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Preservation of bifurcations under Runge-Kutta methods
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Abstract. We prove that fold, cusp and Bogdanov-Takens bifurcations of N-dimen-
sional, continuous-time systems persist under Runge-Kutta methods. Compact for-
mulae for the computation of the discretized normal form coefficients and critical
generalized eigenvectors are derived.
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1. Introduction

Consider a continuous-time dynamical system depending on parameters

&(t) = f(x(t), ), (1.1)

where f € C*(Q x A, R") with opensets 0 € @ C R™, 0 € A C R?, k > 1 sufficiently
large, N > 1, p =1 or 2. A common task in mathematical analysis is to understand
the dynamics generated by the vector field (1.1). To accomplish this, we can appeal
to one-step methods, which approximate the evolution operator by a discrete-time
system (at previously fixed step-size)

z = g(z, ), (1.2)
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with g € Ck(Q x A RY ). This means that the dynamics of the original system
(1.1) is explored in terms of the dynamics of the discrete system (1.2). Therefore,
it is important to determine how “well” a one-step method describes the evolution
generated by a vector field, and furthermore how the dynamics of a vector field is
represented by a discretization method, under variation of the parameters.

In this article we assume that system (1.1) undergoes one of the following sin-
gularities: fold, cusp or Bogdanov-Takens bifurcations. Furthermore, we consider a
quite general type of one-step methods, i.e. Runge-Kutta methods. From this setting
two important questions arise.

The first one can be formulated as follows: suppose we are given a continuous-
time system that undergoes one of the listed singularities, then, we are interested to
know whether Runge-Kutta methods reproduce this singularity, and if the singularity
is reproduced by the one-step method, we may also ask whether the singularity is
shifted by the method.

The second main question has to do with normal form analysis, more precisely, we
want to know—provided that the underlying bifurcation persists under the one-step
method—how the normal form coeflicients and the generalized, critical eigenvectors
of the one-step method are related to their continuous counterparts. Our results
will provide compact formulae that relate these objects, which are also suitable for
numerical implementations. Moreover, as a by-product of our analysis, we will be able
to make conclusions about the local behavior of the center manifolds. Since critical
eigenvectors span the tangent space of the center manifolds at the bifurcation, we
will determine how the center manifold of the continuous system and its discretized
counterpart intersect at the singularity.

In this direction we can find several contributions. Discretization of systems
with e.g. Hopf points has been addressed to a large extent (cf. [4, 11]). It has been
proven that Hopf points are O(h?)-shifted and turned into Neimark-Sacker points by
general one-step methods of order p > 1. Moreover, elementary bifurcations have
been also considered, see e.g. [11] for fold, pitchfork and transcritical bifurcations,
and also [8] for an analysis of these cases with respect to conjugacies. The present
article summarizes the analysis of bifurcating dynamical systems under Runge-Kutta
methods that appears in [8, 9].

It is worth pointing out that in the present work we treat all the codimension one
and two bifurcations that can be preserved by one-step methods without shifting the
singularity. The remaining singularities involve eigenvalues on the imaginary axis,
which are, in general, turned into eigenvalues on the unit circle by one-step methods.
The singularity is shifted in these cases (see [10] for fold-Hopf bifurcations).

2. Basic setup
Consider a one-step discretization method applied to (1.1) of the form

z = P (z,a) =z + hd(h, z, a), (2.1)
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with step-size h > 0 and ¥, ® : RT xQ x A — R sufficiently smooth. The one-step
method (2.1) is referred to as an s-stage Runge-Kutta method, s > 1, if

O(h,x, ) Z% (h,z,a), (2.2)

where the function (k;)i=1,... s is a solution of the system

ki(h,z,o) = f(Wi(h,z,a),a), i=1,...,s, (2.3)
with
W(hxa):—x—l—hZT” (h,z,a), i=1,...,s, (2.4)
j=1
and v;,Tij, ¢, j = 1,...,s are given real constants that determine the order of the

method. This scheme may represent implicit methods, but also explicit (ERK), diag-
onal implicit (DIRK), and singly diagonal implicit (SDIRK) Runge-Kutta methods,
depending on the values of 7;; (cf. [3]), so the results we present here are valid for all
these methods. We assume that N
> =1, (2.5)
i=1

which is a necessary condition for the method to be of order at least one. (We remark
however that the weaker assumption Y ;_; v; # 0 would also be sufficient in all the
proofs below.) In what follows, we suppose that system (1.2) is obtained by fixing a
sufficiently small A > 0 in system (2.1).

