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VERTEX COVERING TRANSVERSAL GEODOMATIC NUMBER
OF A GRAPH

M.Perumalsamy’, R.Vasanthi?, M.Gnanakumar!, J.Duraikannan®

ABSTRACT. A geodetic set S C V in a simple graph G = (V, E), which inter-
sects every minimum vertex covering set (ao-set), is called a vertex covering
transversal geodetic set [7]. The minimum cardinality of a vertex covering
transversal geodetic set of G is called the vertex covering transversal geodetic
number of G and is denoted by gyct(G) [7]. A partition (S1,S2,...,S;) of V
is called a vertex covering transversal geodomatic partition of G if each Sj; is
a vertex covering transversal geodetic set in G. The maximum cardinality of
a vertex covering transversal geodomatic partition of G is called the vertex
covering transversal geodomatic number of G and is denoted by dg, .. (G).
In this paper, we investigate the parameter known as the vertex covering
transversal geodomatic number for different types of graphs and examine its
structural properties.

1. Introduction

Let G = (V, E) be a finite, undirected, connected graph without loops or mul-
tiple edges, as considered throughout this study. The number of vertices in G,
denoted by n, is referred to as the order of the graph [10, 11]. The distance be-
tween two vertices u and v in G, denoted by d(u,v), is defined as the length of the
shortest path connecting u and v [9, 10, 11].

For a vertex v € V(G), the eccentricity of v, denoted by e(v), is the maximum
distance from v to any other vertex in G [10], i.e.,

e(v) = max{d(v,u) : u € V(G)}.
The radius of the graph G, denoted by rad(G), is the minimum eccentricity
among all vertices in G [10], i.e.,
rad(G) = min{e(v) : v € V(G)}.
Similarly, the diameter of G, denoted by diam(G), is the maximum eccentricity
among all vertices in G [10], given by
diam(G) = max{e(v) : v € V(G)}.

A vertex v € V(Q) is called an extreme vertex if the subgraph induced by its
neighbors forms a complete subgraph. All these definitions and related concepts
are discussed in [10, 11].
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Let S be any non-empty set. An ordered k-tuple (Si,S2,...,S%) is called a
partition of S if each S; C S, S =S, US;U---USk, and S;NS; =0 for all i # j.

A set S C V(G) is called a geodetic set if every vertex of G lies on a shortest
u—v path for some u,v € S. The minimum cardinality among all geodetic sets is
called the geodetic number, denoted by g(G) [1, 2]. A geodetic set of minimum
cardinality is referred to as a g-set [1, 2].

A geodetic set S C V() that intersects every minimum vertex covering set (also
known as an ap-set) is called a vertex covering transversal geodetic set [7]. The
minimum cardinality among all such sets is called the vertex covering transversal
geodetic number of G, denoted by gyet(G) [7].

Geodetic sets and the geodetic number were introduced and studied in [1, 2].
Further investigations established connections between the geodetic number and
the Steiner number of a graph [3]. The vertex covering transversal domination
number was introduced in [4] and analyzed for regular graphs in [5], while the
vertex covering transversal domatic number was introduced and studied in [6].

For standard graph-theoretic terminology, we refer to Harary [11].

In this paper, we introduce the parameter vertex covering transversal geodomatic
number of a graph. We analyze this parameter for several standard graphs and
explore its structural properties in detail.

Relevant existing theorems are invoked where appropriate throughout the dis-
cussion to support the development of our results.

Theorem 1.1. [7] If K, ,, is a complete bipartite graph with m,n > 2, then

2 if m=2andn>2
Goet(Kmn) =< 3 if m=2n=2andifm=3,n>3
4 if mmn>3

Theorem 1.2. [7] If K,, is a complete graph on n vertices, then gy.:(K,) = n.
Theorem 1.3. [7] If Cap41 is an odd cycle with n > 1, then gyet(Cang1) = 3.

Theorem 1.4. [7] If Cy, is a cycle with n > 2, then

[ 2 dif n o is odd
gvct(CQTL){ 3 if n is even

Theorem 1.5. [7] If W1, is a wheel graph with n > 3, then
4 if n=3

gvct(WI,n): [%] Zf n s odd
5+1 if n is even

Theorem 1.6. [7] If Q,, is a hypercube on n vertices with n > 3, then

|2 if n is odd
g“Ct(Q"){ 3 if mn is even
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Theorem 1.7. [7] Let G be a simple connected graph. Then every extreme vertex
of G belongs to every vertex covering transversal geodetic set of G. In particular,
every end vertex of GG is contained in every vertex covering transversal geodetic
set of G.

