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ABSTRACT. In present paper, we defined the generalized ¢ —
variance differintegral operator inspired by theory of ¢ — calculus.

We developed two subclasses of star like functions and determined
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operations of ¢ — fractional calculus, Fekete-Szego inequality and

integral representation.
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1. Introduction

Let Ap denote the class of all functions of the type
h(z)=z" + ZaerkZpHC, k>p; k,p €EN(1-1) we consider the open
k=1

unit disk represented by D ={z :|Z| <1} and having all the functions of the

class A,and let H(p,k) be the subclass of 4, and a function /(z) € H(p, k)
is defined by

h(z)=z? —iAp+kz”+k,k >p; k,peN (1-2)
k=1
For the functions /(z) and g(z) belong to D , the function /(z) is subordinate
to g(z),written as (z) < g(z), if there exists a function W(z), which is
analytic in  Dwith  w(0)=0and |w(z)|<1,(z€D)such that
h(z) = g(W(2)), (z € D). Moreover, if the function g(z) is univalent in
D, then the following relation satisfies
hz)<g(z) < h0)=g(0) &h(D)c g(D)
For detail see [16], [17]
73
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Earlier, many researchers proposed and examined about an extended fractional
differintegral operator. For detail see the work of Patel & Mishra [19], also see
1], [14], [20], 26].

Two renowned authors introduced in [19] about an extended fractional
differintegral operator Qg’p h Ap —> Ap and for a function /1 of the type (1-

1) we have:
Q(Z/l,p)h — Py Zcﬁ’kawkzwk ;Ae(—o,p+)cR;peN  (1-3)
=1

Where, Cﬂk _ IF(p+1-Dl'(p+k+1) (1-4)
PR T(p+Dl(p+k—A+1)

We define a function 7'(p,k; A)  the subclass of 4

b which contains the

functions of the type:
QPh(z) =z" =) Cyra,,z2"",zeD (1-5)
k=l

Within a few years, many researchers have outlined their concerns about the
concept of g-calculus theory in geometric function theory because of its
extensive advanced use in mathematical and physical sciences. Jackson [9-10]
pioneered the theory of g-calculus. Ismail et al. [8] introduced the concept of
derivative in g-calculus. Its intensive operations in the field of geometric
function theory were given by Srivastava in a book chapter (see, for more
details, [21] (pp. 347 et seq.)). In the same chapter Agrawal and Sahoo [2],
given the use of g-hyper geometric functions. The contemporary contribution
of this subject is given by Srivastava et al. [22-23]. Kanas and Raducanu [11]
also worked and studied further in [3-15]. There are many researchers who
have introduced some special classes of multivalent functions using g-calculus.
For detailed contributions see [4-24]. Recently MirajUl-Haq et al. have been
working on the theory of ¢ — calculus in [18].

The g — difference operator, which was introduced by Jackson [9], and Heine
[7], is defined by

W) -hG) o
0,h(z) = (g—Dz
h'(0) z=0

(1-6)
A H. El-Qadeem et al. explained and generalized the g-difference operator in
[5].

Now,
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0 1 2
h(z)=h(z), O h(z)=0,h(z), >h(z)=0,(0,h(z))
O"'h(z)=0,(0)"'h(z)), meN (1-7)

Ifth(z) € H(p,k)and given by (1-2), we have

8 h(z)=8,h(z) = h(z) =[p],z"" =Y [p+k],a,., 2" z#0
k=1

1-
k], =1 (1-8)

svr={fio1,

i=l1
_i{ﬁ[k_m]q }az (19)
k=1 ( i=l

(meN;z=#0)
Following the idea of A.H. El-Qadeem and M.A. Mamon [5], we introduced

generalized g-variance differintegral operator for any integer \ given by
(4.p). .
0,Q"" Ael; A<p+l
Forh € T(p,k;/l)7 we have