Let us denote by A;, i, i = 1,..., N the eigenvalues of f0, g%, respectively, where
subscript , denotes partial differentiation, further, superscript ° denotes evaluation
of functions at the origin (z,«) = (0,0). Let us denote by By(-,-), By(-,-), Cr(-,-,-)
and Cy(+,-,-) the multilinear forms given by

Bf(v5w) = fgx[vvw]a Bg(v5w) = ggz[vaw]v
Cf(’U,’LU,Z) = fgxx[vvwvz]a Cg(’U,’LU,Z) ggzz[vawaz]v

where v, w, 2 € RN, and f2, [v,w] := Zl 1 ZJ 1 aamf gwo)vzw], and so on. As usual,
Iy will denote the N x N identity matrix, superscript 7 the transpose and null the
nullspace of a matrix. Where general indices, partial derivatives and evaluations occur
together, we will use symbols such as kY and fOT to be understood, of course, as

((ki)z)® and ((f2)")"

The singularities we will work with in this article are listed below (cf. [5]).

Fold bifurcation (continuous case). The matrix f0 has a simple eigenvalue
A1 = 0 and no other critical eigenvalues. Then, there exist vectors vy, pg € RY such
that

fa(;)vo = 07 f;ngo = 07
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with vd'po = 1. If the coefficient

1
a:= §pOTBf(UO,UO) #£0,

then the bifurcation is called nondegenerate, and furthermore the restriction of (1.1)
(at a = 0) to the corresponding center manifold is locally equivalent to

W = aw?® + O(w?).
If, additionally, pd fO # 0, then the fold bifurcation is called generic.

Cusp bifurcation (continuous case). The matrix f0 has a simple eigenvalue
A1 = 0 and no other critical eigenvalues, and the coefficient
1

a:= §pOTBf(vo, Vo)

vanishes, where vy, po € RY are defined as in the fold case. If the coefficient

1
C = _pg(cf(v()a 1}0,’00) + 3Bf(UOa q)) # Oa

6
then the bifurcation is called nondegenerate. The vector ¢ € RY is any solution of
the singular system f2q = —B{(vo, vp). For numerical purposes, ¢ can be computed
from the following nonsingular, bordered system

(F)()-(50)

The restriction of (1.1) (at @ = 0) to the corresponding center manifold is locally
equivalent to
W = cw® + O(w?).

Bogdanov-Takens (continuous case). The matrix f0 has a double, defec-
tive eigenvalue A2 = 0 and no other critical eigenvalues. Then, there exist vectors
0, Po, V1, P1 € RY such that

fovo = 0, fovi = o,
¥ ¥ 2.7
o = 0, ' = po, 27)
with vd'p1 = vI'py = 1 and vi'pg = v{ p1 = 0 (biorthogonality). If the coefficients
1
a = §pOTBf(v0,UO) # 0,
b = piBs(vo,v0) +pg By(vo,v1) # 0,

then the bifurcation is called nondegenerate, and furthermore the restriction of (1.1)
(at o = 0) to the corresponding center manifold is locally equivalent to

wl = w2,
e = aw? + bwiws + O([|w||?).
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Fold bifurcation (discrete case). The matrix g0 has a simple eigenvalue j; = 1
and no other critical eigenvalues. Then, there exist vectors vy, pg € RY such that

(92— In)og = 0, (99 —In)"Po = 0,

with o o = 1. If the coefficient
_ 1 U
a:= §p0TBg(v0,vo) #0,

then the bifurcation is called nondegenerate, and furthermore the restriction of (1.2)
(at a = 0) to the corresponding center manifold is locally equivalent to

w — w + aw? + O(w?).

If, additionally, pg g9 # 0, then the fold bifurcation is called generic.

