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ABSTRACT. This note is devoted to Kazimierz Kuratowski’s contribution to
the theory of hyperspaces. Some modern applications of his results, in par-
ticular, to the theory of absorbing sets in the infinite-dimensional manifolds,
are presented.

“...his personal copy of that book,
the red one, what was it?”

“The Topology of Hyperspace.”
“Right. And he said,

‘It’s too difficult for you ...’ ”

Stanistaw Lem, “Return From The Stars”

1. Introduction

Kazimierz Kuratowski was born in Warsaw, which was then under Russian
occupation, on on 2 February 1896. He learned in a gymnasium with instruction
in Polish and took part in the school strike in 1905 (they struggled for universal
instruction in Polish). The certificate of a Polish gymnasium did not allow for
education at a university, therefore Kuratowski obtained his maturity certificate
in Moscow.

He started a course of studies at the University of Warsaw during World War I
(which was allowed by Germans; the Russians just relocated the Imperial Univer-
sity of Warsaw to Rostov-on-Don). He got his PhD already in the Second Republic
of Poland. During 1927-34 Kuratowski was a professor of the important General
Faculty of the Lvov Polytechnic School, where, among others, he supervised Sta-
nistaw Ulam. He belonged to the famous group of Polish mathematicians that met
in the Scottish café in Lvov.

He returned to Warsaw in 1934 and was active as a professor and an organizer of
scientific life until 1939. During the war Kuratowski took part in the activities of
the clandestine university and clandestine education. After the war his activities
were based in a different reality: the universities of Lvov and Vilnius were outside
of Poland, which was in the sphere of influence of the Soviet Union. Kuratowski
made a great contribution in rebuilding mathematical life in Poland. In particular,
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he was the Editor-in-Chief of the “Fundamenta mathematicae”, published the
influential two-volume treatise “Topology”.

More information about K.Kuratowski can be found in [12].

Several mathematical notions and results are named after Kuratowski, in par-
ticular, Kuratowski closure axioms, Kuratowski-Zorn lemma, Kuratowski’s planar
graph theorem, Tarski-Kuratowski algorithm, Kuratowski’s 14 set theorem, Kura-
towski convergence etc.

The present note is devoted to Kuratowski’s contribution to the topology of
hyperspaces; we focus on some modern applications of his results. The paper is
partially based on the author’s talk on the International conference dedicated to
120th anniversary of K. Kuratowski (Lviv, 2016).

2. Preliminaries

Let X be a topological space. By exp X we denote the set of all nonempty
compact subsets in X. A base of the Vietoris topology in exp X is formed by the
sets of the form

(Ul,...7Un>:{AEeXpX|ACU?:1Ul—, AOUZ#(ZL izl,...,n},

where Uy, ..., U, are open subsets in X. The obtained topological space exp X
(sometimes also denoted by 2%) is called the hyperspace of X or, more precisely,
the hyperspace of compact subsets in X. Some other hyperspaces, e.g., the hyper-
spaces of closed, finite etc. subsets, are also considered.

If (X,d) is a metric space, the Vietoris topology on exp X is induced by the
Hausdorfl metric dg:

dy(A,B) =inf{r >0| AC O,(B), BC O,(A)}.
Let I = [0,1]. The Hilbert cube @ is the countable power of I, Q = I*. A

(Q-manifold is a manifold modeled on the Hilbert cube @), i.e., a metrizable space
locally homeomorphic to Q). The pseudoboundary of the Hilbert cube is the set

B(Q) = {(z;) | z; € {0,1}, for some j € N}.

The space B(Q) is known to be homeomorphic to the linear hull ¥ of the standard
Hilbert cube in the Hilbert space £2. One can find more necessary information
concerning the topology of infinite-dimensional manifolds in the books [3, 10, 28].

A metrizable space X is called an absolute neighborhood retract (ANR-space)
if for any closed embedding of X into a metrizable space Y there is a neighborhood
U of i(X) such that i(X) is a retract of U. See, e.g., [5, 18, 28] for backgrounds
of the theory of retracts.

3. Kuratowski convergence
Given a sequence (A,,) of closed subsets in a metric space (X, d), its limit inferior
(resp. limit superior) is defined as follows:
Lip—oodpn = {z € X | lim sup d(z, A,) =0}

n—oo

(resp.
Lsp—oodn = {z € X | lim inf d(z, A,) = 0}).
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If A=Li,—00dn = Ls,o0An, then A is called the Kuratowski limit of (A4,,).
In [26], Kuratowski mentioned P. Painlevé who defined the limit inferior and limit
superior (note that the term Painlevé-Kuratowski convergence is also used). Some
simple properties of the the limit inferior and limit superior were established in
[20]. In [26], some applications of the Kuratowski limit to the semi-continuous
decompositions of topological spaces are given.