Proposition 1.1. [8] If G is a graph of order n > 2, then 1 < dy(G) < 3.
Proposition 1.2. [8] If G contains a simplical vertex, then dy(G) = 1.
Proposition 1.3. [8] If C, is a cycle of length n, then

2 when n is even

dg(C"):{ Léj if m is odd

2. Definition and Examples

Definition 2.1. Let G = (V, E) be a simple connected graph with at least three
vertices. A partition (S,52,...,5%) of V is called a vertex covering transversal
geodomatic partition of G if each S; for i = 1,2, ..., k is a vertex covering transver-
sal geodetic set in G. The maximum cardinality of a vertex covering transversal
geodomatic partition of G is called the vertex covering transversal geodomatic
number of G and is denoted by dg, ., (G).

Example 2.2. Let G denote the graph illustrated in Figure 1.
S1={v1, vs, vg} and Sy = {va, v4, vs} are vertex covering transversal geodetic

v
v2 3

vy

Ve Us

FiGUuRE 1. Graph G

sets and are also of minimum cardinality in G. That is, S; and Sy are g,q-sets
in G. Then V = (51,52) is a vertex covering transversal geodomatic partition of
maximum cardinality in G and so dg,, (G) = 2.

Remark 2.3. In general, a vertex covering transversal geodomatic partition V' =
(51,52, ..., Sk) is of maximum cardinality if each S; for i = 1,2,....k is a g,.-set.
However, a vertex covering transversal geodomatic partition V = (S, So, ..., Sk)
of maximum cardinality does not necessarily require that all subsets S; be gyct-
sets.This distinction is clearly demonstrated in Example 2.4.
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Ezample 2.4. Consider the graph G presented in Figure 2.

Ve

Ve
vg vr 6

FiGURE 2. Graph G

S1={va, v}, So={v4, vs} and S3={v1, vs, vs, v7} are vertex covering transver-
sal geodetic sets in G. Of which S7 and S5 are g,-sets and S3 is a vertex covering
transversal geodetic set in G.

Then V = (51,55, 53) is a vertex covering transversal geodomatic partition of
maximum cardinality in G and so dg,, (G) = 3.

Remark 2.5. In a graph G = (V, E), if it is not possible to find disjoint vertex
covering transversal geodetic sets in G which are subsets of V whose union is V,
then the entire vertex set can be considered as a vertex covering transversal geo-
detic set and V' = (V) itself is the unique vertex covering transversal geodomatic
partition in G. Hence in such cases, d,,.,(G) = 1. This is best illustrated in the
following Example 2.6.

FEzample 2.6. Consider the graph G shown in Figure 3.

V2

v1

vs ®

FiGURE 3. Graph G

It is clear that S={vy, v3, v5} is a vertex covering transversal geodetic set in G.
But its complement {va, v4} consisting of the remaining vertices in V(G) is not a
vertex covering transversal geodetic set.
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Furthermore, if we consider any other vertex covering transversal geodetic set in
G, its complement fails to be a vertex covering transversal geodetic set.

So we can consider the entire vertex set V' = {v1, va, v3, v4, v5} as the vertex
covering transversal geodetic set. And so V = (V) itself is the unique vertex
covering transversal geodomatic partition in G.

Hence d,, ., (G) = 1.

Remark 2.7. For the graph G considered in Example 2.6, S={v3, v5} is a geodetic
set of minimum cardinality in G. And its complement {v, va, v4} is also a geodetic
set in G. So the geodomatic number of G is d,(G) = 2.

3. On the vertex covering transversal geodomatic number of graphs

In this section, we analyze bounds for the vertex covering transversal geodomatic
number of a graph G. Additionally, we determine the vertex covering transversal
geodomatic number for several standard graph classes.

Theorem 3.1. If G = (V, E) is a graph on n vertices, then 1 < d,, ., (G) < [F].

