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NEW SUBCLASS OF ANALYTIC FUNCTIONS WITH
NEGATIVE COEFFICIENTS DEFINED BY MITTAG- LEFFLER
FUNCTION

PASUNOORI SRINIVASULU AND V.SRINIVAS

ABSTRACT. In this work, we introduce and study a new subclass of analytic
functions defined by a differential operator and obtained coefficient estimates,
growth and distortion theorems, radii of starlikeness, convexity and close-to-
convexity are obtained. Furthermore, we obtained integral means inequalities
for the function.
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1. Introduction

Let A denote the class of analytic functions f defined on the unit disk U = {z :
|z| < 1} with normalization f(0) = 0 and f/(0) = 1. Such a function has the
Taylor series expansion about the origin in the form

f(z) :z—i—Zanz”, (1.1)

denoted by S, the subclass of A consisting of functions that are univalent in U.
For f € A given by and g(z) given by

9(z) =z + Z by 2"
n=2
their convolution (or Hadamard product), denoted by (f * g), is defined as
(f*9)(2) =2+ ) anbuz" = (g% f)(2) (z€U).
n=2
Denote by T' the subclass of A consisting of functions f of the form
(o)
f(z) zz—Zanz”, (1.2)
n=2
This subclass was introduced and studied by Silverman[5] .
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The following defines the familiar Mittag-Leffler function E,(z) introduced by
Mittag- LefHler [3] and its generalization E, -(z) introduced by Wiman [9 ].

o0

Eu(2) = 7;) I'(un+1)

and

o Zn
Eor(2) =) F—m
= I'lon+7)

where v, 7 € C,R(v) > 0 and R(7) > 0.
We define the function Q. -(z) by

Quvr(2) =2(T)E, +(2).
Now, for f € A, we define the following differential operator®y (v, 7)f : A — A
by
DY(v, 7)f(2) = f(2)* Qur(2)
D3 (v, ) f(2) = (1= N(f(2) * Qur(2)) + Az(f(2) * Qu,r(2))

DN (v, 7)f(2) =D} (O (v,7) f(2))
If f is given by (1.1) then from the definition of the operator DY f it is easy to
see that

DV (v, 7)f(2) =2+ Y on (A v, T)an" (1.3)
where U L t: BN .
¢77( 7U’T)_F(U(’/]*1)+T) n ) N ( N )

Note that

(1) when v =0 and 7 = 1, we get Al-Oboudi operator [1 ].
(2) when v =0,7 =1 and A =1, we get Salagean operator [5 |.
(3) when m = 0, we get E,, -(z), Srivastava et al. [9]. .

If f € T is given by then we have

DN, T)f(2) = 2 = Y O (A v, T)ay2"
n=2

Now, by making use of the differential operator DY (v, 7) f, we define a new subclass
of functions belonging to the class A.
In this paper , using the operator ®%' (v, 7) f(z), we define the following new class
motivated by
Murugusunderamoorthy and Magesh [4].
Definition 1. The function f(z) of the form (1.1) is in the class ST (u,v,s) if it
satisfies the inequality

2 (07 (v,7) [ (2))
R _
e{u—uw+uwwuﬂfw> ”}>§
for0<A<0,0<y<1landg¢>0.

207 (v,7) f (2)
(1~ )z + w3 (v,7) f (2)

-1
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Further we define T'SY* (i, 7,¢) = ST (i, v,5) NT.
The aim of this paper is to study the coefficient bounds , radii of close-to-convex
and starlikeness

convex linear combinations for the class T'SY* (i, v, <) Furthermore, we obtained
integral means inequalities for the functions in T'ST"(u, 7, ).