Cusp bifurcation (discrete case). The matrix gY has a simple eigenvalue
11 = 1 and no other critical eigenvalues, and the coefficient

- 1

a = 515539(50,50)

vanishes, where @, po € RY are defined as in the discrete fold case. If the coefficient

.1 L U

éi=z T(Cy (Do, Do, Do) + 3By (70, 4)) # 0,
then the bifurcation is called nondegenerate. The vector ¢ € RY is any solution of
the singular system (g2 — In)§ = —By(00,70). As in the continuous case, ¢ can be
computed from the following nonsingular, bordered system

(5" DE-(50) e

The restriction of (1.2) (at a@ = 0) to the corresponding center manifold is locally
equivalent to
w— w + éw? + O(w?).

1 : 1 resonance (discrete case). The matrix g has a double, defective

eigenvalue p12 = 1 and no other critical eigenvalues. Then, there exist vectors
Do, Po, 01, p1 € RY such that

(99 — In)o 0, (99 — In)tn
(2 —In)Tpo = 0, (98— In)"Pr = Po,

|
[t
S

(2.9)
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with od'p1 = 9% po = 1 and o po = 91 p1 = 0. If the coefficients
. 1. I
a = gprg(vo,vo) #£0,
b = p| By(fo, o) + Py By(fo, 1) # 0,

then the bifurcation is called nondegenerate, and furthermore the restriction of (1.2)
(at a = 0) to the corresponding center manifold is locally equivalent to

w1 wl+wg 3
(0 ) (i 2y )+ O

3. The fold bifurcation

First we formulate some lemmata which will be used in the rest of the article.

Lemma 3.1. Let system (1.1) undergo a fold (p = 1), cusp (p =2) or a Bogdanov-
Takens (p = 2) bifurcation at the origin (x,a) = (0,0). Consider a general s-stage
Runge-Kutta method with step-size h > 0, given by (2.1)~(2.5). Then there exists a
positive constant py such that the origin is an equilibrium of (2.1) for all h € (0, p1).

Proof. Let L > 0 be a local Lipschitz constant of f. Then, by [3, Theorem
7.2], it follows that system (2.3) has an unique, smooth solution (k;)i=1,....s defined

in some small neighborhood of the origin, provided that 0 < h < p; with p; =
-1
min <(L max;—1, s ) ;5 |7'Z-j|) ,1). In particular, we have that for (z,a) = (0,0)

.....

system (2.3) has the solution kY (h) := k;(h,0,0) =0, i = 1,..., s, thereby obtaining
for all h € (0, p1) that (k) :="(0,0) = LY 7, v:kI(h) = 0. 0

Lemma 3.2. Let assumptions of Lemma 3.1 be fulfilled. Then, there exists a positive
constant ps such that null(f2) = null(¢2(h) — In) for all h € (0, p2).

Proof.  Choose any 0 # v € null(f%). We will first show that v € null(k),(h)),
t=1,...,s, and for all h in some interval. Consider h € (0, p1), p1 given by Lemma
3.1. Then, by differentiating (2.3) with respect to x, we obtain that

k?m(h):f;)(IN—l—hznjk?m(h)), i=1,...,s. (3.1)
j=1

Define z;(h) := kY. (h)v, i = 1,...,s. By multiplying both sides of (3.1) by v, we
obtain the following system

zi(h) =By T flz(h) =0, i=1,...,s,
Jj=1
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which can be represented by the matrix equation

Z1 (h)
(Iv — hT ® f9) : =0e R,
zs(h)
where ® stands for the Kronecker product of matrices (see [7]) and 7 := (73;)s j=1,....s
€ R*®. For all h € (0, ph), ph := min (p1, || ® f2||7!), the Banach Lemma (cf. [7])
guarantees the invertibility of I,y —h7® f2, therefore we have that z;(h) = k%, (h)v =

0, so v € null(k%,(h)), i =1,...,s, and for all h € (0, p5). This allows us to conclude
that v € null(¢2(h) — Iy), because

(WO(h) — In)v = (IN + hZ%k?z(h) - IN)U = hzmk?m(h)v =0.
=1

i=1
Conversely, for any h € (0, p4) choose an arbitrary 0 # w € null(¢)2(h) — Iy). We will
show that w € null(f9). By (3.1) and (2.5), we can write ¢/2(h) — Ix as
g (h) = In = hfA(h), (3:2)

where A(h) = In +hY27_) Y25, viTijk, (h). Since w € null(y(h) — In), we have
that hfSA(h)w = 0, so A(h)w € null(f0) C null(k?,(h)), i = 1,...,s. This implies
that

