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ON THE FRACTIONAL MIXED FRACTIONAL BROWNIAN
MOTION TIME CHANGED BY INVERSE o-STABLE
SUBORDINATOR

EZZEDINE MLIKI

ABSTRACT. A time-changed fractional mixed fractional Brownian motion by
inverse a-stable subordinator with index a € (0,1) is an iterated process
L¥5H2 (a,b) constructed as the superposition of fractional mixed fractional
Brownian motion NH71H2 (g, b) and an independent inverse a-stable subordi-
nator T%. In this paper we prove that the process LQI{&HZ (a,b) exhibit long
range dependence property under some condition on the Hirst indices H; and
Hs of tow independents fractional Brownian motions.

1. Introduction

A mixed fractional Brownian motion (mfBm for short) of parameters a,b and
H is the process M (a,b) = {MH (a,b), t > 0}, defined on the probability space
(Q,F, P) by

MH(a,b) = aB; + bBE, t>0,

where B = {B,t > 0} is a Brownian motion, B = {Bf! ;¢ > 0} is an independent
fractional Brownian motion of Hurst index H € (0,1) and a, b two real constants.
The mfBm was introduced by Cheridito [6], with stationary increments exhibit a
long-range dependence for H > % The mfBm has been discussed in [6] to present a
stochastic model of the discounted stock price in some arbitrage-free and complete
financial markets. This model is the process

X; = Xoexp{ut + o(aB, + bB{")},

where p is the rate of the return and o is the volatility. We refer also to [8, 17, 31]
for further information and applications on the mfBm.

The time-changed mixed fractional Brownian motion by inverse a-stable sub-
ordinator with index « € (0, 1) is defined as below

H _ H
LTOL (av b) - {‘]\4'TtC¥ (av b)u t> 0}7
where the parent process M (a,b) is a mfBm with parameters a,b, H € (0, 1) and
T* = {Tf, t > 0} is an inverse a-stable subordinator assumed to be independent of

1
both Brownian and fractional Brownian motion. If H = %, the process L2, (0,1)
is called subordinated Brownian motion, it was investigated in [9, 19, 22, 26].
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When a = 0, b = 1 then LZ,(0,1) it is the process considered in [15, 16] called
subordinated fractional Brownian motion.

Time-changed process is constructed by taking superposition of tow indepen-
dent stochastic systems. The evolution of time in external process is replaced
by a non-decreasing stochastic process, called subordinator. The resulting time-
changed process very often retain important properties of the external process,
however certain characteristics might change. This idea of subordination was in-
troduced by Bochner [5] and was explored in many papers (see [11, 12, 15, 21]).

The time-changed mixed fractional Brownian motion has been discussed in [10]
to present a stochastic Black-Scholes model, whose price of the underlying stock
is the process

Sy = So exp{uT}y* + o(aBrp + nga)},

where p is the rate of the return, ¢ is the volatility and T is the a-inverse
stable subordinator. Also the time-changed processes have found many interesting
applications, for example in finance [10, 14, 27, 29, 32].

C. Elnouty [8] propose a generalisation of the mfBm called fractional mixed
fractional Brownian motion (fmfBm) of parameters a,b and Hy,Hs € (0,1). A
fmfBm is a process N7172(q,b) = { N2 (q,b), t > 0}, defined on the probability
space (Q, F, P) by

N2 (g by = aBF* + B2, >0,

where BH1 = {BI* t > 0} and B> = {B2,t > 0 are independents fractional
Brownian motions and a, b real constants not both equal to zero. Also the fmfBm
was study by Miao, Y et al. [25].

The time-changed fractional mixed fractional Brownian motion is defined as
{Nﬁhlez(a,b)7 t > 0}, where the parent process N1#2(q b) is a fmfBm with
parameters a,b, and Hy,Hs € (0, 1) and the subordinator 8 = {8, ¢ > 0} is
assumed to be independent of both fractional Brownian motions BH* and BFz.

Our goal in this parer is to study the main properties of the time-changed frac-
tional mixed fractional Brownian motion by inverse a-stable subordinator paying
attention to the long range dependence property.

2. Main results and proofs

We begin by defining the inverse a-stable subordinator.