The Kuratowski convergence plays an important role in different areas of math-
ematics. It is compatible with the Fell topology on the hyperspaces of closed sets
[13]. Also, in general, the Kuratowski convergence is weaker than convergence in
Vietoris topology (Hausdorff metric). However, it is compactible with the Vietoris
topology (Hausdorff metric) in the case of compact metric space.

Among the numerous applications of the Kuratowski convergence we mention
[2]: here, the epi-convergence of functions is described in terms of Kuratowski
convergence of the level sets.

An analogue of Painlevé-Kuratowski convergence for sequences of closed con-
vex sets in a Banach space as well as sequences of lower semicontinuous convex
functions (identified with their epigraphs) is introduced by Mosco [29]. The Mosco
convergence is widely used in non-linear analysis.

4. Applications to the topology of infinite-dimensional manifolds

Bestvina and Mogilski [4] created a powerful method of absorbing sets in the
Hilbert manifolds and @?-manifolds. This method found numerous applications for
recognizing some classes of infinite-dimensional manifolds in the hyperspaces.

Let C'(X) denote the hyperspace of all nonempty subcontinua of a metric space
X. Let L(X) denote the subspace of C(X) consisting of all nonempty Peano
continua (locally connected continua). Kuratowski [19] proved that the hyperspace
L(X) is an F,s-subset in X. The main result of [17] (announced in [16]) states
that the hyperspace L(R™), n > 3, is homeomorphic to X¢.

It is also proved in [19] that the set of convergent sequences is Fys in the hy-
perspace of compact sets. Note that [19] is cited in [9], where the hyperspaces of
ANR-spaces are investigated from the point of view of infinite-dimensional topol-
ogy.

It is shown in [20] that the hyperspace a(M) of (simple) arcs is an F,s-subset
in C(X). R. Cauty [6] characterized the topology of this hyperspace as follows:
a(M) is homeomorphic to the space M x X¢.

Let dim denote the covering dimension. Theorem IV.45.4 of [21] states that the
hyperspace of compacta X with dim X < n (denoted dim<,,(2%)) is an absolute
Gs-set (equivalently: a Gs-subset of 29).

Using this result R. Cauty [8] described the topology of the sequences

{dims,, (2%)}22, and {dims,41(C(X))},,

for any Peano continuum X satisfying the property: every nonempty subset of X
contains compacta of arbitrary dimension. Both the sequences are homeomorphic
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to the following sequence:

00 oo k 0
(HQi,Bl X HQ“’HBZ X H Qi7...),
i=1 i=2 i=1 i=k+1
where Q; = @ and B; = B for every i. This result is a generalization of some results
of H. Gladdines [14, 15]. Dobrowolski and Rubin [11] applied similar arguments
to the case of cohomological dimension.

5. Miscellanea

Let ANR(Z) denote the hyperspace of all ANR-subspaces of a space Z. In
[25], a complete metric on the hyperspace ANR(Z) is constructed for the case of
finite-dimensional complete metric space Z. In the same paper, a complete metric
is constructed on another hyperspaces, namely, LC"(Z) of locally homotopically
n-connected subsets of Z and 1¢"(Z) of locally homologically n-connected subsets
of Z.

Given a subset A of the segment I = [0,1], let N4 denote the subset in 27
consisting of all closed neighborhoods of A. Banach and Kuratowski [1] showed
that if A is an analytic subset of I neither dense nor Borelian, then A4 is a
coanalytic space which is not Borelian. R. Cauty [7] proved a stronger result. Let
D denote the set of all differentiable functions on I.

Theorem 5.1. Let A be an analytic subset of I which is neither dense nor F.
Then N4 is homeomorphic to D.

In the paper [20], multivalued maps with closed point images are considered. It
is proved, in particular, that the semi-continuous maps are of the 1st Baire class.
As a consequence, the set of discontinuity points of a map is an Fj,-set of the 1st
category.

Some results concern the notion of upper semi-continuous map. Recall that a
map is upper semi-continuous if and only if its graph is closed.

(1) The union of two upper semi-continuous functions is upper semi-continu-
ous.

(2) The inverse of a continuous map is upper semi-continuous.

(3) (Non-empty) intersection of sets an upper semi-continuous operation.

It is also proved in [20] that the boundary and the derivative operations are of
the 2nd Baire class and, in general, are not of the 1st class.

A continuum X is called uni-coherent if for any decomposition X = A U B,
where A, B are closed connected, the set A N B is also connected. It is proved in
[20] that the family of all uni-coherent continua is Gs. Also, it is proved that the
family of continua whose every subcontinuum is uni-coherent, is Gs. The latter
result allows for proving that the family of dendrites is Fs.

In the paper [23], monotone families in hyperspaces are considered. Some ap-
plications to the theory of connected spaces are given.

The paper [24] contains some selection theorems for the set-valued maps. As
a special case of the main result, the following result of Kuratowski and Ryll-
Nardzewski [27] can be obtained.
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Theorem 5.2. For each Polish space X there is a choice-function 2% — X of the
first Baire class.

The latter selection theorem has many applications in mathematical economics

and optimal control.
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