A(h)A(h)w = A(h)w + h i i YiTijkje (R)A(R)w = A(h)w. (3.3)

i=1 j=1

-1
Now set py := min (p'z, (SuphE(O,p’z) 13251 2= %-Tijk?z(h)ﬂ) ) and take h €

(0, p2), so the Banach Lemma ensures the invertibility of A(h), thus from (3.3) we
can deduce that A(h)w = w, which implies that w € null(f?), and hence null(f?) =
null(¢3(h) — In). O

Lemma 3.3. Let assumptions of Lemma 3.1 be fulfilled. Then for all h € (0, p2)
wull(£97) = nll((42(h) — Tn)").
Proof. Take any h € (0, p2). Choose any 0 # v € null(f7), then it follows by (3.2)
that vT (¥2(h) — Iy) = hoT f2A(R) =0, so v € null((0(h) — In)T). Conversely, take
0 # w € null((¥2(h) — In)T), hence

w! £ = w" (RfAR))(RA(R) ™! = w (¥ (h) — In)(hA(R) ™! =0,

thereby w € null(f97). O
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Lemma 3.4. Let assumptions of Lemma 3.1 be fulfilled. Then for all h € (0, p2)
(kpo)" By (vo, v0) = hrpl By (vo, vo),

where K is a nonzero constant.

Proof. First we compute kjze(h, z, a)[v,w], for v,w € RY, h € (0,p2), (z,a) in a
small neighborhood of the origin and j =1,...,s. We obtain

kjww(hvxva)[vvw] = (f(W(h €, a) a))w [va]
= fea(Wj(h, 2, 0), a)[Wia (h, z, )U Wia (h, 2, o)w]
+fe(Wj(h, 2, ), @)Wjae (h, 2, o) [v, w]. (3.4)

By evaluating the above expression at (z,«) = (0,0), v = w = g, using Lemma 3.1
and recalling from the proof of Lemma 3.2 that vy € null(k9,(h)), j = 1,...,s, we
arrive at

k?zz (h’) [1)0, UO] fmx [’005 UO] + fm gzz (h’) [1)0, UO] . (35)
Finally, (3.5) and (2.5) yield that

(kpo)" ¥Y,(h)[vo, vo] = hrpg Z% v [v0, v0] + FoWi, (B)[vo, vo]) = hepg By (vo, vo)-

O

Theorem 3.1. Let system (1.1) (with p = 1) undergo a nondegenerate, generic fold
bifurcation at the origin. Consider a general s-stage Runge-Kutta method with step-
size h > 0, given by (2.1)—(2.5). Then there exists a positive constant p such that
(2.1) has a nondegenerate, generic fold bifurcation at the origin for all h € (0, p).

Proof. Set p := min(p1, p2). Then Lemma 3.1 proves that the origin is an equilibrium
of (2.1), further, Lemma 3.2 and Lemma 3.3 imply that 9p(h) = vy and po(h) = po
are appropriate choices in the definition of the discrete fold bifurcation. This also
means that 10(h) has an eigenvalue equal to 1, with geometric multiplicity 1, for
all h € (0,p). Consequently, there exists only one Jordan block associated to this
eigenvalue. In order to check that the eigenvalue is simple, we show that there does
not exist any generalized eigenvectors.

Indeed, suppose to the contrary that for some h € (0, p), (V2 (h) — In)w(h) = vo
holds with some w@w(h) € RY. Then by (3.2) we would get

1= pgvo = pg (Vg (h) — In)d(h) = pg hf A(h)i(h) = hpg fR A(h)w(h) =0,
due to the definition of pg.

Lemma 3.4 with x = 1 shows that a(h) = ha # 0 by definition, thus the discrete
fold bifurcation is also nondegenerate.
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Finally, to show genericity, observe that
00 =i Y (12 (0 k) + 12) = ho 12 £ 0,
i=1 j=1

by using (2.5) and the genericity of the fold bifurcation of the continuous system. U

It is seen from the analysis above that the one-dimensional center manifolds of
systems (1.1) and (2.1) intersect tangentially at the origin, further the critical coeffi-
cients and eigenvectors are related by

to(h) = o, po(h) = po,

and
a(h) = ha # 0.