Proof: In any vertex covering transversal geodomatic partition of G, there exists
at least one set V, the entire vertex set which is a vertex covering transversal
geodetic set in GG. This implies that the vertex covering transversal geodomatic
number of G is at least 1. That is, dg4, ., (G) > 1.
It is obvious that any vertex covering transversal geodetic set contains at least
two vertices. That is, the minimum cardinality of a vertex covering transversal
geodetic set is 2. In other words, any g,.t-set of G contains at least two vertices.
So if a vertex covering transversal geodomatic partition of G contains only gy.t-
sets of (G, then the vertex covering transversal geodomatic number of G is at most
L5]-
That is, dg,., (G) < |5 ].

d

Theorem 3.2. If a graph G = (V| E) has at least one extreme vertex or end vertex,
then dgvct (G) =1

Proof: By Theorem 1.7, each extreme vertex of a graph G belongs to every vertex
covering transversal geodetic set of G. Also each end vertex of G belongs to every
vertex covering transversal geodetic set of G.

Therefore V' cannot be partitioned into disjoint subsets which are all vertex cov-
ering transversal geodetic sets in G.

Hence V itself is the unique vertex covering transversal geodomatic partition of G
which implies that dg, ., (G) = 1. O

Corollary 3.3. If T' is a tree with £ > 2 end vertices, then dg, ., (T) = 1.

Corollary 3.4. If P, (n > 2) is a path on n vertices, then d,,, (P,) = 1.
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Result 3.5. If G is a star graph on n + 1 vertices with vertex set {u, v1, ve, ...,
vn}, then dg,, (G) is equal to 1.This is because the entire vertex set V(G) forms a
vertex covering transversal geodetic set which itself, constitutes a vertex covering
transversal geodomatic partition of G.

Remark 3.6. It can be noted that the graph G considered in Result 3.5 is the
complete bipartite graph K, , which is also known as a star.

Theorem 3.7. If K, , is a complete bipartite graph with 2 < m < n, then

B 1 if m=2,3 and n>2
dgm(Km,n){ L%J if 4<m<n

Proof: K,, , is a complete bipartite graph with the vertex set V' partitioned into
Vi and V5 where Vi = {uq, o, ..., 4y} and Vo ={vq, va, ..., v, }. Also each vertex
of V; is joined to every vertex of V5 by an edge.

Case 1: m=2,3 and n > 2.
If m = n = 2, then Vi ={uy, us} and Vo ={vy, va}. Therefore V ={uy, ua, v1,
v9} is the unique vertex covering transversal geodetic set and so V = (V) itself is
the unique vertex covering transversal geodomatic partition in K, ».
Similarly, if m = n = 3, then Vi ={u1, ua, ug} and Vo ={vy, va, v3}. Therefore
V' ={ui, ua, us, v1, ve, vz} is the unique vertex covering transversal geodetic
set and so V' = (V) itself is the unique vertex covering transversal geodomatic
partition in K, ,.
And if m = 2,3 & n > 3, then Vi ={uy, us} or {us, us, us} and Vo ={vy, va, ...,
Up }
Here V; is the unique minimum vertex covering set of K, , and hence V itself is
the unique vertex covering transversal geodetic set of K, ,,. Therefore, V = (V)
itself is the unique vertex covering transversal geodomatic partition in K, .
Thus dg,,, (Km,») =1 in this case.

Case 2: 4 <m <n.
In this case, the vertex covering transversal geodetic number is 4 as it is clear that
S ={ui, uj, v, vy} forany 4,5 =1,2,..m& k,l =1,2,...,nand 1 # j & k # L is
a vertex covering transversal geodetic set of minimum cardinality in K, ».

So if m is even, Vi ={u1, ua, ..., u,} can be partitioned into % subsets
Vii; @ = 1,2,..., 5, each containing two vertices from V. Similarly, since n > m,
Vo = {v1, v2, ..oy Um, Umy1, -, U} can be partitioned into % subsets of which

S — 1 subsets Vor; k= 1,2,..., % — 1 contain two vertices and one subset Vg7
contains n — m + 2 vertices.
Then Sip = Vi; U Vo, for i = k = 1,2,..., % forms a partition of V' and also each
Sik fori =k =1,2,..., % is a vertex covering transversal geodetic set in Ky, .
So V' = (811, Sa2, ..., Smm) is a vertex covering transversal geodomatic partition
of maximum cardinality in K, .
Hence dg, ., (Km,n) = % if m is even.