Definition 2.1. The inverse a-stable subordinator 7% = {T}*, ¢ > 0} is defined
in the following way

TP = inf{r >0, 0% > t}, (2.1)

where n® = {n%, r > 0} is the a-stable subordinator [28, 30] with Laplace trans-
form

E(e‘“”g) =e ™ ae(0,1).
The inverse a-stable subordinator is a non-decreasing Lévy process, starting from

zero, has a stationary and independent increments with a-self similar. Specially,
when o 11, T reduces to the physical time ¢.
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Let T be an inverse a-stable subordinator with index « € (0,1). From [18, 20],
we know that
tOt tnOL
E(T?) = ——— and E((T*)") =
@)= faggy o BT

n!
Ina+1)

Lemma 2.2. Let T™ be an inverse a-stable subordinator with index o € (0,1) and
B be a fBm. Then, by a-self-similar and non-decreasing sample path of T2, we
have

e e 2H
E(Bre)® = ——— EBL? =] .
(Bry) T(a+1) and  E(Bry) (F(a+ 1))
Proof. See [14, 20]. O

Definition 2.3. Let N2 (q,b) = {NF#2(a,b), t > 0} be a fmfBm of parame-
ters a,b and Hy, Hy € (0,1) and let T* be an inverse a-stable subordinator with
index « € (0,1). The subordinated of NH1H2(q, b) by means of T is the process
L™ (a,b) = {172, ¢ > 0} defined by:

Ly = N7t ™ (a,b) = aBpd + 0By, (2.2)

where the subordinator T} is assumed to be independent of both fractional Braow-
nian motions B, BH2 and a,b real constants not both equal to zero.

Remark 2.4. When « 1 1, the processes Bro and B}fa degenerate to B; and B}.

Notation 2.5. Let U and V be two centered random variables defined on the same
probability space. Let

Cov(U,V)

Corr(U,V) = WE(VQ)’

(2.3)

denote the correlation coeflicient between U and V.
Now we discuss the long range dependent behavior of Lg}xHQ (a,b).

Definition 2.6. A finite variance stationary process {X:, t > 0} is said to have
long range dependence property [7], if Y7~ 7% = 0o, where

Y = COU(Xk,Xk+1).

In the following definition we give the equivalent definition for a non-stationary
process {Xy, t > 0}.

Definition 2.7. Let s > 0 be fixed and ¢ > s. Then process {X;, ¢ > 0} is said
to have long range dependence property property if

Corr(Xs, Xs) ~ c(s)t™%, as t — oo,
where ¢(s) is a constant depending on s and d € (0, 1).

The main result can be stated as follows.



EZZEDINE MLIKI

Theorem 2.8. Let N#1H2(q, b) = {NFH2(a,b), t > 0} be the fractional mized
fractional Brownian motion of parameters a, b, Hy and Hy with Hy < Hy. Let
T = {T7, t > 0} be an inverse a-stable subordinator with index o € (0,1)
assumed to be independent of both fractional Brownian motions BH1 and BHz.
Then the time-changed fractional mized fractional Brownian motion by means of
T has long range dependence property if 0 < 2aH; — aHy < 1.

Proof. Let T* = {Tf, t > 0} be an inverse a-stable subordinator with index
a € (0,1) assumed to be independent of Bfi i = 1,2, Let L;IEYH? (a,b) be the
time-changed fractional mixed fractional Brownian motion by means of the in-
verse a-stable subordinator 7% with index o € (0,1). The process L2172 (a,b) is
not stationary hence Definition 2.7 will be used to establish the long range depen-
dence property.

Step 1: Let s > 0 be fixed and let s < t. Since B and B2 has stationary
increments, then we have

Cou(Lya!™, LTu™) = B(LE™ L")
— %E :(Lgf;Hz)Q + (L) — (Lpst — Li&Hz)ﬂ
- %E :(Ng;H2 (a,0)) + (N7a "2 (a, b)ﬂ
%E :(N;,I{JHz(a, b) — Njii ™2 (a, b))ﬂ
= %E :(aBﬁ; +bBpé)? + (aBri + bB?;)?]
_%E _(a(Bgi — B+ b(Bfz - ng))2]
_ %E (B +bBH)? + (aBE: + bBI2)?]
,%E :(aBg;s +bBra )?
- %E (aBfis + (bB2)? + 2(aBIbBER) |
+%E :(aBﬁal)z + (bB12)* + 2(aBy's bBﬁé)]

1 -
—5E (@B )+ 0Bz )+ 2(aBg;75ng§75)} .

Since BtH ! and BtH 2 are independent and using Lemma 2.2 we get

2

BT L) = S [E(BI? + B(BJL? - E(BE )’

b
+

2
5 |BBE)? + B(B2)? - B(BJ2 ).
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Hence,

b2

(=9
r
3| (w) () ((iw )wﬂ

+ r
a2 l:t20tH1 + 82aH1 _ (t _ S)2O¢H1:| b I:t20tH2 + s20¢H2 _ (t _ s)2o¢H2}

2[0 (a4 1))2H 2[0 (a4 1))2H2
Hence for all s <t and H; < Hy we have
a2 [tQaHl + sQaHl _ (t _ S)QaHl] b2 I:t2aH2 + SQaH2 _ (t _ S)QaHg}

