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SOME APPLICATIONS OF UNIFORMLY CONVEX FUNCTIONS
WITH NEGATIVE COEFFICIENTS DEFINED BY FRACTIONAL
CALCULUS OPERATOR

SANTOSH V. NAKADE, RAJKUMAR. N. INGLE, AND P.THIRUPATHI REDDY

ABSTRACT. In this paper, we introduce a new subclass of uniformly con-
vex functions with negative coefficients defined by fractional calculus opera-
tor. We obtain the coefficient bounds, growth distortion properties, extreme
points and radii of close-to-convexity, starlikeness and convexity for func-
tions belonging to the class T'S(v, g, u). Furthermore, we obtained modified
Hadamard product, convolution and integral operators for this class.

1. Introduction

Let A denote the class of all functions u(z) of the form
u(z) :z+Zanz" (1.1)
n=2

in the open unit disc E = {z € C: |z] < 1}. Let S be the subclass of A consisting of
univalent functions and satisfy the following usual normalization condition u(0) =
uw'(0) —1 = 0. We denote by S the subclass of A consisting of functions u(z)
which are all univalent in E. A function u € A is a starlike function of the order
v,0 <wv < 1, if it satisfy

R { Z;‘(S) } >, (2 € B). (1.2)

We denote this class with S*(v) .
A function u € A is a convex function of the order v,0 < v < 1, if it satisfy

R {1 + ZZ(S)} >, (z € E). (1.3)

We denote this class with K (v).
Let T denote the class of functions analytic in E that are of the form

u(z) =2-Y ayz", (ay >0, z € E) (1.4)
n=2
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and let T*(v) = TN S*(v), C(v) =T N K(v). The class T*(v) and allied classes
possess some interesting properties and have been extensively studied by Silverman
[13] and others.
A function v € A is said to be in the class of uniformly convex functions of
order v and type g, denoted by UCV (g, %), if
zu'’(2)

zu’(2)
Rl —

{*'w@> ”}> w(z)
where 0 > 0,v € [-1,1) and o+~ > 0 and it is said to be in the class corresponding
class denoted by SP(p,7), if

zu'(z)

zu’(2)
SR elEe
where 90 > 0,7 € [-1,1) and o+ > 0. Indeed it follows from (1.5) and (1.6) that
u e UCV(y,0) & 2u’ € SP(7,0). (1.7)

For o = 0, we get respectively, the classes K(v) and S*(v). The function of
the class UCV (1,0) = UCV are called uniformly convex functions, were intro-
duced and studied by Goodman with geometric interpretation in [2]. The class
SP(1,0) = SP is defined by Ronning [9]. The classes UCV (1,7) = UCV (y)
and SP(1,v) = SP(vy) are investigated by Ronning in [8]. For v = 0, the classes
UCV(p,0) = o—UCV and SP(p,0) = 9 — SP are defined respectively, by Kanas
and Wisniowska in [3, 4].

Further, Murugusundarmoorthy and Magesh [6], Santosh et al. [11], and Thiru-
pathi Reddy and Venkateswarlu [16] have studied and investigated interesting
properties for the classes UCV (p,v) and SP(p,7).

For u € A given by (1.4) and g(z) given by

g(z2) =2+ byz" (1.8)

-1

: (1.6)

their convolution (or Hadamard product), denoted by (u * g), is defined as
(uxg)(z) ZZ—I—Zanbnz" =(gx*xu)(z) (2 € E). (1.9
n=2

Note that u * g € A.

Many essentially equivalent definitions of fractional calculus have been given in
the literature ((cf.)e.g.,[12] and ([15], p. 45) ). We state the following definitions
due to Owa and Srivastava [7] which have been used rather frequently in the theory
of analytic functions (see also [5]).

Definition 1.1. The fractional integral of order p is defined, for a function w(z)

» by
- L~ f©
D Fu(z) = / d¢, (>0 1.10
D=6 )y G W20 (110
and the fractional derivative of order p is defined, for a function u(z) , by
1L d [* [
Dtu(z) = / ¢, 0<u<1 1.11
6= Fr s | T 0<u< (111)
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where u(z) is an analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z — ¢)*~! involved in (1.10) (and
that of (2 — ¢)™* involved in (1.11) is removed by requiring log(z — () to be real
when (z — ¢) > 0.

Definition 1.2. Under the hypotheses of Definition ??, the fractional derivative
of order n + p is defined by

DI thy(z) = jz—anu(z), (0<pu<1l;neNy=NU{0}). (1.12)

With the aid of the above definitions, Owa and Srivastava [7] defined the fractional
operator J by

jz“u(z) :F(2—IU)Z#D§U(Z), (M?é 27374"") (113>

for functions (1.1) belonging to the class A.

