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ANALYSIS OF THE STOCHASTIC NAVIER — STOKES SYSTEM
WITH A MULTIPOINT INITIAL-FINAL VALUE CONDITION

T. G. SUKACHEVA*  A.S. KONKINA, AND S.A. ZAGREBINA**

ABSTRACT. Recently, the theory of stochastic equations has been actively
developing. Here it is worth noting the classical direction of research by
Ito — Stratonovich — Skorokhod.Its main problem is to overcome the difficul-
ties associated with the differentiation of a non-differentiable (in ”the usual
sense”) Wiener process. It is also necessary to note the approach of I.V. Mel-
nikova, within the framework of which stochastic equations are considered in
Schwarz spaces using the generalized derivative. Our research will use meth-
ods and results of the theory, which is based on the concept of the Nelson —
Glicklich derivative. Most studies consider the Cauchy problem for stochas-
tic equations. In this article, instead of the Cauchy condition, it is proposed
to consider a multipoint initial-final value condition. The obtained abstract
results are used to analyze the solvability of the stochastic Navier-Stokes sys-
tem, which models the dynamics of the velocity and pressure of a viscous
incompressible fluid. It is considered with a no-slip boundary condition and
a multipoint initial-final value condition. The main result of the article is the
proof of the solvability of the posed problem.

Introduction

Consider the system of equations

v =vV3 —(v-V)o-Vp+f, V-v=0, (0.1)
modeling the dynamics of a viscous incompressible fluid, was obtained more than a
century ago. Here the vector function v = (v1,va, ..., vm), vi = v(x,t), corresponds
to the fluid velocity, the function p = p(x,t) corresponds to the pressure, the
parameter v € R, characterizes the viscosity. And Q@ C R™, m = {2,3}, is a
bounded domain with the boundary 92 of class C'*°.
Over the past time, the system of equations (0.1) has been studied in various
aspects. Let us note here the fundamental monographs of O.A. Ladyzhenskaya
[1] and R. Temam [2]. However, the question of the existence of solutions to the
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Cauchy — Dirichlet problem for the system of equations (0.1) has not yet been
resolved. The problem of the existence of solutions to this problem turned out to
be so difficult that it was included in the list of the most difficult mathematical
problems of the current century, and a reward of one million dollars has been
appointed for its solution.

To solve the system of equations (0.1) we consider "the condition no-slip” to
the boundary of the domain

u(z,t) =0, (z,t) € 00 x R. (0.2)

Let us recall how the system (0.1) is obtained. As is known, Newton’s rheolog-
ical relation, modeling the dynamics of viscous incompressible fluids has the form
3], [4], [5]

o=2vD —pl. (0.3)

Here 0 and D are stress and strain rate tensors, respectively, v € R, is the
viscosity coefficient, I is the identity matrix, p characterizes the pressure. After
substituting (0.3) into the equations of motion of a continuous incompressible
medium in Cauchy form

vu=V-0, V-v=0, (0.4)

we obtain the above famous system of Navier — Stokes equations (0.1).
Let’s consider the linear abstract model

Li= Mu+ f, (0.5)

in Banach spaces U and F, and the operators L € L(U; F) (i.e. linear and contin-
uous), M € Cl(U; F) (i.e. linear, closed and densely defined).
The work is devoted to the study of the stochastic linear Sobolev type equation

L= Mn+ Nuw, (0.6)

where 7 = n(t) is the required one, and w = w(t) is a given stochastic K-process
(K-"noise”), with multipoint initial-final value condition

Jim Ro(n(t) =€) =0, Pi(n(ry)~€) =0, j=Tm. (1)

A detailed description will be given in the second paragraph.