0,0 h=[pl,z" = [p+k],C}a,, 2" zeD;AeZ (1-10)
k=1

Definition 1.1 Let i(z) € T(p,k; A) and also h(z) € T, (2., A, p, o y)

1 zan‘f"’)h
= b a [p] Q“’P)h_a <w(z) (1-11)
q z
O<a<pzeD),peN;AeZ

Definition1.2 The function 7; (Qz ,A, p,at; A, B) is said to be the subclass of
functions A(z) € T(p, k; 1) and satisfies the condition
z0,Q%"h
q= "z
(Z4.p)
Q%" h

(1+ 4z) N
(1+ Bz)

<[p], (p-a) alp], (1-12)
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~1<A4<B<1 & 0<a<[p],

It is equivalent

T,(Q.,A,p,a;4,B) =
z&qQ?”’)h
W—P[P]q
h(z)eT(p,k;A): s Q“’P)hz
W%—{Ap—k(A—B)a}[p]q
<l,zeD

where a €[0,[p], ].¢ e[0,);4,Be[-L1];a<b;k,peN
In g —calculus the g —integral operator SZ p is expressed as

t z
3¢ h(z) = [+2_p]q j u' ™ h(u)d,u (1-13)

t
0
For the function /1(z) defined by (1-2) we express

- = [1+ p] N
3¢ h(z)=z" _/; [t+k]qap+kzp “t<-ppeN;0<qg<l)(1-14)
= .

Gasper and Rahman in [6] introduced the “ g-Gamma function” for

zeC,z#-nnelN,

L, (z)= (q;_q)wa -¢)7.,q<(0,1) (1-15)
G759).,

Where (a;q),, = [ [(1-aq"),q €(0.1)
m=0

Koepf in [13] introduced by using g-gamma function the g-analogue of the
factorial for £k € N

[K], 1= fagk.q)=-LDe 1 gty (116
(I-q)
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The fractional ¢ —integral operator is defined by Wongsaijai and

Sukantamala in [25] for h € H(p, k).

1 V4
D h(z)=——|(z— h(u)d u; & >0 -
“h(z) o j (z—qu)_ hu)d,u; &> (1-17)

Where, (z — qu)lf . is called as g —binomial and defined by

&— —&+ uq’
(z—qu)_, =z"'¢,[q l;—;q;%

1— ("4 (1-18)

o0
— Zg—l I | Y4
m=0

u e+m—
1- (g
zZ

The series ¢0[€; —¢;z]is a singular when|arg Z| <, Z| <1 so that

&
2
(z— qu)l_g is singular if |arg [—qj <,
z

qu‘ <1 and|Z| <1

Thus, if 4(z)defined by (1-2) then we have,

S [k] ! p+k+g
[p+g _Z[k+g] pi? (1-19)

L. Shi and Q. Khan in [24] defined an operator named g — derivative operator

Do h(z) = ———

of order £ (0 < & < 1) represented by A; . ofh € H(p,k)

; 1 [
AZ_h(z) = Tiss 0, ! (z—qu)_ h(u)d,u (1-20)
B [p]' =, [k, ke
¢ h(z)= el Z’ a1 (1-21)

2. Coefficient Estimation

Theorem 2.1 If any function / is expressed by (1-5) satisfying the conditions,
a€[0,[p],):q €[0,1); 4, Be[-1,1];b>as k, p € Nthen

hel (Q., A4 paab) <
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> i [{a+ p—(4-B)a}ip), —(1-B)p+kl, |a
k=1

S{A—(A—B)a+(l+A)p—1}[p]q (2-1)
Proof. It is supposed that the result (2-1) holds true, we concluded from (1-2),
(1-12) and (2-1) that
p g |
\zanZ h— plp], & h\

|B20,Q" h—{(4— By — Ap}[p], Q" h|

[p), (=)= + Y Chyap {PLPY, ~[p+K], } 27
k=1

[P, {A=Sa+4p}z" + 3 Chra,. | {9a—4p}Ipl, ~[p+k], "™
k=1

B

A-B=28
<[pl, {(U-p)+B—9a+Ap}|=" +
> Chia, [{9a—Ap+plpl, -(+B)p+kl, ||
k=1

Therefore, we obtained
20,9 h — plp], 2 h| -
|Bz0,Q0"h — {(9a — Ap} [ p], Q" h|
<—pl, {Ja+1-Ap-1}|z|" +

