all ¢ > 0 and H = ¢ — ¢ is
non-decreasing, then every ¢;-contraction T is an ¢o-contraction.

d(Ts, TY9) < « d(s,?), for all ¢,9 € E,Tc £ T49.

Theorem 1.6. [10] Let E be a non-empty set and mapping d : E x E — RT such
that pair (E,d) is complete metric space. If self map T on E is B-contraction,
then there exists unique ¢ € E such that Ts = .

The main objective of the present work is to introduce the new concept of
almost B-contraction, generalized B-contraction and to utilize them to prove fixed
point theorems in the setting of complete metric structure.

2. Main Results

To begin, consider the concept of almost contraction in metric space (for more
details, see [11, 12])
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Definition 2.1. Assume that E be a non-empty set and (F,d) be a complete
metric space. A self-mapping T : E — FE is said to be an almost contraction if
there exists 0 < 6 < 1 and L > 0 with

d(Ts, TY) < 6d(s,V) + Ld(9,T¢) for all ¢,9 € E. (2.1)

Remark 2.2. Because of symmetric relation of distance, the almost contraction
condition admits the undermentioned property

d(Ts, TY) < dd(s,¥) + Ld(s, T¥) for all ¢,¢ € E. (2.2)

So, it is necessary to check both 2.1 and 2.2 for a mapping 7' to be almost con-
traction.

In [11, 12], Berinde demonstrated that contractions such as Banach, Zamfirescu,
and Chatterjea are almost contractions. Berinde [11] showed that an almost con-
traction mapping on a complete metric space structure (E, d) ensures unique fixed
point.

Now, we introduced the following definition.

Definition 2.3. Let T': E — E be a self mapping defined on metric space (E, d).
Then T is almost B-contraction there exists « € (0,1) and L > 0 satisfying

Ve, e E [dTs, TY) > 0= ¢(d(Ts, TY)) < ad(d(s,?) + Ld(s, T1))] (2.3)
also, it is necessary to check for almost contraction
Ve, 0€FE[dTs, TY) > 0= ¢(d(Ts, TVY)) < ap(d(s,?) + Ld(9,Ts))].  (2.4)

Remark 2.4. By assuming ¢ € B is an identity mapping, one can find that each
almost contraction implies almost B-contraction but not conversely.

Consider (F,d) be a complete metric space, where E = {% :n € N} U {0} with
usual metric d. If map T : E — E such that

Ts = wrr fe=1
0 if¢ =0,

1 1
then for ¢ = e ¥ = T e have d(9,T<) = 0 and

1
1
AT T
sup 1 1 =1,

S, VEE c#£Y d(57 p— 1)

which is contradiction, hence there is no 0 < § < land L > 0 satisfying condition
2.1 but T is almost B-contraction.

Theorem 2.5. Consider E # ¢ be a set and mapping d : E x E — RY such that
pair (E,d) is complete metric space. If self map T on E is an almost B-contraction,
then 3 p € E such that Tp = p.

Proof. Let us assume g9 € E be arbitrary and a sequence {¢,}52; that for all
n € NU{0},
Sn = T§n71, (25)
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if for some ny, € N U {0} such that ¢,, 11 = ¢p,, then result is obvious. So,
assume that ¢,11 # ¢, for every n € NU{0}. Take 1), = d(p41,2n),n € NU{0}.
Then T, > 0V n € NU{0}. From 2.5, we have ¢(T,) = &(d(snt1,%)) =
d(d(Tsn, Tsn—1)) < ap(d(T,,_1)). Similarly repeating this process, we get ¢(1,) <
a™@(Yy), as n approaches to oo, ¢(1,) — 0, using (M-2), gives

lim T, =0= ILm d(xn, Tsy) = 0. (2.6)

n—roo

Now, to show that sequence {¢, }nen is a Cauchy sequence, let us assume 3 € > 0
and {r,}>2, and {s,}22; two sequences, with 7, s, both in N such that
Tn > Sp >N, d(Sr,,Ss,) > € d(Sr,_1,Ss,) <€ Vn eN. (2.7)
Thus, we obtain
€ < d(Sr,sSs,) < d(SryySrpy) T d(Sr, 15Ss,)
A(Sr, s Srn) T € (2.8)
=d(sp, T, ) +e

Considering 2.6 and the preceding inequality, we obtain

<
<

nh_)néo d(sr, ,ss,) = €. (2.9)
Therefore, from 2.6, there exists n € N, satisfying
d(sr, T, ) < % and d(ss,,, T<s,,) < g, Ym >mn, (2.10)
further, we shall prove that
d(Tsr,,,T<s,,) = A(Srppir s Sspss) >0, ¥V > n. (2.11)
To serve this purpose, let 3 p > n so that
d(Srpy15Sspsn) = 0, (2.12)

using 2.7, 2.10 and 2.12, we have
€ < d(Sr,sSs,) < d(Sr,sSrpiy) +A(SrpirsSs,)
S d(Srys Srpen) T A(Srpiy s Sspin) T dA(Ssyir5Ss,)
=d(Sr,, Ts,) +d(SrpySspin) T d(Ss,, TSs,)

<fhorl=X
3 33
this leads to contradiction, hence 2.11 is true. Thus
o(d(Tsy,,, T5s,,)) < ad(d(sr,,;Ss,,))- (2.13)

By (M-3), 2.10 and 2.13, we get
6(e) < ao ().