4. The cusp bifurcation

The following lemma will also be useful in the Bogdanov-Takens case.

Lemma 4.1. Let assumptions of Lemma 3.1 be fulfilled. Then for all h € (0, p2)
(1) P§ 211 ¥iWiha(h)[vo, vo] = hwpg By (vo, vo), where w = 3771 325 iTij,
(ii) pEkd.(h) =0, for alli=1,...,s.

0 Vix

Proof. By using (3.4), (3.5) and (2.5), we get that

po Y viWha(Wo,vol = hpd > > 7imii (flvo, vol + FIW D, (B)[vo, vo])
=1

i=1 j=1
= hwpg fou v, vol-
To prove (ii), simply notice that that by (3.1)

PR (R) = pL 0 (IN h ank;;(m) 0.

Jj=1

Theorem 4.1. Let system (1.1) (with p = 2) undergo a nondegenerate cusp bifur-
cation at the origin. Consider a general s-stage Runge-Kutta method with step-size
h > 0, given by (2.1)—(2.5). Then there exists a positive constant p such that (2.1)
has a nondegenerate cusp bifurcation at the origin for all h € (0, p).
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Proof.  The proof of Theorem 3.1 shows that p := min(p1, p2), Uo(h) = vg and
po(h) = po are again appropriate choices, further, that eigenvalue pq = 1 is simple.
Now a(h) vanishes, since this time a(h) = ha = 0.

We will show that é(h) = he, which completes the proof, since ¢ # 0 by definition.

For 0 is a simple eigenvalue of both f0 and (¢2(h) — Ix), further, vy and po
have been fixed, we know (see [5]) that the bordered matrices in (2.6) and (2.8) are
nonsingular, hence ¢ and §(h) are uniquely determined. It is also true that r = 7 =
0 € R. First we claim that ¢ and G(h) are related by

q=q(h)+ Z YiWia(B)vo, vol + B Y > vimiskd, (R)a(h). (4.1)

i=1 j=1

Due to uniqueness, (4.1) is verified if this ¢ and r = 0 solves (2.6). Indeed, by (3.2),
(2.8), (3.5) and (2.5) we have that

Fla+rvo = £24(h) + Y nfIWh, (W) [ve,vo] + hf2 > Y vimiikd, (h)d(h) =
=1

i=1 j=1

FRAM)G(R) + > i fAW S, (h)[vo, vo] =
1=1

SRS

(W) = In) G(h) + 7o) + Y % fIWS, (h)[vo, vo] =

1 S
—7 By (vo, vo) + ; Vi fIW i (1) [v0, 0] =

- Z’W (fgx[’UO; UO] + fngozz(h)[vOa UO]) + Z’Ylfgwlozz(h)[vm UO] =
=1 =1

~ faxlv0,v0] = =By (vo, vo)-
Let us now verify the second equation of (2.6). By using (2.8) and (i) and (ii) of
Lemma 4.1, we get that

poa=pod(h) +p5 Y viWea (Mo, vol +pgh Y > vimiskd, (h)(h) =
=1

i=1 j=1

0+ hwpg By (vo,v0) +h Y > 5iTipg kS (h)g(h) = 2hwa + 0 = 0,
i=1 j=1
because @ = 0 in the continuous cusp case. These prove (4.1).
Let us compute now Cy(vo, vo,v9). By evaluations also used in (3.4) and (3.5),
we have that

Cyp(v0, 00, v0) = Y0, (B)[vo, v0, v0] = 1> ¥ (feral Wik (h)v0, Wi, (R)vo, Wi (R)vo]+
=1
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3 fouWina(h)[vo, vo], Wi, (h)vo] + fWihaulvo, vo, vo]) =
Ry i (Feelvo, vo, vo] + 312, [vo, Wik, (W) [vo, vo]] + fFEW5 40 lvo, v0, vo])
=1

where symmetry of the bilinear form f?, is also used. We can now prove ¢(h) = he.
In fact, since pd f0 = 0, we get that

