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Abstract. This paper deals with Lyapunov pairs for a semilinear evolution system
in Banach spaces. Applications on a priori estimates are given.
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1. Introduction

This paper is concerned with the study of Lyapunov functions for the infinite dimen-
sional system {

y′(t) = Ay(t) + F (y(t))
y(0) = ξ,

(1.1)

where A is the generator of a C0-semigroup on the Banach space X and F : X → X is
a function. Recall that a mild solution y : [0, T ) → X of (1.1) is called noncontinuable

if there is no other solution ỹ : [0, T̃ ) → X with T < T̃ and y (t) = ỹ (t) on [0, T ).
The aim of this paper is to characterize a Lyapunov pair for (1.1) by means of an

inequality involving the contingent derivative related to the operator A. Recall that
the functions V, g : X → (−∞, +∞] form a Lyapunov pair for problem (1.1) if for
every ξ ∈ dom (V ) there exist T > 0 and a solution y : [0, T ) → X of (1.1) such that
t 7−→ g (y (t)) is locally integrable on [0, T ) and

V (y (t)) +

∫ t

0

g (y (s)) ds ≤ V (ξ)
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for all t ∈ [0, T ).
A characterization of a Lyapunov pair (V, g) in the case where X is a Hilbert

space, F is Lipschitz continuous, while the lower semicontinuous functions V and g

satisfy

V (x) , g (x) ≥ −C
(
1 + ‖x‖2

)
(1.2)

for all x ∈ X , with C > 0, was obtained by Kocan and Soravia [6] in case A is
multi-valued using the viscosity solutions. In [2], Cârjă and Motreanu established a
different characterization of a Lyapunov pair on a Hilbert space assuming the Lipschitz
condition on F , by means of a suitable contingent derivative without using viscosity
solutions. We give here the definition of the contingent derivative associated to the
operator A, introduced in [2].

Definition 1.1. Let A be the generator of a the C0-semigroup S(t) on a Banach
space X and V : X → (−∞, +∞] a proper function. The A-contingent derivative
DAV (ξ) (u) of V at ξ ∈ dom (V ) in the direction u ∈ X is defined by

DAV (ξ) (u) = lim inf
t↓0

w→0

1

t
[V (S (t) ξ + t (u + w)) − V (ξ)].

In our paper we study the case where F is a continuous function and the operator
A generates a compact semigroup and we give a characterization of a Lyapunov pair
using the contingent derivative associated to the operator. As application, we give a
priori estimates for a mild solution of (1.1).

We introduce the basic concepts that will be used in the paper. First, we recall
the tangency concept related to the operator A, which goes back to Pavel [7].

Definition 1.2. Let X be a Banach space, A : D (A) ⊆ X → X be the generator of
a C0-semigroup S(t), K a nonempty subset in X and x ∈ K. The set of all A-tangent
elements to K at x is

T A
K (x) = {v ∈ X ; lim inf

h↓0

1

h
dist (S(h)x + hv; K) = 0}.

We have the following characterization. The tangent set T A
K (x) to K at the point

x ∈ K is the set of all v ∈ X such that there exist tn → 0+, pn → 0, and such that

S(tn)x + tn(v + pn) ∈ K, ∀n ∈ N.

We now give the definition of a viable set.

Definition 1.3. Let X be a Banach space, A : D (A) ⊆ X → X the generator of a
C0-semigroup S(t), K a nonempty subset in X and F : K → X a function. We say
that K is viable with respect to A+F if for each x ∈ K there exist T > 0 and a mild
solution w : [0, T ] → K of

{
w′ (t) = Aw (t) + F (w (t))
w (0) = x.
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In the end of this section, we present a viability result from [4, Theorem 8.2.3].

Theorem 1.1. Let X be a Banach space, A : D (A) ⊆ X → X the generator of a

compact C0-semigroup S(t), let K be a nonempty and locally closed subset in X and

F : K → X a continuous function. Then a necessary and sufficient condition in order

that K be viable with respect to A + F is that

F (x) ∈ T A
K (x) ,

for each x ∈ K.

2. Results

Let us state the main abstract result of the paper.

Theorem 2.1. Let S(t) be a compact C0-semigroup, let g : X → R be a continuous

function and let V : X → (−∞, +∞] be a proper function with locally closed epigraph.

Then V and g form a Lyapunov pair for problem (1.1) if and only if

DAV (ξ)F (ξ) + g (ξ) ≤ 0, (2.1)

for all ξ ∈ dom(V ).

Proof. Consider the problem
{

w′ (t) = A (w (t)) + F (w (t))
w (0) = (ξ, V (ξ)) ,

(2.2)

where A : D (A) × R ⊆ X × R → X × R is defined by

A (x, z) = A (x) × {0} , for all (x, z) ∈ D (A) × R,

and F : X × R → X × R is given by

F (y, z) = (F (y) ,−g (y)) .

If A generates a compact semigroup on X then A generates a compact semigroup on
X ×R. The proof is based on Theorem 1.1 applied on X ×R with K = epi (V ) , and
the following equality proved in [3]

epi
(
DAV (ξ)

)
= ∩µ≥V (ξ)T

A
epi(V ) (ξ, µ) = T A

epi(V ) (ξ, V (ξ)) , (2.3)

for all ξ ∈ dom (V ). �

The next result gives a priori estimates for a mild solution of problem (1.1). It
is related to [5, Theorem 6.8.3] where F is locally Lipschitz and S(t) is a general
semigroup. We denote by J (·) the duality mapping, i.e. J(x) is the set of all x∗ ∈ X∗

such that ‖x∗‖2 = ‖x‖2 = 〈x∗, x〉 , and 〈·, ·〉 is the duality pairing of X and X∗.
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Theorem 2.2. Let X be a Banach space and let A : D (A) ⊆ X → X be the generator

of a compact C0-semigroup such that ‖S(t)x‖ ≤ eωt‖x‖ for all x ∈ X. Let F : X → X

be a continuous function, mapping bounded subsets in X into bounded subsets in X

and which, for some constant c > 0, verifies

〈x∗, F (x)〉 ≤ c
(
1 + ‖x‖

2
)

, (2.4)

for every x ∈ X and x∗ ∈ J (x). Let ξ ∈ X with ξ 6= 0 and θ = ω + c
(
1 + ‖ξ‖−2

)
.