Tru(z) = 24> d(p,m)ayz" (1.14)
where ¢(u,n) = F(g(: Uig;)“) (1.15)
and 6(2) = 5=

Now, by making use of the linear operator J*u, we define a new subclass of
functions belonging to the class A.

Definition 1.3. For —1 < v < 1 and ¢ > 0, we let T'S(v, 9, 1) be the subclass of
A consisting of functions of the form (1.4) and satisfying the analytic criterion

() V[T
%{ Tru(2) }29 T5ul2)

- 1‘, (1.16)

for z € E.

By suitably specializing the values of p and s, the class T'S(v, 0, ) can be
reduces to the class studied earlier by Ronning [8, 9]. The main object of the
paper is to study some usual properties of the geometric function theory such as
coefficient bounds, distortion properties, extreme points, radii of starlikness and
convexity, Hadamard product and convolution and integral operators for the class.

2. Coefficient bounds

In this section, we obtain a necessary and sufficient condition for function u(z)
is in the class T'S(v, o, p).

We employ the technique adopted by Aglan et al. [1] to find the coefficient
estimates for our class.
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Theorem 2.1. The function u defined by (1.4) is in the class T'S(v, 0, ) if

oo

> (1 +0) = (v + o) é(p, m)lay| <1 -, (2.1)

n=2

where —1 < v < 1,0 > 0. The result is sharp.

Proof. We have f € T'S(v, g, 1) if and only if the condition (1.16) satisfied. Upon
the fact that

R(w) > olw — 1| + v < R{w(1l + ge®) — pe?} > v, —7 <0 <.
Equation (1.16) may be written as
2(JTHu(z)) i0 i0
z 1 (1 _ (1
§ﬁ‘:{ TFu(2) (1+ 0e™) — ge

o J 2 (TEu(2))'1 + 0e) — 0e Tu(2)
= 8%{ Tu(2) } > . (2.2)

Now, we let
A(z) = 2(TFul(2))'1 + 0e”) — 0e™ THu(z)
B(z) = Jlu(z).
Then (2.2) is equivalent to
|A(z) + (1 —v)B(z)| > |A(z) — (1 +v)B(z)|, for 0 <wv < 1.

For A(z) and B(z) as above, we have

oo

[A(z) + (1 =0)B(2)] = (2= )|z = Y _[n+1 =+ o(n — 1)]é(u,n)lay||="]
n=2
and similarly
[A(z) = (1 +0)B(2)] < vlzl = Y [0 =1 = v+ o(n = D](u,n)lay||="|-
n=2

Therefore
|A(2) + (1 = v)B(2)| — |A(2) — (1 +v)B(2)|

> 2(1-v) =2 [n—v+o(n—lé(u,n)lay)

or Y [n—v+o(n—1)](u,n)lay| < (1 -v),
n=2
which yields (2.1).
On the other hand, we must have
ECAR

0\ if
Tu(2) (14 0e*) — e }Zv.
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Upon choosing the values of z on the positive real axis where 0 = |z| = r < 1, the
above inequality reduces to

(1= v)r — 3 [ — v+ e — V], n)lay| 7
R =2 > 0.

2= 3 ¢(um)lag| -
n=2

Since R(—e?) > —|e?| = —1, the above inequality reduces to
(1 —v)r = 3 [n—v+o(n—D)o(w,n)lay| r
R =2 > 0.
2= 2 o n)lag] 1
fm

Letting » — 17, we get the desired result. Finally the result is sharp with the
extremal function u given by

1—v "
B G Sy oy P TS 23)

3. Growth and Distortion Theorems

Theorem 3.1. Let the function u defined by (1.4) be in the class T'S(v, o, ).
Then for |z| = r

_ 1-wv 2 o 1—wv 2 (31
TTwrne vroemy MO eEne v ey Y
FEquality holds for the function
1—w 9
u(z) =2z — z°. (3.2)

m+1)(2—v+0)o(u,2)

Proof. We only prove the right hand side inequality in (3.1) ince the other in-
equality can be justified using similar arguments. In view of Theorem 2.1, we
have

oo

1—wv
;'a"‘ = m+1)2-v+0)(1,2)

25



S.V. NAKADE, R. N. INGLE, AND P. T. REDDY

Since ,
o0
u(z) =z — Z anz"
n=2
oo
zZ— Z anz"
n=2
oo
ST+ Z |an|r"
n=2

(oo}
< T+TZZ|G,,7|
n=2

lu(z) =

> 1-wv 9
ST G e ey

which yields the right hand side inequality of (3.1).

]

Next, by using the same technique as in proof of Theorem 3.1, we give the

distortion result.

