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NEW CLASSES OF SEIDEL EQUIENERGETIC GRAPHS

B. R. RAKSHITH* AND B. J. MANJUNATHA

ABSTRACT. In this paper, we give the complete characterization of the S-
eigenvalues of the union of the join graph G V G2 and the corona product
G1 0G3 when G1, G2 and G3 are regular graphs. As an application, we give
some new methods to construct S-equienergetic graphs.

1. Introduction

Let T be a graph (simple) with vertex set V(I') and |V(I')| = n. The Seidel
matrix of I', denoted by S(I'), is the matrix S(I') = J, — I, — 2A(T"), where
TIn = |Gijlnxn with a;; = 1 for all 1 < ¢,j < n and A(T") is the well-known
adjacency matrix of I'. The eigenvalues of S(T') (resp. A(T")) are called the Seidel
eigenvalues or S-eigenvalues (resp. eigenvalues) of I'. The (Seidel) spectrum of T' is
the list of all (Seidel) eigenvalues of I'. For studies on spectral properties of Seidel
matrix one may refer to [4, 3, 8] and therein cited references. The Seidel energy
of ', denoted by Es(I'), is the sum > ; n;, where 7,;’s are the S- eigenvalues of
I'. Two graphs I'; and I's of same order having distinct Seidel spectrum are called
Seidel equienegertic (simply, S-equienergetic) if £5(T'1) = Es(I2). Some methods
to construct S-equienergetic graphs are given in [7, 10]. Recent studies on Seidel
energy can be found in [9, 2] and therein cited references.

The join of graphs I'; and I's, denoted by I'; VI's, is obtained by taking one copies
of T'y, T'y and then joining each vertex of I'y with every vertices of I'y [5]. In [7],
S-spectrum of I'; VI is computed when I'; and I's are regular graphs. The corona
product [6] of two graphs I'; and T's, denoted by I'y o I's, is obtained by taking
|V (T'1)| copies of 'y and then joining the i-th vertex of T'; with all vertices of the i-
th copy of I';. The S- eigenvalues and the pertaining Seidel eigenvectors of corona
product are described completely in [1]. With this motivation, here we give the
complete characterization of the S-eigenvalues of the graph (G1V G2) U (G10Gjs),
i.e., the union of the join graph G; V G2 and the corona product G; o G3 when
G1, G and G3 are regular graphs. As an application, we give some new methods
to construct S-equienergetic graphs.

2. Main Results
Let Jpxq be the p x ¢ matrix given by J,xq = [ai;], where a;; = 1. Denote

by 1,, the column matrix [ 11 ... 1 }T with p elements. Let e(p, k) be the
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column matrix of size p whose only non-zero entry is at its k-th position and is
equal to 1. The zero column matrix of order p is denoted by 0,. The following
theorem describes the S-eigenvalues of (G1 V G2) U (G710 Gs) when G1, G and G
are regular graphs.

Theorem 2.1. Let G; be an r;-reqular graph on n; vertices for i = 1,2,3. Let
Xij.J =1,2,...,n; be the spectrum of G; Then the Seidel spectrum of (G1V G2)U
(G1 0 G3) consists of:

(1) =1 =235, j=2,3,...,n3 with multiplicity n,.
(17) —1—2rs—2t, where 2t = \j; —r3+ \/(Alj —r3)2+4n3z and j =2,3,...,n1.
i)

)

(’LZ —1—2)\2]‘7 j:2,3,...,n3.

(iv) Three roots of the polynomial
—1—2r3s+ninsg —t ny—2 no
det (n1 — 2)ng ng—1—2r —t —no = 0.
nins —nq Nng — 1— 27‘2 —t

Proof. Let T' = (G V G3) U (G 0 G3). The S-matrix of (G1 V G2) U (Gy 0 G3) is
given by

I, @ S(G3) + (Jny — Iny) ® Jng | (Jny — 2In;) @ Lng | Ty xng @ L
(Jny —2I,) @ 1T, S(G1) —Jn1xna
Tnzxny ® 1, ~Jngxmy S(Ge)
Let ¢ = 1,2,3 and {Z;; : j = 1,2,...,n;} be a set of orthogonal eigenvectors of
the adjacency matrix A(G;) corresponding to the eigenvalues A;;, j =1,2,...,n;.