D Cratyu [{a+1-Dp}ip), -1+ BIp+K], || <0
k=1

Now we apply the principle of maximum modulus, we obtained that

20, Q4Ph
q- "z
Q(ﬂ"p)h _p[p]q
£ <1
20,0
Q(l’p)k +{ p+ a}[p]q

Therefore, h € ]:1 (QZ A, D, A, B)
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Contrariwise, let us suppose /A € 7; (Q.,A, p,a; A, B) be expressed by (1-
5), then from (1-5) and (1-10), we obtained that

20, Q%" h
Q(/l’p)h _p[p]q
20,007 h -
oy, + {Ap + Sa}[p]q
‘ (1-p)pl, = +Z Aplpl, —lp+k), fa,, 27 ‘
{B—9a+ Ap}[p], =" —ch;,k [B[p+k]q —{9a - Ap}[p], ap+kzp+k:|
k=1
<1
< |z|, Vz, then we conclude
(-plpl, 2z’ +
> plpl, ~[p+kl, a2
Re k=l <1
{B—Sa-i—Ap}[p]qu -
Z v [ Blp+kl, —{8a—Ap}ipl, a2 ] (2:2)
20,Q% " h
Now, if z is taken on the real axis, so that the expression — = becomes
Q(ﬂ,p)h

z

real. After simplifying equation (2-2) and assuming z — 1~ for the realz, we
obtained

o0

ch,k {P[P]q —[p+k]q}ap+k
=1

g{B—8a+(l+A)p Z k[B[P"'k {‘ga_Ap}[p]q]ap+k

Thus the required condition is obtalned.

Corollary 1 If A(z)is expressed by (1-5) and
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h(z) € T,(Q., A, p,t; A, B) , then

{B=8a+(1+A)p-1}[p],
i [{a+ p-9al(pl, -(-B)p+k], ]

This obtained conclusion is sharpened for / defined by

, A-B=9  (2:3)

Apip S

. {B=%a+(1+4)p-1}[p], " (20

Ch i [{a+ A)p-9a(pl, -(1-B)p+k], |

3. Deformation Axiom

In this section, we define deformation axiom for the class
T.(Q.,4,p,a;4,B).

Theorem 3.1 If % is expressed by (1-5) and h € J;(QZ,/L p,a; A, B) then
for a function given by (1-8) and m € N, we obtained

l_l[[k—i+1]q {A=8a+(1+Ap-1}[p],

1i[[l’—i+1]— ’:[(1+A)p_9a][p]q_(I_B)[p+n]q Rk
A-B=39
<|o, Q87|
. ﬁ[k—iﬂ]q {B=9a+(1+A)p-1}[p],
S Ll = o B @

pl [+ 4)p-a]lpl, —(1=B)[p+n],

The above obtained result is sharpened for the function / defined by

e {B=9a+(1+A)p-1}[p], e 52
¢, [{a+ap-9al(pl, -(1-B)p+n], ]

Proof Assuming the inequality (2-1) holds true, we conclude that
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). [ {0+ 0)p-9al(pl, -(1-B)p+n], | &

a .., A-B=39
{B=8a+(1+A)p-1[p], kz::‘ e

3 i C) i [ {0+ p-9a}(p), —(-B)p+kl, |
- {(B=8a+(+Ap-1}p], Tper =

Now we obtained,

{B=9a+(1+A4)p-1}[p],

a .. <1 (3-3)
; P [1as p-9alpl, ~(1-B)p+nl, ]

Then, theorem 3.1 would follow from (1-10) and (3-3).
4. Operations of theory of g-fractional

This segment contains the examination of deformation axiom for functions of

7; (Q.,4, p,a; A, B) by using the operators Jf.,,A %, and A _ ,provided
that (O<eseZ,t>—-p,peN).