If m is odd, then Vi ={uq, ua, ..., upy} can be partitioned into mTfl subsets,

in which there are % — 1 subsets Vi;;1=1,2, ..., mT_l — 1, each containing two
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vertices from V) and one subset V;m—1 containing three vertices. Similarly, since
2

n > m, Vo = {v1, v, ..ty Um—1, Um, Um+1, ---y Un} can be partitioned into mT_l

subsets out of which mTfl — 1 subsets Vor; k= 1,2, ..., mTfl — 1 containing two

vertices and one subset V,m-1 containing n —m + 3 vertices.
2

Then S;, = V; UV fori=k=1,2,..., mT_l forms a partition of V' and also each

Sip fori=k=1,2,..., mTfl is a vertex covering transversal geodetic set in K, .
So V = (S11, S22, ..., Sm—1m-1) is a vertex covering transversal geodomatic parti-
2 2

tion of maximum cardinality in K, ;.
Hence d, ., (Kp,n) = 251 if m is odd.
Thus dg,,, (Km,n) = | %] in this case. O

2
Theorem 3.8. If W1 ,, is a wheel graph with n > 3, then dg,, ., (W1,,) = 1.
Proof: For any vertex covering transversal geodetic set S in Wy ,,, its complement
is not a vertex covering transversal geodetic set.
Hence the entire vertex set of W ,, can be considered as a vertex covering transver-
sal geodetic set and so it forms a vertex covering transversal geodomatic partition

also.
Hence d

Guet

(Wl,n) =1

Guet

O

4. Vertex covering transversal geodomatic number of Regular graphs

The vertex covering transversal geodomatic number is determined for standard
3-regular graphs, including the triangular prism graph and the Petersen graph.
Furthermore, specific classes of regular graphs such as complete graphs, cycles,
and hypercubes are analyzed, and their corresponding vertex covering transversal
geodomatic numbers are established.

Example 4.1. Consider the Triangular prism graph G shown in Figure 4 which is
3-regular.

V4

FIGURE 4. Triangular prism graph G

It is clear that S ={v1, ve, v4} is a vertex covering transversal geodetic set
of minimum cardinality in G. Now S¢ ={vs, vs, vg} is also a vertex covering
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transversal geodetic set of minimum cardinality in G.

So V(G) = (S, 5°) is a vertex covering transversal geodomatic partition of maxi-
mum cardinality since S and S¢ are g,q-sets in G.

Therefore dg, ., (G) = 2.

Example 4.2. Consider Peterson graph G shown in Figure 5 which is 3-regular.
It is clear that S ={uq, ug, u4, va, v5} is a vertex covering transversal geodetic

U1

<)

Va CE

FIGURE 5. Peterson graph G

set of minimum cardinality in G. But its complement is not a vertex covering
transversal geodetic set in G.

Similarly, if we consider any other vertex covering transversal geodetic set, its
complement fails to be a vertex covering transversal geodetic set in G.

So V itself is the unique vertex covering transversal geodomatic partition of G.
Therefore dg, ., (G) = 1.

Theorem 4.3. For the complete graph K, on n vertices, dg, ., (K,) =1 .

Proof: Let V be the vertex set of K,, consisting of n vertices.
Since the entire vertex V is the unique vertex covering transversal geodetic set in
K, it forms the unique vertex covering transversal geodomatic partition of K.
Therefore, dg, ., (K,) = 1.

O

Theorem 4.4. If Cy,41 is an odd cycle with n > 1, then

1 if n=12

dgvct (C2n+1) = { |_2n3:|—1j Zf n>3
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Proof: Let V ={1, 2, 3, ..., 2n + 1} be the vertex set of the odd cycle Coy,41.
Case 1: n=1,2

When n = 1, we get the cycle graph Cs.

It is obvious that the entire vertex set of C3 is a vertex covering transversal ge-
odetic set and hence it forms the unique vertex covering transversal geodomatic
partition in C.

When n = 2, we have C5 and S; ={i, i + 1, i + 3}, ¢ = 1,2 is a vertex covering
transversal geodetic set of minimum cardinality in C5. But its complement is not
a vertex covering transversal geodetic set.