The article, in addition to the introduction and bibliography, contains three
parts. In the first part, spaces of differentiable random processes with values in
a separable Hilbert space are constructed. Moreover, by derivative we mean the
Nelson — Gliklich derivative [6], [7], [8], [9]. We call random processes that have
Nelson — Glicklich derivatives differentiable ”noises” [10], [11], [12], [13]. The sec-
ond part of the article presents results on the solvability of the stochastic problem
(0.6), (0.7) under the condition that the operator M, p € {0} UN = Ny, is (L, p)-
bounded, and a condition guaranteeing the existence of relative spectral projectors
P;, j =0,n, [14]. These results generalize and develop the abstract results of the
works [10], [11], [12], [13]. The third part contains applications of the obtained
abstract results for the stochastic Navier — Stokes system. The list of references
does not pretend to be complete and reflects only the tastes and preferences of the
authors.
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1. Spaces of differentiable ”noises”

Let © = (2,A4,P) is a complete probability space with a probability mea-
sure P associated with the o-algebra A of subsets of the set €2, and R is a
set of real numbers, endowed with a Borel g-algebra. A measurable mapping
& : Q — R is called random variable. A set of random variables whose math-
ematical expectation is zero, and the variance is finite, forms the Hilbert space
L, = {¢: E€ = 0, D¢ < +oo} with the scalar product (£1,&) = E&1& and
the norm ||§ \\%2 = D¢. Note that in Ly the orthogonality of the vectors £ and
n (i.e. (&§,m) = 0) is equivalent to correlated random variables £ and 7. Indeed,
0= cov(§,n) =E&n = (§,1) = 0.

Let us take the set J C R and consider two mappings: f : J — Ls, which
each t € J assigns a random variable ¢ € Ly, and g : Ly x 2 — R, which assigns
to each pair (§,w) point £(w) € R. Display n : 7 x Q — R, which has the form
n =n(t,w) = g(f(t),w), we call (one-dimensional) stochastic process. For every
fixed t € J value of the stochastic process n = 7(t,-) is a random variable, i.e.
n(t,-) € La, which we call cross section of the stochastic process at point ¢t € 7.
For each fixed w € Q the function nn = n(-,w) is called (selective) trajectory of a
random process corresponding to the elementary outcome w € ). Trajectories are
also called realizations or sample functions of a random process. Usually, when
this does not lead to ambiguity, the dependence of n(t,w) on w is not indicated
and the random process is simply denoted by 7(¢).

Considering J C R to be an interval, we call the stochastic process n = 7(t),
t € 3, continuous, if a.s. (almost surely) all its trajectories are continuous (i.e. for
almost all w € A trajectories (-, w) are continuous functions). A set of continuous
stochastic processes forms Banach space, which we denote by the symbol C(J;Ls)
with the norm ||n]|cr, = sup(Dn(t,w))*/2. Let Ay be a o-subalgebra o-algebras

ted

A. Let us construct the subspace L3 C Ly random variables measurable with
respect to Ap. Let us denote by II : Ly — L9 — ortho projector. Let ¢ € La, then
II€ is called conditional mathematical expectation of the random variable ¢ and
is denoted by the symbol E(£|Ag). Let us fix n € C(J;L2) and t € J, by N, we
denote the o-algebra generated by random variable n(t), and denote EY = E(-|N;).

Example 1.1. Wiener process describing Brownian motion in the Einstein —
Smoluchowski model (see [7])

Blt,w) = &(w)sin g(zk +1)t, te {0}UR,,
k=0

is a continuous stochastic process. Here the coefficients {&x = & (w)} C Lo are

pairwise uncorrelated Gaussian random variables such that D{,% = {g(?k + 1)} - ,
k € Np.

Definition 1.2. [6], [7] Let n € C(J;L2). By the Nelson — Glicklich derivative 1
stochastic process n at point t € J a random variable
ﬂ(tJrAt»') U(t,')>+1 <77(ta') n(tAta'))

o 1
t,)=—- 1 E? li E7
() 2 Atlgtlwr ¢ ( At 2 Atlg(lwr ¢ At
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is called, if the limit exists in the sense of a uniform metric on R.