If h(z) is given by (1-5), so that

A;:gz ((S?;ph) (z)) =R, 27" —szap+k ZPrkre
k=1

[P}, [+, T4,
[p+el, V2 [t+k], [k+el!

1

A;,z ((S[q,ph) (Z)) = KSZP_“" _ Z x4ap+kzp+k—g ,
“ (4-2)
pl,! , _lixrl, [,

Ry = p—el, """ i+, k—2]!

[+ pl,[p],! e

3, (AL (=) =

[t+p+ellp+el,! (43)
Z.O: [t+p] k]‘i' a ptk+e
[t+k+el, k+el, ! 7

k=1

and
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|
Ry (A;z(h(Z))) = L pllply! zP=¢
R [t+p-el,lp-el,!
(4-4)
‘i [t+p], [k,

ap+k ptk—¢
“[t+k-¢], [k—¢£],!

Theorem 4.1 Ifh is expressed by (1-5) and & € T:] (Q_, A, p,a; A, B) , then

AL ((sgph)(z)) >
. (b= a+(1+a)p-1}[p], o (4-5)
- z
L, [t a)p-Sallpl, ~(1-b)p+nl, |
and,
3z (ko))<
B-9a+(1+A)p-1}[p], » (4-6)
X, + 1, { } " 12l
[{a+ 4)p-9a}ip], —(1-B)p+n], ]
Proof Let us suppose the function of the type
[p+el! o o~
P(z) = [p]qf 2PN (S, ()
= [2+pl, [k, p+e],! vk p > ik
o(2) = kZ‘ o, Torel i kZ:)p(k)ap+kz
Tp+el,!
Pl = Z t+k k+e] I[p],! ")
Since p(k) decreases according as k(n < k), then for0< ¢ e€Z, we get
[t+p], [0, [p+2],!
0 k) < = 4-8
< p(k) < p(n) ), (n+el, 1), (4-8)

Therefore, from (3-3) and (4-8), we obtained that

o) 22"~ p| Yy 2
k=n
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[t+pl, [n],[p+e],!

[t+n], [n+e], P,
{4-9a+1+4)p-1}[p], Jq

., [{a+ Dp=9a}(pl, —(1-B)p+n], |

l=I”
A4

and,

|g0(z)| < |z|p +p(n)|z|n Zamk >
k=n

[t+pl, [n], [p+e], !

[t+n], [n+e],!lp],
{4=9a+(1+AHp-1}[p],

Ch o [{0+ Ap=Sa}ipl, ~(1-B)p+n], ]

2" +

n
7|

Thus we obtained the inequalities (4-5) and (4-6) of theorem 4.1

The inequalities in (4-5) and (4-6) are also obtained for the function /

in (3-2)
8% ((3tph) @)=
[Pl [t+pl, [n],!
[p+5]q! [t+n]q [n+8]q!
{B—9a+(1+A)p-1}[p], ]
¢, [+ Dp-3a}ipl,~A-B)p+nl, |

or
(32 ,h)(z2)=2z" -
[t+p], {B=3a+(1+Ap-1}[p],
[t+n], C;, [{(+ A)p=Sa}[p], ~(1-B)p+n], ]

n
g

Thus, the required proof of theorem 4.1 is obtained.