Similarly, if we consider any other vertex covering transversal geodetic set in Cj,
its complement fails to be a vertex covering transversal geodetic set in C'5. Hence
the entire vertex set of C5 forms the unique vertex covering transversal geodomatic
partition in Cj.

Therefore dg, ., (Cont1) =1ifn=1,2.

Case 2: n > 3.

For an odd cycle Cay, 11, S; ={i, (i+1)mod(2n+1), (i+n+1)mod(2n+1)} is a vertex
covering transversal geodetic set of minimum cardinality for each i = 1,2, ..,2n+1.
When i =1, S ={1, 2, n + 2}

and when ¢ = 2, Sy ={2, 3, n + 3}.

This shows that Sy N So={2}# ¢.

This happens for all successive values of 7. That is, S; N .S;4+1 # ¢ for all i =
1,2, ..., 2n.

So the vertex covering transversal geodetic sets S;, ¢ = 1,2, ...,2n + 1 do not form
a partition for V(Cayq1).

Since any g,¢-set contains three vertices, there is a possibility of finding L%J
vertex covering transversal geodetic sets in Cy,, 41 for n > 3.

This case can be further subdivided into three distinct subcases.

Subcase 2.1: n 2 0(mod 3)

Here n is a multiple of 3.

So it is possible to find 2";‘ L gei-sets as any gyei-set in Cyy,41 contains three ver-
tices.

Now let

S; ={1,14n,2+n}, So ={2, 3, 3+ n},

Sg :{4, 4 +n, 5+ Tl}, S4 :{5, 6, 6 +’Il},

S% ={n, 2n, 2n + 1}.

Then Sy, S, S3, S4, ..., S% are gyct-sets in Ca,i1 and are disjoint with each
other.

Hence V(Ca,+1) = (51, S2, 53,54, ..., S 2n41 ) is a vertex covering transversal geodomatic
partition of maximum cardinality in Cyj,41.

Therefore dg, ., (Cont1) = 25 if n 22 0(mod 3).

Subcase 2.2: n = 1(mod 3)

Here n is not a multiple of 3.

So it is possible to find L%J vertex covering transversal geodetic sets, of which
LQ"P)—HJ — 1 are g,q-sets containing three vertices and one is a vertex covering
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transversal geodetic set containing four vertices from Cogy11.
Now let

S1 ={1,14n, 2+ n}, Se ={2, 3, 3+ n},

S3 :{4, 4+ n, 5+ n}, S4 :{5, 67 6 —l—n},

SL2n+1J 1 :{n - 2 2n — 2 2n — 1},

SL2n+1J ={n—1,n, 2n, 2n + 1}.

Then S1, Sa, S3, S4, ..., SLZn;rl _q are gye-sets in Cy,qq and S | 2nt1 | is a vertex
covering transversal geodetic set in Cy, 1. Also they are all dlSJOlIlt with each
other.

Hence V(Copni1) = (51’52753’54"“’%%]) is a vertex covering transversal
geodomatic partition of maximum cardinality in Cay,y1.

Therefore dy, ., (Cont1) = 25 ] if n = 1(mod 3).

Subcase 2.3: n = 2(mod 3)

Here n is not a multiple of 3.

So it is possible to find L%J vertex covering transversal geodetic sets, of which
|_2n3+1J

— 1 are g,q-sets containing three vertices and one is a vertex covering
transversal geodetic set containing five vertices from Cyy, 1.

Now let

S1 ={1, 14+ n, 2+ nl}, So ={2, 3, 3+ n},

83 :{4, 4+ n, 5+ n}, 54 :{57 67 6 —l—n},

SM _ :{n—3,n—2, 2n—2},
[=5=]1-1

SLM%J ={n—-1,n,2n—1,2n, 2n+ 1}.
Then Sy, Ss, S3, Sy, .. SLGﬂj 1 are gyc-sets and SL27L+1J is a vertex covering
transversal geodetic set in Cy,41. Also they are all disjoint with each other.
Hence V(Cany1) = <Sl’52’53’s4"“’SL%J) is a vertex covering transversal
geodomatic partition of maximum cardinality in Cay,y1.
Therefore dy, ., (Cont1) = 25| if n = 2(mod 3).