62(h) — Ghe = hpf; E:%(;mxwmvmwﬂ+3ﬁmhmJV%AhH%amH+

fSWl(L)ELIJLE [1}0, Vo, UO] + 3fLIJLE v0,q + h Z TZJ ]w + 3f0 mm(h)[vOa Lj(hﬂ) -

hpg fozalvo, vo,v0] — 3hpg foylvo, 4] =
hpg ZS:%' (3f§x[00, Wi (W) [vo, vol] + 317, [vo, G(h) + Zm g ( )
=1
3hpg frulvo, q] =
3mﬁﬁmhm§j%( W (B)lwo, vo] + (h +h§jn]ﬂ ath) —d] =

i=1
3hpg fon [Uov )+ Z%( iza (1)[vo, vo] + hiﬂjk?m(h)q(h)) - (J} =
j=1
3hp{ fa[v0, 0] = 0,
by (2.5) and (4.1). O
As a conclusion, we see that the one-dimensional center manifolds of systems

(1.1) and (2.1) intersect tangentially at the origin, further the critical coefficients and
eigenvectors are related by

vo(h) = o, po(h) = po,
a(h) he # 0.

|
S
|
=
oy
—~
>
~
|

5. The Bogdanov-Takens bifurcation

Theorem 5.1. Let system (1.1) (with p = 2) undergo a nondegenerate Bogdanov-
Takens bifurcation at the origin. Consider a general s-stage Runge-Kutta method with
step-size h > 0, given by (2.1)—(2.5). Then there exists a positive constant p such that
(2.1) has a nondegenerate 1 : 1 resonance at the origin for all h € (0, p).
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For the proof of the above theorem, the following two lemmata will be useful.

Lemma 5.1. Let assumptions of Theorem 5.1 be fulfilled. Then, for every h € (0, p2)
the following assertions hold:

(i) Fo1(h) € RN : (¥2(h) — In)1(h) = vo,
(ii) Ava(h) € RN : (¢0(h) — In)Ta(h) = D1 (h).

Proof. Let us first prove (i). Define @ (h) := + A~ (h)v1, h € (0,p2). So by (2.7)
and (3.2), it follows

(U00) = x)in () = n24(0) (47 B)un ) = f201 = o

As for (ii), suppose that for some h € (0, ps) there exists a @2(h) € R” such that
(2(h) — In)D2(h) = ©1(h). We will see that this assumption leads us to a contradic-
tion. First, by (ii) of Lemma 4.1 we get that

A = (T + 130 Y vershl0)) =18 (5.1
i=1 j=1
and by the assumed existence of U2 (h), we can express v; in terms of 92(h) as follows
vi = hA(h)v1(h) = hAR) (hf7 A(R)Ba2(R)) = h* A(h) £ A(h)D2(R).

However, by (5.1) and the biorthogonality imposed on the vectors vy, v1,po, p1, We
would obtain

1= pl v = hp§ A(h) fo A(R)B2(h) = h*p{ fEA(R)T2(h) = 0. |

Lemma 5.2. Let assumptions of Theorem 5.1 be fulfilled. Then there exists a positive
constant p3 < pa such that for all h € (0, p3) the following assertions hold:

(i) 71 (W2(h) = In) =1,

(1) 3251 wiW(h)oi(h) = o,
(iii) limy,_g+ o(h) =0, o(h) :== vT (A~ (h))Tps,
(iv) 2(hw —a(h))a+b #0.

Proof. Assume h € (0, p2). Let us show (i). For this purpose, we use (2.7) and (5.1)
in order to obtain

LT W) — In) = 2pT (hf2A(R)) = P A(h) = pf.
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Next, we show (ii):

> AW (hvi(h) = > v (IN +hy Tijkjo'x(h)) (%A_l(h)vl)
i1 i=1 =1
1 _ 1
= EA(h)A 1(h)1)1 = E’Ul.

Now we take up with (iii). By the Banach Lemma, we can write A~!(h) as follows

00 s s l
A~Y(h) > (-1 (h 3 wz»jk?z(h))

1=0 i=1 j—1
= Iy + hB(h),

where B(h) := 312, (1)} (k)1 (25:1 > i1 Wiﬁ-jk]ow(h))l, thus o(h) reads
a(h) = v{ (A~ (1)) p1 = o] (In + hB(h)) p1 = ho{ BT (h)p1,

hence (iii) follows. It is left to show (iv). By (iii), we can choose some positive pf so
that |o(h)] < L for all h € (0, p&). Then, take p3 := min (pz,pg, %), thereby

Wu
it holds
1ol 1o _ 2[b]

3 3 37
therefore, (iv) follows. O

|2(hw — o(h))al < 2h|allw| + 2|al|o(h)] <

Lemma 5.3. Let assumptions of Theorem 5.1 be fulfilled. Then, for all h € (0, p2)
the vectors o (h),v1(h), po(h), p1(h) satisfy the set of equations (2.9), where

ﬁo(h) = o, ﬁl(h) = %A‘l(h)vl,
Po(h) = hpo, pi(h) = p1—a(h)po.