83

(4-9)

(4-10)

given

(4-12)

Theorem 4.2 If his expressed by (1-5) and /4 € T, (Q., A, p,a; A, B) then
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Az (st @f =
{B=9a+(1+A)p-1}[p], ol 1)
Ay =Ry — 2" )]
Cyp., [{0+ Hp—Sa}ipl, —1-B)p+n], |
and,
A (st @) <
(4-14)

B-3a+1+A)p-1{[p] " 7
Ry + Ry — { jiL 2"t
¢}, [{a+4)p-9al(pl, -(1-B)p+n], |
the results obtained in (4-13) and (4-14) are sharpened.
Theorem 4.3 If i is expressed by (1-5) and 4 € 7:1 (Qz,/l, p,a; A, B), then

[t +pl,Lp],! [t+pl,  [nl,!

t+p+ellp+el,! [t+n+e], [n+e],!

31, (A% (h(z)))‘z {B—9a+(1+A)p-1}[p],

Ch, [+ p=9al(pl, —(1-B)p+n], ]'

p+e
g

n

and

[epllpl! | L+, (o),

[t+p+el,[p+el,! [t+n+e], [n+e],!
~9q -£
Sip (Aq,z (h(Z)))‘ ES {B—3a+(1+A4)p-1}[p], |
i, [{+ A)p-9a}p), -(-B)p+n], ]

p+e
1

n
Z|

Theorem 4.4 If i is expressed by (1-5) and /4 € Tq (Q, ,A, p,a; A, B) | then

(55 0)

[r+pllpl,t lt+ply  [nd,!
t+p—el,lp—¢l,! [t+n-e], [n-¢],! e (4-15)
{B—9a+(1+A)p-1}[p], ' i

C;, [{a+ Hp-9a}(p), —(-B)p+n, |
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3, (D5 () <
[+ pl,[p],! . [t+pl, [nl,!
and [t+p-el,lp-el,! [t+n-g], [n-¢],! e
{B=a+(1+)p-1}[p], o 1
Z
Cho [{0+ A)p=9alipl, -(1-B)p+n], |

(4-16)

5. Fekete-Szegé Inequality for the class 7] (Q_,A,p,a;A,B)

This segment contains Fekete-Szegé inequality, Integral representation

formula for the subclasses Tq (QZ A, p,oy) and Tq (QZ A, p,o; A, B)
Theorem 5.11fh € T(p,k;A) and is given by (1-5), withe €[0, p),
A,Be[-L1]; A<B,itheT (Q., 2, p,a; 4,B), then

<7, max {1,

‘AerZ _/}«/A;ZHI 77|} (5'1)

- B 1, - —4 _
Wherei]:z-1 2% T, = {[p+ ]q a[p]q} [p]q(p 05)

n 0 (plpl, ~lp+1,)(plp), -[p+21,)

{A(p-a)-BU-a)}Ip],
c,(plpl, —lp+21,)

T, =

. _|tr-a-B1-a)ir, .

c;, (plpl, —Lp+11,)

the result obtained in (5-1) is sharpened.
Proof Since h e 7:1 (Qz,ﬂ, p,a; A, B) | we have

1| 20,Q""h | 1rdAw
p-a [p]qQ?”’)h 1+ Bw

(5-3)

o0
where W(z) = Zwkzk is a bounded analytic function and satisfying the
k=1

condition W(O) =0 and|Z| <1, VzeD,or
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[ Bz0,Q0" h(z)— { Ap — a9} [ p], Q" h(z) | w(z)
= plp], 8" h(z) - 20, Q0" h(2)

Writing corresponding series expansion in (5-4), we get
—{A(p-a)-B(1-a)}[p],z" -

iC’l B([p+k]q—a[p]q)— — Wz +Wyz” + .. )
A, (p - @)

k=1

—(p-Dipl, 2" =Y. C (plpl, ~[p+k], )", A—B=9

+ +2
Equating the coefficient of Z P and 2°

~{A(p-a)-BU-a)}[p],w, =—C2, (plp], -[p+1],)a,.,
{A(p—a)=B(-a)|[p],w

= (5-5)
C(plpl, -[p+1,)

p+l

and,

—{A(p—-a)-B(-a)}[p],w, -

iy [ Bilp+11, —alpl,} - Alp),(p—a) ]a,.m

=-C2, (plp), ~[p+2],)a,.,
{A(p-a)-BU-a)}[p],w, -
C;.| B{tp+1, —alp), |- 41p],(p-) |
{A(p-a)-B(-a)}[p], ,

c(plpl, —[p+1,)