Thus dgmt(CQn_;_l) = 2";1J if n > 3.

O
Theorem 4.5. If Cy, is an even cycle with n > 2, then
1 if n=2
A, er (Can) = n if n is odd

2] if n is even

Proof: Let V(Cy,) = {1, 2, 3, ..., 2n}.
Obviously, the sets S; ={1, 3, 5,..., 2n — 1} and S; ={2, 4, 6, ..., 2n} are the only
two ag-sets of Cy,,.

Case 1: n = 2.
By Theorem 1.4, any g,¢-set of Ca,, contains three vertices.
For the cycle graph Cy, the entire vertex set itself is a vertex covering transver-
sal geodetic set. Consequently, V(C4) also forms a vertex covering transversal
geodomatic partition of maximum cardinality in Cy.
Therefore dg,_,(Cap) =1if n =2.

Guet

10
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Case 2: n is odd.
Let S; ={i,i+n},i=1,2,...,n
Then each S; is a vertex covering transversal geodetic set of minimum cardinality
in Czn.
Also it is clear that S;NS; = ¢ for all « # j with 7,5 =1,2,...,n.
Also V(Czn) = Sl U SQ U Sn
This shows that V' (Ca,) = (51, Sa, ..., S») is a vertex covering transversal geodomatic
partition of maximum cardinality in Cy,.
Therefore dg,., (Can) = n if n is odd.
Case 3: n is even.
It is clear that S; ={i, (i + 1)mod(2n), (i + n)mod(2n)}, i = 1,2, ...,2n is a vertex
covering transversal geodetic set of minimum cardinality in Cy,,.
Wheni=1, 5 ={1,2, n+1}
and when i =2, Sy ={2, 3, n+ 2}.
This shows that S; N So={2}# ¢.
This happens for all successive values of i.
That is, S; N S;41 # ¢ foralli =1,2,...,2n — 1.
So the vertex covering transversal geodetic sets S;, i = 1,2,...,2n do not form a
partition for V(Ca,).
Since any g,.t-set contains three vertices, there is a possibility of finding L%"j ver-
tex covering transversal geodetic sets in Cy, when n is even.
So there are three sub cases in this case.
Subcase 3.1: n 2 0(mod 3)
Here n is a multiple of 3.
So it is possible to find %" Guet-Sets as any g,q-set in Cy, contains three vertices.
Now let
S1={1,14n,2+n}, So={2, 3,3+ n},
S3 = {4, 4+ n, 5+TL}, Sy = {5, 6, 6+TL},

Sz ={n—1,n, 2n}.

Then 57, Sa, S3, S4, .., SZTn are gyct-sets in Cy, and are disjoint with each other.
Hence V(Ca,) = (51, Sa, S5, S84, S2Tn) is a vertex covering transversal geodomatic
partition of maximum cardinality in Cly,.

Therefore dy,,, (Con) = 2 if n = 0(mod 3).

Subcase 3.2: n = 1(mod 3)

Here n is not a multiple of 3.

So it is possible to find L%"J vertex covering transversal geodetic sets, of which
L%”J —1 are g,¢-sets containing three vertices and one is a vertex covering transver-
sal geodetic set containing four vertices from Co,,.

Now let

S1={1,14n,2+n}, So =12, 3, 3+n},

S3={4,4+n,5+n}, Sy ={5, 6, 6+ n},

SL%J_I :{n— 3, n — 2, 2n — 2},
SL%J ={n—-1,n,2n—1, 2n}.

11
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Then Sy, So, S3, Sy, .. SLG _1 are gye-sets in Cy,, and S EY is a vertex covering
transversal geodetic set in Cy,. Also they are all disjoint Wlth each other.

Hence V(Cs,) = (51, S2, 53,54, ..., S B ) is a vertex covering transversal geodomatic
partition of maximum cardinality in Cy,.

Therefore dy, ., (Cony1) = [&] if n = 1(mod 3).

Subcase 3.3: n = 2(mod 3)

Here n is not a multiple of 3.

So it is possible to find L%"J vertex covering transversal geodetic sets, of which
L%”J —1 are g,+-sets containing three vertices and one is a vertex covering transver-
sal geodetic set containing five vertices from Cy,,.