If the Nelson — Glicklich derivatives 7 (t,) of the stochastic process 7(t, -) exist
in all (or almost all) points of the interval J, then we talk about the existence of
the Nelson — Glicklich derivative 7 (t,-) on J (a.s. on J.)

Set of continuous stochastic processes having continuous Nelson — Glicklich

derivatives 7 forms a Banach C!(J; L) space with the norm
o 1/2
Inllcrr, = sup (Dn(t.w) + D1l (1.w))
T

We further define by induction the Banach spaces Cl(TJ; L2), | € N, stochastic
processes whose trajectories a.s. differentiable with respect to Nelson — Gliklich
on J up to order I € Ny inclusive [15]. The norms in them are given by the

. 1/2
formulas ||n||cig, = sup (ZD 7 ) (t,w)) . Here we will consider the zero-
te3 \1. 26
order Nelson — Gliklich derivative to be the original random process, i.e. 7%(0) =,
and under the Nelson — Gliklich derivative are of order k£ we will understand the
Nelson — Gliklich derivative of the first order from the Nelson — Gliklich derivative
of order k — 1. For brevity we will call spaces of differentiable "noises” (see [10],
[11], [12], [13]).

° t
Example 1.3. In [7, 15] it is shown that 8 € C!'(R,;Ls), 1 € Ny, and 3 (t) = %t)’
teR,.
Thus, spaces of random variables Lo and spaces of differentiable ”noises”
C! (J;Ly), | € Ny. Let’s move on to constructing a space of random K-variables.

Take $) is a separable Hilbert space with an orthonormal basis {¢x}, a mono-

tone sequence K = {\;} C Ry such that that > A2 < +o0, as well as a sequence
k=1

{&x} = &k (w) C Lg of random variables such that that ||{x||L, < C, for all C € Ry,

for all k € N.

Let us construct a $-valued random K-variable £(w) = Z)\kfk(w)gok. Com-
k=1

pletion of the linear hull of the set {Ar&rpr} by the norm

o 1/2
e, = <Z AiD€k>
k=1

is called the space of (9-valued) random K-variables and is denoted by the symbol
HgkL,. How easy it is to see the space HkL, is the Hilbert space, and the
random K-variable constructed above £ = £(w) € HkL,. Likewise, Banach space
(H-valued) K- "noises” C'(J;HkL,), | € Ny, we define as the completion of the
linear hull of the set {A\xnrpr} by the norm

00 ! 1/2
o
W, =3 (X i)
k=1

m=1

10
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where the sequence of "noises” {n;} C C!(J;Ls), | € Np. As is easy to see, the
o0

vector n(t,w) = Z)\knk(t,w)wk lies in the space C'(J; HkL,), if a sequence of

k=1
vectors {ng} C C!(J;Lsy) and all their Nelson — Glicklich derivatives up to order
I € Ny inclusive are uniformly bounded by the norm || - ||cip,-

Example 1.4. Vector lying in all spaces C!(R,; HkL,), [ € No,

Wi (t,w) = Y MeBr(t, w)pr,
h=1

where {3} C C!(J; Ly) is sequence of Brownian motions, called ($-valued) Wiener
K-process.

2. The multipoint initial-final value condition

Let U and F be Banach spaces, operator L € L(U; F) (i.e. linear and contin-
uous), and the operator M € CI(U;F) (i.e. a linear, closed and densely defined).
Consider the L-resolvent set p(M) = {u € C: (uL — M)~ € L(F;U)} and the
L-spectrum oX (M) = C\ pZ(M) of the operator M. Let pZ (M) # (), then we can
consider right and left

L
L
(u (M H R and L, (M H Py (M

(L, p)-resolvents of the operator M. Here R} (M ) = (uL — M)7'L,
LE(M) = L(pL — M)~*, and points py, € p*(M), k =0, p.