Since G; for ¢ = 1,2, 3 is regular, we can assume that Z;; = 1,,,.
For j=2,3,...,n3 and k =1,2,...,n;1, we have

6(711, ]C) ® Z3j 6(’”,1, k) ® Z3j
S Onl = Nkj Onl y
0,, 0,,
6(”1, k‘) (024 Zgj
where 7,; = —1 — 2)3;. Thus, 0, , k=1,2,...,n1 and j =
0,
2,3,...,n3 form a set of ni(n3 — 1) orthogonal eigenvectors corresponding to the

eigenvalue 7.
Further, let j = 2,3,...,7n; and J; be some scalar. Then

le ®]ln3 (—1—27"3—25j)Z1j®]1n3 le ®]ln3
S (5jle = (7277,3 — (1 + 2)\13')5]')21]' = (—1 — 27”3 — 25J) 5]'le

0., 0, 0.,
le ® Ln,
for 2(5] = >‘1j — T3 + \/()\1]' —7”3)2+41’L3. ThUS, 6]-Z1j ] = 2,37...,7L1
0,,
form a set of 2(n; —1) orthogonal eigenvectors of S corresponding to the eigenvalue
Z1j @ 1p,
(71727’3 7253') (SjZU
0,,
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Also, for j =2,3,...,n3, we have
On1n3 0”1”3
S| Op = (—1—-2)\y) 0,
Onln;;
Thus, 0, for 7 =2,3,...,n3 form a set of ny — 1 orthogonal eigenvectors
Zaj

corresponding to the eigenvalue —1 — 2Xy;.

Henceforth, we have listed n1ns+mn;+ns—3 orthogonal eigenvectors of S. Since the
order of the graph I is ning 4+ ni +na, we need to determine 3 more S-eigenvalues
of I'. Let these S-eigenvalues be (; for ¢ = 1,2, 3 corresponding to the eigenvectors
X;. Observe that the listed nins 4+ ni + no — 3 orthogonal eigenvectors of .S along

]]-n1 ® ]]-’n3 0n1n3 011177.3
with the vectors 0, , 1,, and n1 form an orthogonal
0., 0,, 1,,
ai]l’ﬂl ® ]17’L3
set of n vectors. Thus, X; = bil,, for some scalars a;, b; and ¢;.
Ci]ln2

Therefore, from the equation, SX; = (; X;, we get

—1—2r3+n1n3—@ ’I’L1—2 na
det (n1 - 2)77,3 ny — 1-— 27’1 — CZ —MN9 =0.
nins —ni ng — 1-— 2T2 — Q

Thus the three more eigenvalues of S are roots of above polynomial equation in
Gi- U

Corollary 2.2. Let I'y and I's be arbitrary regular graphs. Let I's and T'y be two
S-equienergetic r-regular graphs. Then the graphs

(i) T1VIT3) Uy oly) and (T'y VI4) U (T oT'2) are S-equienergetic.

(i) (T1VI2) Uy ols) and (I'1 VI2) U (I'y oT'y) are S-equienergetic.

Lemma 2.3. [7] The graphs as shown in Figure 1 are S-equienergetic 3-regular
graphs on 12 vertices.

FIGURE 1. S-equienergetic graphs I'y and I'y on 12 vertices.

Corollary 2.4. There exists S-equienergetic graph on 2n vertices for n > 12.
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Proof. Let I'y and I's be graphs as shown in Fig. 1. Then by Lemma 2.3, I'; and
I’y are S-equienergetic 3-regular graphs on 12 vertices. Therefore by Corollary 2.4
the graphs (K, VI1)U (Ko K;) and (K, VI2) U (K, o K1) are S-equienergetic
graphs on 2m + 12 vertices for all m > 1. [
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