It is a contraction, so our assumption is wrong. This shows that the sequence
{$ntnen is a Cauchy sequence. Furthermore, using completeness of (E,d) implies
that the sequence {¢,} — p € E i.e., nh—>Holo Gn = p. From (M-1) and 2.1, it is easy to
say that d(Ts, T0) < d(s,¥)+ Ld(3,Ts), for all ¢,¥ € E with T's # T1. Therefore,
Ve, v€eE,

d(Ts, T9) < d(s,9) + Ld(9,Ts). (2.14)
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Thus, d(Tp, §n+1) = d(Tp, Tgn) < d(§n,p) +Ld(p7 Tgn) = d(gnvp) —|—Ld(p, §n+1)a as
n — 0o, d(p,Tp) = 0 and so Tp = p. O

As shown with example in remark 2.4, almost B-contraction does not implies al-
most contraction. Also, mapping 7" is almost B-contraction but not B-contraction.
This ensures that, the above Theorem 2.5 as extension over the Theorem 1.6.

Example 2.6. Assume E = [0,1] U {2,3} with usual metric d. Let mapping

LS iceny
T : F — FE be a self-mapping defined as T'¢ = 2 v B

S if ¢ € {2,3}.
Since d(T2,73) = 1 = d(2,3), then for a € (0,1), we have ¢(d(T2,T3)) >
ad(d(2,3)). Which shows that, the self-mapping T is not B-contraction. Now
consider ¢(s) =, then T is almost B-contraction with o = [4,1) and L = 1.

In theorem 2.5, we proved that almost B-contraction, possesses a fixed point.
Means that Theorem 2.5 does not guarantee the uniqueness of fixed point for the
self-mapping 7T'. For the uniqueness of fixed point of T', we have to consider some
extra properties, which is mentioned in the next result.

Theorem 2.7. Let the self-mapping T : E — E be an almost B-contraction
defined on complete metric space (E,d) and G* : R™ — R be such that it satisfies
the conditions (M-1) to (M-3), with Ly > 0 and oy € (0,1). Suppose that T also
satisfies

Vs, 9 € E,[d(Ts,TVY) > 0= G*(d(Ts, TV)) < an G*(d(s, ) + L1d(s,T%))], (2.15)
then T possesses a unique fized point.

Proof. Assume ¢; and ¢ be two fixed points of self-mapping 7. Suppose that
d(s1,52) > 0. From 2.15, we have
G*(d(c1,2)) = G (d(T<1, Ts2))
< o [G*(d(s1,52) + Ld(s1,T<1))]
= a1 G*(d(s1,%2)),
which contradicts our assumption. Thus, the fixed point is unique. (I
Definition 2.8. Let T': E — F be a self-mapping defined on metric space (E, d).

Then the self-mapping T is said to be generalized B-contraction if for ¢ € B with
a € (0,1) satisfies

Voo € B, [d(T<, TY) > 0= o(d(T<,TY)) < ad(M(c,0))],  (2.16)
where, M(s,9) = max{d(s,?),d(s,Ts),d(9,TV)}.

Theorem 2.9. Consider E # ® be a set and mapping d : E x E — RT such
that pair (E,d) is complete metric space. If self-mapping T on E is generalized
B-contraction, then there exists a unique ¢ € E such that Ts = .

Proof. Assume ¢p be arbitrary and fixed in E. Let a sequence {¢,}>2; be such
that V n in NU {0},
Sn = T§n71,n eN (217)
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If for some ng, € NU {0} such that ¢,,+1 = <n,, then result is obvious. So,
assume that ¢,11 # ¢, for every n € NU{0}. Take 1), = d(<p41,2n),n € NU{0}.
Then T,, > 0V n € NU{0}. From 2.17, we obtained ¢(Y,) = ¢(d(Spt1,%n)) =
dd(Tsn, Tsp—1)) < adp(M(sn,sn-1)) = ap(max{Y,, T,_1}) for some n € N. If
T, > Y,_1, then ¢(d,,) < ag(d,), this leads to contradiction, so this implies that
T, < Th_1,Vn € N. Hence, we have ¢(1,) < a¢(Y,,_1). Similarly, repeating
this process, we get ¢(Y,,) < a™¢(Yy), as n approaches to oo, ¢(T,) — 0, along
with use of (M-2), provides

lim YT, =0= lim d(s,,Ts,) =0. (2.18)

n—oo n— oo

Further, to show that the sequence {,},en is a Cauchy sequence, let us assume
that 3 € > 0 and the sequences {r,}22; and {s,}>2,, where r,, s,, in N such that
Trn > Sp >n, d(Sr,,Ss,) =€ d(Sr,_,,Ss,) <€ Vn eN. (2.19)
Thus, we get
€ <d(Sp,,5,) < d(Sr, s Sr_y) T d(Sr, 15 5s,)
d(Sr,Sry) € (2.20)
=d(sr,_, T, _,) +e