Theorem 3.2. Let the function u defined by (1.4) be in the class T'S(v, o, ).

Then for |z| = r

2(1 —v)

2(1 —
1- r<|d(z) <1+ (1-v)

n+1)2—v+0)o(p2)
Equality holds for the function given by (3.2).

Theorem 3.3. If u € T'S(v, 0, ) then u € TS(y), where

(n—1)(1 —v)
(1 +0) — (v+0)lé(p,n) — (1 —v)
Equality holds for the function given by (3.2).

y=1-

Proof. Tt is sufficient to show that (2.1) implies

o0

D =g <1-7,
n=2
that is
=7 o m+0) — W+ o)ldlp,n)
1—y = (1-v) ’
then
vl (-1 -v)

(1 +0) — (v + 0)lp(p,n) — (1 —v)’

The above inequality holds true for n € Ng,n > 2,0 >0and 0 <wv < 1.
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4. Extreme points
Theorem 4.1. Let u1(z) = z and
1-v

RS A P e s Yo (4.1)

form =2,3,---. Then u(z) € TS(v, 0, 1) if and only if u(z) can be expressed in
the form u(z) = 3 (yun(z), where ¢, >0 and Y ¢, = 1.
n=1 n=1

Proof. Suppose u(z) can be expressed as in (4.1). Then
Z Cnun Clul + Z Cnun(z)
n=2

1—w n
:<1u1(z)+nZCn {Z— e+ 1) —(v+oldlmn) }

00 1—v n
=C1Z+ZC77 ch{ (o+1)— (v+9)]¢(u’77)z}

1—wv "
_Z_ZC"{ (o+1)— (v+9)]¢(w7)z}'
Thus

ZC" (er o= ramem) ()

:chzzjgn—cl:l—clg.
n=2

n=1

So, by Theorem 2.1, u € T'S(v, g, ).
Conversely, we suppose u € T'S(v, g, pt). Since

0l € G s e "2
We may set
¢ = (e +1) —1(f ;L )l (k1) lay], 7 > 2
and ¢ = 1 — ni_ojz ¢, Then 0
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1—v
=z- Za,,z" T ZC” nie+1) — (v+ e))]czﬁ(um)z?7
=z- ZCn['Z —up(2)] =z — ZCWZ + chun(z)
— n=2 n=2
= Gui(z) + ZCVIUW ZC’IUW(Z)
n=1

Corollary 4.2. The extreme points of T'S(v, o, ) are the functions
ui(z) = z and
1—-w

B Y P B s s A e

5. Radii of Close-to-convexity, Starlikeness and Convexity

A function u € T'S(v, g, ) is said to be close-to-convex of order ¢ if it satisfies
R{u'(2)} >6, (0<d<1; z€E).
Also A function u € T'S(v, o, ) is said to be starlike of order ¢ if it satisfies

!/

afe{z“(z)}>5, (0<6<1; 2€E).
u(z)

Further a function u € T'S(v, o, ) is said to be convex of order ¢ if and only if

zu/(z) is starlike of order § that is if

2u'(z) .
?R{1+ ) }>6, (0<d<1; z€E).

Theorem 5.1. Let uw € T'S(v, 0, ). Then u is close-to-convex of order ¢ in |z| <
Ry, where

R1 = inf |:
k>2

(1=0)n(1+ o) — (v + o)k, n)} mt
n(1—w)
The result is sharp with the extremal function u is given by (2.3).

Proof. Tt is sufficient to show that |u'(z) — 1] <1 -, for |z| < R;. We have

Zna 211 <Zna |21,

W'(2) = 1| =

Thus |[uv/'(z) — 1] <1 -4 if
o) n B
> sl < 1. (5.1)
n=2

But Theorem 2.1 confirms that

oo

> [(e+1) 71(5 : ot n) |an| < 1. (5.2)

n=2
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Hence (5.1) will be true if

nlz" _ Ine+ 1) — (v+ 0)]é(p,m)
1-6 — 1—w '

We obtain

(1 =901 +0) — (v+o)o(u,mn)]"*
i< | a(i—v) |

as required. O

Theorem 5.2. Let u € TS(v,0,1). Then u is starlike of order ¢ in |z| < Ra,

where
1

[(1 —0)nl+o) —(v+ @)kﬁ(u,n)} nt
(n = 0)(1 =)

The result is sharp with the extremal function u is given by (2.3).