Definition 2.1. ([16], chapter 3) Operator M is called p-sectorial relatively of
operator L with the number p € Ny (in short, (L, p)-sectorial), if there exist
constants K € Ry, a € R, © € (7/2,7) such, that the sector

SEe(M)={neC:larg(p—a)| <O, p#a}, Ske(M)cC p"(M),

and
K

LE, (M) } < (%)
|7 (wop) Rl = 2
0 ol
k=0

b )|
wac{ |ty 00,

for all yuy, € SL o (M), k=0,p.

Remark 2.2. Tt is clear that if inequality (*) is executed when any p € Ny, then
it will be executed and if ¢ € N such that ¢ > p. In the proof this fact does not
matter, and in applications we take the smallest p for which (*) is executed.

Lemma 2.3. Let operator M be (L,p)-sectorial. Then in the sector ¥ = {r € C:
largT| < © — /2, T # 0}, where © is taken from definition 2.1, there exists an
analytic and uniformly bounded resolving semigroup {U* : t > 0} ({F* :t > 0}) of
the equation (0.5), f =0, and it is represented by Dunford — Taylor type integrals

1
" (M)ettd F'= — [ LI (M)e'd
27m/R JeMdu 57 (M)e™dp |,
r

11
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where t € Ry, countour T’ C Sf,@(M) is such that |argpu| — © with p — oo,
pel.

Lemma 2.4. Let operator M be (L,p)-sectorial. Then tlir& Utu = u for any
—
u€ 1mR(# (M) and hm Fif = f forany f € 1mL(ﬂp)(M)).

Consider kernels ker U = U°, ker F* = FY and images im U’ = U", im F" = F!
of these semigroups. Introduce the condition [17]
UWold' =u (FPoF' =F), (A1)
Remark 2.5. [16] Units of semigroups {U" € LU) : teR,} and {F' € L(F) :
tcR,} are projectors P = s — lim U’ and Q = s — lim F" along U° or F° on
t—0+ t—0+
subspace U! or F! correspondingly.

We denote by Ly (My) a contraction of operator L (M) on U* (domM NU*),
k =0,1. Let us introduce one more condition [17]

there exists the operator L' € L(F4UY). (A2)

Lemma 2.6. Let operator M be (L, p)-sectorial and conditions (A1), (A2) are
fulfilled. Then
(i) Ly € LU FO), My € CIU°; F°), and there exists the operator My *
L(F%U°),
(ii) operators Ly € L(UY; FY), My € Cl{UUY; FL).
Finally, we introduce another important condition on the L-spectrum of the
operator M [19] in the following form
ol(M) = U O'jL (M), n €N, and O'JL (M) # 0 is contained in bounded
j=0
domain D; C C with piecewise smooth boundary 0D; =T'; C C. Also,
DjNnol(M)=0and Dy N D, =0 for all j,k,l =T1,n,k# 1L
(A3)
Now let U (F) be a real separable Hilbert space with an orthonormal basis {¢y }
({¢r}). Let us introduce into consideration a monotone sequence K = {A\;} C

{0} UR such that Z )\2 < 400. The symbol UkLa (FkL2) denotes the Hilbert

space, which is the completlon of the linear hull of random K-variables

§= Zxksm, & € Lo, (c = Zukcwk, Gk € L2> :

k=1 k=1

according to the norm ||n||3 = Z A D¢, (||w |z = Z ,uiDCk) Note that in
k=

different spaces (UxLy and FKLQ) the sequence K can be different (K = {A\x}
in ULy and K = {u;} in FxLs), however, all sequences marked Wlth K must
be monotonic and summable with square. All results, generally speaking, will be
true for different sequences {A;} and {u}, but for the sake of simplicity we will
limit ourselves to the case Ay = .

12
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Lemma 2.7. [18]Operator A € L(U; F) exactly when A € L(UgLsg; FxLs).