Theorem 1: A function f(z) of the form (1.1) is in ST* (i, 7, <)

oo

D (1 +¢) = p(y +916p (A, 7) lan| <1y (1.5)

n=2
where 0 < < 1,0 <y < 1,6 >0 and ¢;'(\, v, 7)) is given by (1.4).
Proof: It suffices to show that
g eouE) | g eoue) ),
(L= )2 + D} (0, 7) u (2) (L= )2 + 0§ (0, 7) u (2)
‘We have

20F (0 )u)
(1= p)z+ pDY (v, 7) u(2)

_Re{ 2 (D% (v.7) u(2) _1}

(1= p)z+ pbY (v, 7) u(2)

2 (07 (v, 7) u(2)
(1= p)z + pdY (v, 7) u (2)
S (n— mem (v, 7) lan| 2"
<(1+¢)" =2
L= 3 o o) o |2

-1

<(1+9)

S (n— wol (A, v,7) an]
<(1+46)=2—
1- 2232 M(b:yn ()‘71}; T) |an|

The last expression is bounded above by (1 — ~) if

oo

D (1 +<) = ply +9lgy (A0, 7) lan| <17

n=2
and the proof is complete.
Theorem 2: Let 0 < < 1,0 <~ < land ¢ > 0 then a function f of the form
(1.2) to be in the class T'ST*(u, v, ) if and only if

o0

D (1 +9) = p(y + 9oy (\v,7) <1 -7 (1.6)

n=2

where ¢;* (A, v,7) are given by (1.4).

Proof: In view of Theorem 1, we need only to prove the necessity. If f €
TST(1,7,s) and z is real then
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[ee] [ee]
L= nép (Av,7) apz" ! > (n—p)ort (AN v, 7) anz" 1
n=2 n=2
Re ) -7 > < 0
L= 37 pdp (A v, 7) anz"=t L= > pop (A0, 7) anz"1
n=2 n=2
Letting z — 1 along the real axis, we obtain the desired inequality
D (1 +¢) = p(y +9lep (A v, 7) |an| <1 -7,
n=2

where 0 < <1,0<vy<1,¢>0and ¢;'(A,v,7) are given by (1.4).
Corollary 1. If f(z) € TSV (1,7,<), then

11—~
[TL(]. + §) - /1'(’7 + g)}gﬁ:}n ()‘a v, T)

where 0 < pu <1,0<vy<1,¢>0and ¢;'(\ v,7) are given by (1.4). Equality
holds for the function

(1.7)

la,| <

=z 1-7 P
1= (1 +<) — ply+)lor (A v, )"~ (1.8)

Theorem 3. Let
fi(z) = z and

=z— 17 z".n
R T o s R

Then f(z) € T'ST (1, 7,5), if and only if it can be expressed in the form

n=1 n=1

Proof. Suppose f(z) can be written as in (1.10).Then

1—7 n
y=z-— E wn z".
n(l+¢) —ply +9)|op (A v,7)
Now,

(=) +<) = puly+ Do (A >
;w"(l—v)[n(lﬂ) u(y + Dom (A Z

Thus f(z) € TSV (u,7,s). Conversely , let us have f(z) € TSV (u,~,s). Then by
using (1.7) , we get

—1—w1<1

[n(1+<) —p(y + DIo7 (A0, 7)
(1=7)
and w1 = 1 — > 7, wy,.Then we have f(z) = Y77 w,fn(2) and hence this
completes the proof of Theorem.

Theorem 4. The class T'S{" (11,7, <)is a convex set.
Proof. Let fj(z) =2z—> 0" ya,2"an; >0, j =12

Wy, = Ap,n > 2

(1.10)
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be in the class T'ST (11, ,s) . It sufficient to show that the function h(z) defined
by

h(z) = €f1(z) + (1 =) f2(2),0 <€ < 1,
is in the class T'SY" (i, 7, ). Since

oo

h(z)=z— Z [Ean1+ (1 —&)an2] 2",

n=2

An easy compution with the aid of of Theorem 2, gives

> n(146)—u(y )] £6) (A0, T) ana + Y [n(14¢)—p(v+<)] (1=E)ep" (A, v, T) an,zl
<El-7+A-8H1—-7)
S (1 - 7)7

which implies that h € TS (,7,5).

Hence T'SY* (i, ,) is convex.