Rg = inf
k>2

Proof. We must show that ZZES) —1| <1—4¢, for |z] < Ry. We have
oo
= > (1= Dayz""!
2 (2) 1' | oa=
u(z) 1-— io: anzn~1
n=2
> (n = Dlay|l2|"
<=
1= 3 fay[l27=1
n=2
<1-6. (5.3)

Hence (5.3) holds true if

S Dlay|lz"" < (1-5) <1Z|an||z|“>

n=2

or equivalently,

d

> = - |an\|z|77 L<. (5.4)

n=2
Hence, by using (5.2) and (5.4) will be true if

77;5|Z|77—1 < le+1) = (v+ 0)](n,n)

1-6 - 1—v
(1= 9 +0) = v+ )]o(usm) ] ™
= |z < ,n>2
. (= 0)1— )
which completes the proof. (I
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By usmg the same technique in the proof of Theorem 5.2, we can show that
zuz) _ 1‘ <1-4, for |z| < R3, with the aid of Theorem 2.1. Thus we have the

u’(z)
assertion of the following Theorem 5.3.

Theorem 5.3. Let u € TS(v,0,1). Then u is conver of order ¢ in |z| < Ra,
where

(1=9)n+0) = (v+o)]d(u,n)]" "
n(n—46)(1—w)

The result is sharp with the extremal function u is given by (2.3).

Rg = inf |:

k>2

6. Inclusion theorem involving modified Hadamard products

For functions
2)=z- lan;|2", j=1,2 (6.1)
n=2

in the class A, we define the modified Hadamard product uy * uz(z) of ui(z) and
uz(z) given by

uy * ug(z —Z—Z\an1||an2|z

We can prove the following.

Theorem 6.1. Let the function u;, j = 1,2, given by (6.1) be in the class

TS (v, 0, ) respectively. Then uy * uz(2) € TS(v, 0, 1, &), where

B (1—wv)?
M+1D2-v)2-v+o)(1+A)—-(1—-v)?

Proof. Employing the technique used earlier by Schild and Silverman [10], we need
to find the largest £ such that

&=

o0 _ _ 1 ,
3 [n—¢&+ an—g o1, m)

|ay,1]|ay2| < 1.
n=2

Since u; € T'S(v, 0, 1), j =1,2 then we have

o 101+ 0) — (v + 06 (. m)
772277 0 151)19 Mn‘an,llgl
and Z 1+Q Ujg)kﬁ(u,n)‘an,ﬂ < 1’

by the Cauchy-Schwartz inequality, we have

i (n(1+ o) fl(ijjg)]cb(u,n) . 1la2] < 1.

n=2
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Thus it is sufficient to show that

n—&+ an_gl)]qﬁ(u, n) |an 1]an.|

< WL =0T DO fe oyl 022

that is

‘a Ha |<(1—§)[77(1+Q)—(U+Q)]
P =T €+ oln - 1)]

Note that

lanallanal < 1-v) .
T (14 0) — (v + 0)]o(u,n)

Consequently, we need only to prove that

(L —v) (1= +0) — (v +0)]
M1+ 0)— (v+0)]P(u,n) = 1—v)[n— €+ o(n—1)] , N> 2,

or, equivalently, that

(n—1)(1+ 0)(1 —v)?
(1 +0) — (v+0)Pé(u,n) — (1 —v)

Eél_ 27T]Z2~

Since

Al —1 - m-DOTI0-v

(1 +0) — (v+0)]2¢(k,n) — (1 —v)

is an increasing function of n,n > 2, letting n = 2 in last equation, we obtain

(1+0)(1 —v)?
2 — v+ o2p(u,m) — (1 —v)?

Finally, by taking the function given by (3.2), we can see that the result is sharp.
|

E<AQ2) =1-

7. Convolution and Integral Operators

Let u(z) be defined by (1.4) and suppose that g(z) = z — >_ |by|2". Then,the
n=2
Hadamard product (or convolution) of u(z) and g(z) defined here by

u(z) x g(2) =uxg(z) =z = lay|[byl2".

Theorem 7.1. Let u € TS(v,0,p) and g(z) =z — Y |by|2",0 < |by| < 1. Then
n=2

uxg €TS(v,0,u).
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Proof. In view of Theorem 2.1, we have

o0

> (1 +0) = (v + 0)¢(1 m)lay|lby]

n=2

<D (1 +0) = (v + 0)]|é(u,n)|ay|
n=2

<(1—-w).
O

Theorem 7.2. Let u € TS(v, 0, 1) and a be real number such that « > —1. Then
z

the function F(z) = O‘Z—fyl Jt*"tu(t)dt also belongs to the class T'S(v, o, ).
0

Proof. From the representation of F(z), it follows that

> a+1
F(z)=2z— Ap|2", where A, = | —— | |ay]-
(=23 = (55 o
Since a > —1, than 0 < A,; < |a,|. Which in view of Theorem 2.1, F' € T'S(v, o, 11).
U
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