How easy it is to see

[|AL]lr < Z)\inkHA%’kH% < constZ)\ink = const||¢||u.
k=1 k=1
Lemma 2.8. Operator M € L(U;F) is (L,p)-sectorial with respect to operator
L € L(U; F) exactly when M € L(UgLg;FkLa) is (L, p)-sectorial with respect
to the operator L € L(UkLy; FxLsy). Moreover, the L-spectrum of the operator
M coincide in both cases. Condition (A1) and (A2) are fulfilled in spaces U, F
exactly when they are fulfilled in spaces UgLsy, FxLo

We construct relatively spectral projectors [19]

1
j = 5 /F R (M)dp € £L(UkLs),
1 J ‘ (2.1)
YINA T

and it turns out that when the operator M is strongly (L, p)-sectorial, then P; P =
PP; = Pj and Q;Q = QQ; = @4, j = 1,n. So, in this case, there is a projector
n

Po=P— ) Pj, Py € L(UkLy). So, let the conditions (A1) — (A3) be fulfilled.
j=1

So we consider im P; = UELQ, im Q; = Fi{j.L27 7 = 0,n. By construction
n

UgL, = @ Ung and F Ly = @ Fng. We denote by L; (M;) the narrowing
j=0 j=0

of operator L (M) on U%ng (domMﬂUng), j = 0,n. It is easy to show that the
operators L; € E(UELQ; F%ng), M; e Cl(U%ng; FELQ)’ j = 0,n, moreover, due
to (A2) there exists the operator Lj_1 € E(F%‘{jLQ; UELQ), j = 0,n. Also it is easy
to show that the operator G = M 'Ly € £L(U%Ls), So = Ly My € CI(U%Lo)
will be sectorial, and the operator S; = L;le : Ui{'jLQ — UELQ, 7 =1,n,
restricted.

Lemma 2.9. Let the operator M be (L, p)-sectorial, and conditions (A1) — (A3)

are fulfilled. Then Ut = ZPjUt = ZU;, Ft = ZQth = ZF;, and U; and
j=0 §=0 j=0 j=0

F; can be represented in the form

o

b= L — M) 'Le*td
J 27_[_1 l"j (l’l’ ) € M?

(2.2)

Fi =

=— | L(uL—M)"te*du, j =1, n.
; QM.F(N ) etdp, j=1,n

Let us call the stochastic K-process n € C!(R; L) (classical) solution of the
equation (0.6), if a.s. all of it trajectories satisfy the equation (0.6) with some K-
"noise” w € C(Ry;Lg) and all ¢ € R;.. The solution i = n(t) of the equation (0.6)
will be called a solution of the problem (0.6), (0.7) if the condition (0.7) for some

random K-variables &, € UkLo, k =0,1.

13
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Theorem 2.10. Let the operator M be (L,p)-sectorial, p € Ny, moreover, the
conditions (A1) — (A3) are fulfilled. Then for any 7; € Ry, j = 1,m, operator

N € L(U; F), monotonic sequence K C {\g} such that Z)\i < 400, K- "noise”
k=1
w = w(t) such that (I — Q)Nw € CPTY (R ; UkL,) and QNw € C(Ry; UkL,),
and random K-variables {; € ULy, j = 0, m, independent of w, there is a unique
solution n € CY(Ry; UkL,), problem (0.6), (0.7), having the form
P
0() = — 37 HOMG (1 - Q) &0 )+

q=0

t

U;iTjgj +/ U;iT"Ll_leij(s)ds ,ted.

m
+2
j=0

J

3. Linear stochastic Navier — Stokes system of equations

Let 2 C R™, n € N\ {1}, be a bounded domain with boundary 9 of the class
C®. In the cylinder 2 x R consider the linear stochastic Navier — Stokes system
of equations

v =vViu—Vp+f, V(V-v)=0. (3.1)