<
<

Considering 2.18 and the preceding inequality, we obtain

nl;rr;o d(sr,,Ss,) = €. (2.21)
Therefore, from 2.18, there exists n € N satisfying
d(s,,, T, ) < % and d(ss,,, Tss,.) < %, Y m > n. (2.22)
Further, we shall prove that
d(TSr,,, T<s,,) = A(Srppir s Sspngr) >0, ¥V > n. (2.23)
For this assume that, 9 p > n such that
A(Srpi1+Ssps1) =0, (2.24)

using 2.19, 2.22 and 2.24, we have
€ <d(Sr,sSs,) < d(SrysSrypr) +d(SrpprsSs,)
< d(Sr,Srpyn) FA(Sryp 15 Ss,0) FA(Ss, 05 Ss,)

= d(Sr,, Tsr,) + d(Sry 115 Ssp40) + (S, TSs,) (2.25)
<fhop X
3 337
this leads to contradiction, hence 2.23 is true. Thus
(d(Tsr,,, Tss,,)) < ad(M(sr,,;Ss,,)) (2.26)

where
M(Sr, 5 S5, ) = max{d(Sr,, s, ) ASrpns TSy, )5 A(Ss, s TS5, )-
By (M-3), 2.21 and 2.26, we get
(i) If M(sr,,,Ss,,) = d(Sr,,,Ss,,,) = ¢(€) < ap(e), contradiction exists,
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(i) If M(ss,,,Ss,,) = d(sr,,Tsr,,) = ¢(e) < ap(0), again a contradiction
exists,

(iil) If M(Ss,,,Ss,,) = d(ss,,,Tss,,) = ¢le) < ap(0), again a contradiction
exists.

Hence our assumption is wrong, proving that the sequence {s,},en is a Cauchy
sequence and utilizing completeness of (E,d), sequence {s, }nen is convergent to
¢ € E. If T # g, then one can find a particular n; € N and subsequence {g,, } of
{sn} such that d(Ts,,,Ts,) > 0, V ni > n;. Therefore, we have

D(d(snsr, T<)) = S(d(T, T)) < ¢(M (s, <))
< gb(max{d(gnk ,S)s d(gnk ) gnk+1)) d(gv Tg)}),

Using the continuity of ¢ and employing limit as k approaches to oo, one get
¢(d(s, T<)) < ag(d(s, T«)),

this leads to a contradiction, thus < is a fixed point of T'i.e., T's = . Let 9(# ¢) € E
be another fixed point of E, i.e., T = 9. Therefore,

o(d(s,9)) = ¢(d(Ts, TV)) < ap(M(s,V))
ag(max{d(s,),d(s, Ts),d(9,T9)})
= a¢<d(§’ 79))7

this leads to contradiction of our assumption. It ensures the uniqueness of fixed
point of the self-mapping T O

3. Application

Here, this section discusses further use of fixed point methods in solving the
undermentioned Volterra-type integral problem.

o(t) = /Oth(t,s,g(s))ds +g(t), t € [a,b],a >0,b> 0. (3.1)

Let E = Cla,b] be the set of all real valued, continuous functions defined on
[a,b] and for arbitrary ¢ € E define |[s[|oc = sup;e(qp{Is(?)[}. and the metric
d: E x E— RtU{0} is given by

d(s,) = [ls = oo = sup [s(t) = I(t)]. (3-2)

t€la,b]

Also the metric space (F,d) is complete and the operator T': E — F is defined by

(T)t = /Ot K(t,s,5(s))ds + g(t),t € [a,b],a > 0,b> 0.

then integral equation 3.1 has a solution iff operator 7" has a fixed point.

Theorem 3.1. Consider an operator T : C([a,b],R) — C([a,b],R) such that the
following requirements are fulfilled:

(i) K:[a,b] x[a,b] xR - R and g : [a,b] = R,

(i) fot K(t,s,.) : R = R increases monotonically, V t,s € [a,b],
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(ili) there exists a € (0,1) such that

\3

|K(t75a§) 7K(t75ﬂ19)| |~A/l(C 19)|

where M(s,¥) = max{d(s,?), d(s,Ts), (19,T19)}, for all t,s € [a,b] and
¢, v € (Cla,b],R).

Then, the integral equation 3.1 possesses a unique solution.

Proof. Let

7)) = / K(t, 5,5(s))ds + g(s),t € [a,b].

Now, using (#ii), V ¢, € (Cla, b],R), one get

IT()(t) — T9)(8)] < / (5, () — K(t, 5, 0(s))|ds
/ fl/\/l (c,0)|ds

|./\/l ¢, v / ds,

therefore, we get

or

T(O)) = TW)(H)| < Vol M(s, D)l

d(Ts, Tv) < ValM(s,9)|.

All the assumptions of result 2.10 are met for ¢(c) = ¢2. Hence, integral equation

3.1 has a solution, which is a unique. O
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