Then there exists a solution y : [0, +∞) → X of (1.1) which satisfies

‖y (t)‖ ≤ eθt ‖ξ‖ , (2.5)

for all t ≥ 0.

First, we state the following result which can be proved using the Zorn Lemma
or the Brezis–Browder Ordering Principle (see [1]; see also [4, Theorem 2.1.1]).

Lemma 2.1. Suppose that for each ξ ∈ X with ξ 6= 0 and α > θ there exists a

solution y : [0, a) → X of (1.1) such that

‖y (t)‖ ≤ eαt ‖ξ‖ , (2.6)

for all t ∈ [0, a). Then, for any α > θ, there exists a solution y : [0, +∞) → X of

(1.1) which satisfies (2.6) for all t ≥ 0.

Let us return to the proof of Theorem 2.2.
Proof. Let α > 0 be such that

Gα =
{

ξ ∈ X\ {0} ; ω + c
(
1 + ‖ξ‖

−2
)

< α
}

is nonempty. We define V : X → (−∞, +∞] by V (x) = ‖x‖ for x ∈ Gα and
V (x) = +∞ otherwise and g : X → R by g (x) = −α ‖x‖. It is easy to see that
V has locally closed epigraph. We show that DA−ωIV (x) (F (x) + ωx) < α ‖x‖ , for
x ∈ dom (V ) = Gα and applying Theorem 2.1 for A − ωI and ωI + F instead of A

and F, respectively we obtain that V and g form a Lyapunov pair, so we have that,
for all ξ ∈ Gα there exists a solution y (·) of (1.1) on some interval [0, a) such that

‖y (t)‖ − α

∫ t

0

‖y (s)‖ ds ≤ ‖ξ‖ , for all t ∈ [0, a). (2.7)

By Gronwall’s inequality we get ‖y (t)‖ ≤ eαt ‖ξ‖ , for all t ∈ [0, a). Since each ξ 6= 0

belongs to Gα for α > ω + c
(
1 + ‖ξ‖−2

)
, we apply Lemma 2.1 to achieve that, for

any α > θ, there exists y : [0, +∞) → X solution of (1.1) which satisfies (2.6) for all
t ≥ 0.

Now, let αn ↓ θ. Then, for n = 1, 2, ... there exist yn : [0, +∞) → X solutions of
(1.1) such that

‖yn (t)‖ ≤ eαnt ‖ξ‖ , for all t ≥ 0. (2.8)
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Denote fn (t) = F (yn (t)) , for n = 1, 2, ... and t ≥ 0, and consider the problem

{
y′ (t) = Ay (t) + fn (t) , n = 1, 2, ...

y (0) = ξ.
(2.9)

Let T > 0 and let K be the set of all the functions fn : [0, T ] → X, n = 1, 2, ....

defined as above. As F maps bounded subsets in X into bounded subsets in X and
by (2.8) we obtain that K is bounded in L∞ (0, T ; X) and, moreover, we get that K is
uniformly integrable in L1 (0, T ; X) . Then, by [4, Theorem 1.6.5], it follows that the
set of all the solutions of problem (2.9) , {y(·, fn) = yn (·) ; n = 1, 2, ...} , is relatively
compact in C ([0, T ] ; X) . Hence, there exists ỹ ∈ C ([0, T ] ; X) such that, at least for
a subsequence, we have

lim
n→∞

yn (t) = ỹ (t) ,

uniformly for t ∈ [0, T ] . Further, since F is continuous and fn (t) = F (yn (t)) for
n = 1, 2, ... and t ∈ [0, T ] , we have that

lim
n→∞

fn (t) = F (ỹ (t)) ,

uniformly for t ∈ [0, T ] . Moreover, it follows that

lim
n→∞

y (t, fn) = y (t, F (ỹ (t))) ,

uniformly for t ∈ [0, T ] . Thus, ỹ (·) = y (·, F (ỹ (·))) and, therefore it is a solution of
(1.1) on [0, T ] . Moreover, by (2.8) , we have that ‖ỹ (t)‖ ≤ eθt ‖ξ‖ for all t ∈ [0, T ] .

Again by the Zorn Lemma or by the Brezis–Browder Ordering Principle we can
prove that the solution is global. This completes the proof. �

Remark 2.1. Similar techniques could be applied to the fully nonlinear case, that is,
when A is a multivalued m-dissipative operator. We shall give details in a forthcoming
work.
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[4] O. Cârjă, M. Necula and I. I. Vrabie, Viability, Invariance and Applications,
North-Holland Mathematics Studies, 2007.

85



Lyapunov pairs for semilinear evolutions 65

[5] H. O. Fattorini, Infinite Dimensional Optimization and Control Theory, Cam-
bridge University Press, 1999.

[6] M. Kocan and P. Soravia, Lyapunov functions for infinite-dimensional systems, J.
Funct. Anal. 192 (2002) 342–363.

[7] N. H. Pavel, Invariant sets for a class of semilinear equations of evolution, Non-
linear Anal. 1 (1976/1977) 187–196.

[8] I. I. Vrabie, Compactness methods and flow-invariance for perturbed nonlinear
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