Next we obtain the radii of close —to-convexity ,starlikeness and convexity for the
classT ST (1, 7,S) -

Theorem 5. Let the function f(z)defined by (1.2) belong to the class T'SY* (1, v, <).Then]
f(z) is close-to-convex of order 6 (0 < ¢ < 1) in the disc |z| < ry, where

1
g [LZ D1+ ) — ply +l0f (v) ]
L) n(l —~)

n>2. (1.11)

The result is sharp, with the extremal function f(z) is given by (1.8)

Proof. Given f € T, and f is close-to-convex of order 4, we have
If'(z)—1l<1-6 (1.12)

For the left hand side of (1.12) we have

1f'(z) =11 < nan 2"
n=2

The last expression is less than 1 — ¢

o0

n n—1
Z 5 2| <1

n=2

Using the fact, that f(z) € T.ST(u,7,)if and only if

X [n(1 <) = p(y +9)]on (N v, 7)
2 (1=7)

a‘ﬂgl

)

n=2

We can (1.12) is true if

LU (1 +¢) — puly + <)oy (A v, 7)
1-46 - (1=7)
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or, equivalently,

1
(1 =&)L +<) —u(y +))¢r (Ao, 7)| m—1
1< { n(—) }

which completes the proof.

Theorem 6. Let the function f(z)defined by (1.3) belong to the class T'SY"(u
77,5). Then f(z) is starlike of order of order ¢ (0 < § < 1) in the disc |z| < rq,

where

1
[T +6) — uly + loy (A7) 1P
ro = inf (1.13)
n>2 (n=208)(1—7)
The result is sharp,with extremal function f(z) is given by (1.8).
Proof. Given f €T, and f is starlike of order §, we have
2f'(2)
-1 <1-¢ 1.14
) -

For the left hand side of (1.14) we have

2f'(2) B ‘ > (n—1ay, |Z|n_1
f(z) 1 S nz:; 1— ZZOZQ an |Z‘n—1

The last expression is less than 1- if

“n—24
- n—1
E —an, < 1.

Using the fact that f(z) € TSV (u,~,s) if and if

X [n(14<) = p(y +9)]on (N v, 7)
2 (1-1) an = b

n=2
We can say (1.14) is true if
i n—0o LT < [n(1+¢) — ply +9)on (A, v, 7)
1-46 - (1=2)

n=2
or equilently
(1 =0)[n(1+¢) —puly + 9oy (A v,7)

(n—=6)(1-7)

which yields the starlikeness of the family.
Integral Means Inequalities
In [6], Silverman found that the function fo(z) = z — z—; is often extremal over
the family 7. He applied this function to resolve his integral means inequality
conjuctured [7] and settled in [8], that

27 ) 27 )
| lseen ao< [ ey ag.
0 0

forall feT, n>0and 0<r < 1. In [6], he also proved his conjucture for the
subclasses
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T*(«) and C(«) of T.

Now, we prove Silverman ‘s conjecture for the class of functions T'SY*(u,7,)..
We need the concept of subordination between analytic functions and a subordi-
nation

theorem of Littlewood [2].

Two functions f and g, which are analytic in F, the function f is said to be
subordinate to g in E if there exists a function w analytic in E with

w(0) =0, |lw(z)| <1, (# € E) Such that f(z) = g(w(z)), ( € E).

We denote this subordination by f(z) < g(z). ( <denotes subordination).
Lemma 1. If the functions fand gare analytic in F with f(z) < g(z),then for
n > 0andz =re®? 0 <r < 1,

2m 2m
/ |g(re?)|" dp < / |f(re'®)|" dy
0 0
Now, we discuss the integral means inequalities for functions f in T'ST*(u,~,s).
2 27
|l ap < [ || de
0 0

Theorem 7. Let f € TST(11,7,5),0<p<1,0<v <1, and fo(z)be defined by
-~ 2

folz) =2 — —————2 (1.15)
P2(A,m, 1,6, 7)
Proof. For f(z) =z —> 7" ,a,2", (1.15) is equivalent to
2 o n 2 n
L
1-— anz" "t dp < / 1l—— 2| dp
A 1;2 0 ()02()‘7m7/~l“a§77)
By Lemma 1, it is enough to prove that
1-) a2 t<1—-—nr
,;2 " w2(Am, 1,6, 7)
Assuming
1- an2" <1 - ———_w(z),
;::2 p2(A,m, 11, <,7)
and using (1.6) we obtain
(o) o0
Pa(Am, 1,6, y) pa(Am, 11,6, 7)
w(z)] = Z#anz < |Z|ZT% < |4

n=2 n=2

where @, (A, m, p1,6,7) = [n(1 +<) — p(y + <)o (A, v, 7)

This completes the proof.
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