Now let

S1 :{1, 1 +n, 2+1’L1}7 52 = {2, 3, 3+1’L},

53 :{4, 4+ n, 5+ n}, 54 :{5, 6, 6+ n},

Sizn) oy ={n—3,2n -3, 2n -2},
Sizn)={n—-2,n-1,n,2n—1, 2n}.
Then S;, Sa, S3, Sy, .. SL27LJ 1 are gye-sets and S 122 is a vertex covering
transversal geodetic set in Cy,. Also they are all dlSJOlnt with each other.
Hence V (Ca,) = (51, S2, 53, S4, ...y SL%J ) is a vertex covering transversal geodomatic
partition of maximum cardinality in Cy,,.
Therefore d, ., (Can) = | %] if n 2 2(mod 3).
Thus dg, ., (Con) = [ %] if n is even.
(Il

Definition 4.6. Hypercube

For n > 2, the hypercube or n-dimensional cube @, is defined as the graph con-
taining 2™ vertices whose vertex set is the set of ordered n-tuples of 0’s and 1’s
in which two vertices are adjacent if their ordered n-tuples differ in exactly one
position [4].

Theorem 4.7. If @, is a hypercube on n vertices with n > 3, then

2L 4f n is odd

L%J if m is even

(@) = {

Proof: The hypercube @),, contains 2™ vertices and is n-regular.
Any vertex v € @, is the n-tuple binary number and its complement v is also an
n-tuple binary number obtained by replacing 0 by 1 and 1 by 0 in v.
Case 1: n is odd.
Obviously, S = {v,v°} where v is any vertex in @), is a vertex covering transversal
geodetic set of minimum cardinality. That is, S is a gyc-set in Q.

Now let S; = {v;,v§}, i =1,2,...,2"7! for any v; € Q.
Then S;NS; = ¢ for all i # j;4,7 = 1,2,...,2" and V(Q,,) = S1USsU...USpn-1.
And each S; is a gy-set in Q.
Thus V(Q,) = (S1,Sa, ..., San—1) is a vertex covering transversal geodomatic par-
tition of maximum cardinality in @Q,,.
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codg,., (Qn)=2""1if n is odd.
Case 2: n is even.
It is obvious that S = {w,v,u‘} where u and v are any two adjacent vertices in
Q. is a gye-set.
Now let S; = {us, v, ui}, i =1,2, ..., L%J —1.
Here v; is chosen to be adjacent to u; for any i. Also the selection of v; should be
such that S;NS; = ¢ for all i # j; 4,5 = 1,2,..., [ 3] — L.
Now let SL%LJ =V(Qn) — (S1USU...U S[%"j—l)'
Then V(Q,) = (S1, Sa, ... SL%J) is a vertex covering transversal geodomatic par-
tition of maximum cardinality in Q.
So dg,.,(Qn)= L%j if n is even.
O

5. Relation between d,(G) and d,, , (G)

In this section, we investigate the relationship between the geodomatic number
d4(G) and vertex covering transversal geodomatic number dg, ,(G) of a graph
G. Based on the results and theorems established in the preceding sections, we
formulate necessary and sufficient conditions on G that characterize when dy(G) =
dg,..(G) as well as when dy(G) # dg,., (G).

These conditions provide deeper insight into the structural properties of graphs
that influence the interplay between these two parameters.

vet

Proposition 5.1. For any simple connected graph G, dy(G) > dg, ., (G).

The following proposition follows immediately from Proposition [8]1.2 and The-
orem 3.2.

Proposition 5.2. If G is a simple connected graph with at least one end vertex or
extreme vertex, then dy(G) = dg, ., (G) = 1.

Proposition 5.3. If G is a simple connected graph in which every g-set is a g,c-set,
then dy(G) = d,,.,(G).

Guet

Proposition 5.4. If G is a simple connected graph in which g(G) # gyet(G), then
dy(GQ) > d,,.,(G).

Guet

6. Scope

This study opens avenues for further analysis of the vertex covering transver-
sal geodomatic number in graph classes not addressed herein, particularly in r-
regular graphs. Moreover, a detailed examination of the relationship between the
geodomatic number dy(G) and and the vertex covering transversal geodomatic
number d,, , (G) is warranted. Investigating the interplay between these param-
eters may provide deeper insights into their structural correlations and potential
applications.
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