=-C2, (plp), -[P+2],)a,.,
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~—{A(p-a)-BU-a)}[p],
+2
=L (plp), - +2],)

B{[p+1], —alpl,| - Alpl,(p—a) .
{A(p-a)-BU-a)}[p], (pLp), ~[p+1],)

Let ¥ be a complex quantity then we have

2
‘ap+2 —Xa,0

{4(p—a)-B(-a)}[p],
Cha (pLpl, ~Lp+2],)
B{lp+1], —alpl,} - Alpl,(p-a)
(Lo, ~[p+11, ) {A(p-a)- BA-}1p],

2
{Ad(p-a)-B(1-a)}[p], W

i (plpl, —[p+11,)

|2 >

= ‘lel LW, T XGW ‘
= ’ 5-7
=17,|wm, — W (5-7)

AL

7,

Where, 17 = (5-8)

From the result of Keogh and Mcrker [12], If77 be any complex number, it is

!

hy(z) = z"and h (z) = zP*! for|7]| >1 &:|77| <1 respectively
From (5-7), it follows that

given

‘wz —7714/12‘ < max {1, n

This result is sharpened for the functions

<7, max{l,

l}

2
‘aerZ - Zaerl

Where, 17is given by (5-7).
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6. Integral Representations for the Classes /1 € ]:1 (Q_, A, p,oy)

and
hel (Q.,4,p,a;4,B)
Theorem 6.1 Leth(z)eT(p,k;A)of the form (1-5) be in the class
he T;I(QZ,/I, p,oGy)if and only if there exist a Schwarz function w(z)

such that
QU = 7k eij[P]q (p —Otl)W(W(Z)) a1 1)
0
In particular, if 1 € Tq (Q_, A, p,a; A, B)
[2-[o-}uo

Q" = exp| alpl, [ = Bg@) dt (6-2)

Where
plp] p {‘9_%}}’“[”]4
Q" h = (1 = BJ exp[log(l-yzB)  *  d,u(y)
vz 7

Where z(y) be the probability measure on the set ¥ = { y: | y| = 1}.

Proof Sinceh e A, is supposed to be in the subclass 7:, (QZ A, Do y)

f—

I { 20,Q%"h

0,2 _alp], [pl,(p-a)y(mz)

orry 5 B (6-4)
After integrating we obtained
T a)y(w(z
Q(le,p)h — Z J' p] (p )W( ( )) q (6_5)

0
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Again, from the condition of the subclass 7, (Q_, A, p,a;A,B)

w-? 20, Q%"
—aA <1,wherew=q—w
Bw—{@—p} a[p]q Q7"h

o
w P
2 =L, Then,|L |<1

Finally we have

= 6-6
al[p] QV"h 1-BL, o0
p Ap
) al p] {_{ _}Lz:|
8,0 h | a
Q4"p z(1-BL.)
On Integrating we obtained
A
o o
logQ""h=a dt 6-7
gQ [p]q£ By (6-7)
Therefore we get (6-1).
For obtaining the third representation let ¥ = { y: | y| = l} then, we have
P
—aAzyz,er,zeD
Bw—{& _p}
o
and then we conclude that
4p
8qQ(Zﬂ,p)h 1 b {g_a}ya[p]q
= p[p), =+ - (6-8)
Q" h 1—yzb (1-yzB)
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On Integrating, we get

A
. 19—713 yelp],
log Q" h = lo + log(1 - yzB
2O = plp, log| 1= 5 51~ yzE)
Or
- Ll z W
QP p=| —= exp _[ log(l—yzB) %  d u(y) (69
1—-yzB 0

The function x(y) is defined by the probability measure onY = { y: | y| = 1} .
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