Based on the results of points 2 and 3, we will reduce the system (3.1) and
the condition (0.2) to the equation (0.6). Following [20], [21], [22], we denote by
H2 = (W3)", H = (I/?/%)”, L2 = (Lg2)™ space vector-functions v = (vy,va, ..., v,)
defined on Q. Consider the lineal £ = {v € (C°)" : V-v = 0} of vector-functions,
solenoidal and finite in the domain 2. We denote the closure of £ with respect
to the norm of the space L2 by H,. The space H, is Hilbert with the scalar
product (-,-) inherited from LL?; in addition, there is a splitting .2 = H, ¢ H,,
where H, is the orthogonal complement of H,. We denote by ¥ : L2 — H, the
corresponding orthoprojector. The restriction of the projector ¥ to H2N H' is a
continuous operator, ¥ : H2N H' — H?N H'. Let us therefore represent the space
H2N H' as a direct sum H?N H! = H2 & H2, where H2 = im ¥, H2 = ker .
There are continuous and dense embeddings H2 < H,, and H2 < H,. The space

H2 consists of vector functions that are equal to zero on 9 and are gradients of
functions from W3 (Q).

Lemma 3.1. [23]

(i) By the formula A = (—V?)" : H2N H! — L2 defines a linear continuous
operator with a positive discrete finite multiple spectrum o(A) condensing only to
the point +00, and the mapping A : ]H[?,(Tr) — Hg () s bijective.

(i) Formula B : v — —V(V -v) a linear continuous surjective operator is given

B:H>NH' — H,, and ker B = H2.

Let U = H2 x H2 x H,, F = H, x H, x H, are real separable Hilbert spaces
with an orthonormal basis {¢x} and {1y}, respectively. Moreover H, = H,, Let’s

14
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construct operators [24]

I O O —v4d, O O
L= 0 1 0|, M= 0  —vA; -1
0O 0 0 0 B O

Obviously, L, M € L(U; F), and im L = H, x H, x {0}, ker L = {0} x {0} x H,.
Let us introduce into consideration a monotone sequence K = {A\;} € {0} UR,
such that > )\% < +o00. Let us consider Hilbert spaces, which is the completion

k=1
of the linear hull of random K-variables [25]

UkLy = {5 = Mrpr, & € Ly, op € H2 x H2 x Hp} :
k=1

k=1

o0
FxLy = {C = kCrtok, G € Lg, ¥y € Hy x Hy X Hp} :

Lemma 3.2. [24] For any v € R, the operator M is (L,1)- sectorial.

If we set Nw = col(Xf,I1f,0), and f(t) :I/?/K (t), then the reduction of the
problem (0.2), (3.1) to the equation (0.6) finished.

Let the operators L, M, N € L(UgkLsg;FkgLs). Consider a linear stochastic
Sobolev type equation (0.6) with multipoint initial-final value condition (0.7).

Let us call the stochastic K-process n € C!(R; L) (classical) solution of the
equation (0.6), if a.s. all of it trajectories satisfy the equation (0.6) for some K-
"noise” w € C(Ry;Ls) and all t € Ry. Solution n = n(t) to the equation (0.6)
let’s call solution to the problem (0.6), (0.7), if the condition (0.7) is met for some
random K-variables &, € UkLs, £k =0,1 .

It is known [16], [24] that L-spectrum o’ (M) of the operator M has the form
ol (M) = {ux = —vA}. Tt is clear that for such a set one can select contours
v; C C. Let’s construct

> e oepr O O

o i=0,
@) O O
@) 0O 0O

m.

It follows from Lemma 3.2 that under the conditions of this lemma the condition

(A1).

Theorem 3.3. Let the operators L and M be defined as in Lemma 3.2. Then for
any 7; € Ry, j = 1,m, operator N € L(U;F), monotonic sequence K C {A\g} such

that Z A2 < 400, K- "noise” w = w(t) such that (I—Q)Nw € CP* (R, ; UkL,)
k=1

and QNw € C(Ry; UkLs), w(t) :I/?/K (t) and random K-variables §; € UL,
j = 0,m, independent of w, there is a unique solution n € C'(R,; UkL,), problem

15
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.6), (0.7), having the form

m t
n(t) =>_ |U;" 7€ + L QN Wk (t) — S; P; / U7 L' Q;NWk(s)ds | —
=0 g

p
ST HMTNO-Q Wit (), teR,.
q=0
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