(L™ Lys™) 2T (v + 1)]2H1 * 2T (av + 1)]2H2
Step 2: Let s be fixed. Then by Taylor’s expansion we have for large ¢
2
E LHéHQLHéHQ a t2aH1 {2 H f 2aH1t72aH1 t72 :|
( Tt T ) 2[F((X—|— 1)]2H1 (o7 1t +s -+ O( )
b2 S
(20 Hs {2 H,S 4 g2aHay—2aHs | ) 4—2 }
WICEEE oyt +0™)
a?¢2at s s
~ - 2aH,= “N\2aH, Ot_2i|
20(a + 1)2H { afhg+ ()™ +00)
b2t2oH2 s S
T 9aqH, 2 4 (2)20dH: sz}
L 20t + (G 406
-~ a’ors 2o H—1 bas 20Hz -1
(T(a + 1))°7 (T(a +1))°7
Then for fixed s and large t, LgéHQ satisfies
2 b2as
E LHéHzLHin ~ a~as 20H; —1 20H>—1
W)~ e e e

Step 3: Let H; < Hs. Using Egs. (2.3), (2.4) and by Taylor’s expansion we get,
ast — 0o
a’as t2aH171 + T b2as t2aH271

CO’I’T’(L?&H27 L?&Hz) W (aF1))2M2 1
' ° a’a 2 2 o 1
| 2+ (e e BT
a’as 2aH;—1 b2as 200H>—1
_ Tyt + Tt
= - .
bla2 tH2 a2 aH1—2a 2 avorl
(‘FL)H_U)HQ |:2b2(F(04+1))1*2H2 t2aH—2aHy 4 ]_] [E(Lg" )2] 2
aQOZ%StZaHlfaH271 N ‘b|Oé%StQH271

Nl

BT+ 1)2H=H [B(LT)2]E (D(or+ 1))H2 [B(LT*)2)*

Hence, for every H; < Hy we have

203 g $2aH1—aHz—1 |b|a%5taH2—1
+
B|(D(a + 1))2H=Hz [B(LT®)?)>  (T(a+ 1))H2 [E(LT*)2)?

a

Corr(L:,}{éHQ, L) (2.4)
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HiH2 decays like a mixture

Then the correlation function of the stochastic process L :
of power law ¢~ (2af1—aH2=1) 4 y—=(1—aH2) " Qince ) < 20H; —aH, < 1 then the first
term tends to zero as ¢ — oco. Then the time-changed process Lg&H 2(a,b) exhibits
long range dependence property for all H; < Hs and 0 < 2aH; — aHy < 1. ([l

Remark 2.9. When a =0 and b =1 in Egs. (2.4) and (2.4) we get
OéStQaH271

(D +1))2#2°
1
= taHzfl
Corr(LgéHQ,LgéHz) ~ azs , ast— oo.
COTE T Nar ) [B(BIR)?

B(Lya™ Lya™*) = E(Bri Bré) ~ as t— oo,

Hence we obtain the following result.

Corollary 2.10. The fractional Brownian motion time changed by inverse «-
stable subordinator with index o € (0,1) is of long range dependence for the Hurst
index H € (0,1).

Similar result as Corollary 2.10 was obtained in [15] ([16]) in the case of frac-
tional Brownian motion time changed by tempered stable subordinator (gamma
subordinator).

As application to the original process we obtain the following. .

Corollary 2.11. Let Hy = H > Hy = 3. When a 11, in Egs. (2.4) and (2.4) we

have, ast — 0o

lim E(Lia" L") = % + b2 st

a—1

2 t*H b tHfl
lim1 Corr(L%a,LgéHﬂ = as + |b]s .
"~ L A EE @) B o)

Hence using Remark 2.4 and Corollary 2.11 we can see that the mixed fractional
Brownian motion of parameters a,b and H has long range dependence property
for all H > 3 in sense of Definition 2.7.

Remark 2.12. (1) Let H € (0,1). Then
stH—1
Corr(Bf, By ~ ———ex, as t — . (2.5)
VE(BI)?
Indeed, we take @ = 0 and b = 1 in Eq. (2.4). When « 1 1 and using
Remark 2.4 we obtain Eq. (2.5).
(2) When o 11, in Eq. (2.4) we have

2 b2
lim B(LER L) = 5 [P 4 2T — (2= )] 4 S [212 4 521 — (1= 5)?M]

Corollary 2.13. The fractional mixed fractional Brownian motion has long range
dependence for every 0 < H; < Hy < 1.
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The idea, used results for the time-changed process to obtain a results for the
original one is already investigated in [11].

The fmfBm has been further generalized by Thale in 2009 [31] to the general-
ized mixed fractional Brownian motion. A generalized mixed fractional Brownian
motion of parameters H = (Hy, Ha, ..., H,) and a = (a1, aa, ..., ) s a stochastic
process Z = {Z"*, t > 0} defined by

n

H,a z : H;

Zt = OliBt !
i=1

Forthcoming work, we will investigate the long range dependence property of the
time-changed generalized mixed fractional Brownian motion by inverse a-stable
subordinator [24].
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