Furthermore, this set of vectors is biorthogonal.

Proof. Assume h € (0, p2). That 9g(h), v1(h) satisfy the first two equations of (2.9)
follows immediately from Lemma 3.2, and (i) of Lemma 5.1. As for the remaining
two equations, by Lemma 3.3, it holds that

Py (M) (Wo (h) — In) = hpg (¥3(h) — In) = 0.
Finally, by Lemma 3.3, and (i) of Lemma 5.2, it is seen
~ 1 ~
0 ~ 1) =1 (G @200 ~ 1)) = hof, = 5T 1)
It is left to show biorthogonality. By (2.9), it holds

@5 (h)po(h) = o7 (h) (43 (h) — In)" Po(h) = 0.

65



L. Loczi, J. Paez Chavez

On the other hand, by the biorthogonality of vy, v1, pg, p1, We have

a (h)p1(h) = v p1 — o(h)vd po = 1.

Moreover, note that

o1 (h)po(h) = 07 (h) (WY (h) — In)"Pr(h) = 5 (R)pr(h) = 1.

Lastly, it follows that
FE ) = (- o) (A7 000 ) = T -Fwnmy =0 o

With these preliminary results, we are ready to present the proof of Theorem 5.1.
Proof. [Proof of Theorem 5.1] What we have to show is that (2.1) has a nondegenerate
1: 1 resonance at the origin for all i € (0, p), p some positive constant. Indeed, take
p := min(p1, p2, p3). Then, Lemma 3.1 proves that the origin is an equilibrium of
(2.1). Likewise, Lemma 3.2 shows that ¥?(h) has an eigenvalue equal to 1, with
geometric multiplicity equal to 1. This means that the only Jordan block associated
to this eigenvalue is of dimension > 1. Nevertheless, Lemma 5.1 tells us that there
exists one, and only one generalized eigenvector corresponding to this eigenvalue. It is
left to show nondegeneracy. Firstly, we have to compute the normal form coefficients,
denoted by a(h), B(h) For the computations, Lemma 5.3 provides us with the required
eigenvectors. So, Lemma 3.4 (with x := h) shows that a(h) = h%a # 0 for all
h € (0, p). Next, we compute b(h) as follows.

b(h) = pi (h)By(to(h),To(h)) + Bg (h) By (To(h), 51(h))
= (p1 — a(h)pg W% (M)[vo, vo] + hpg ¥z, (h)[vo, B1(h)].

y (3.4) and (3.5), we obtain

b(h) = hp] filvo,vel +hpg > viWih. (h)[vo, vo] — ha(h)pg £2,[vo, vl
=1

S 1% . YW )]
i=1
Finally, by taking into account (i) of Lemma 4.1 and (ii) of Lemma 5.2, we arrive at

b(h) = 2h%wa —2ho(h)a+ hpT By(vo,vo) + hpd By (vo,v1)
= 2h(hw —o(h))a + hb. (5.2)
Lastly, it is clear that b(h) # 0 for all h € (0, p). For if we assume b(h.) = 0 for some
hy € (0, p), this would imply b(hs) = 2h.(hw — o(hy))a + heb = 0. Since h, # 0, it
follows 2(h.w — o(hs))a + b = 0, which clearly contradicts (iv) of Lemma 5.2. 0

In short, the discretized normal form of the Runge-Kutta map is
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< Z; > - ( wa + (h%a)w? + (2%?]21;11120(}1))(1 + hb)wiws, > +O([Jw]]?),

and the critical coefficients and generalized eigenvectors read

vo(h) = o, u(h) = AN (h)vi,
po(h) = hpo,  pi(h) = p1—o(h)po,
a(h) = hZa, b(h) = 2h(hw —o(h))a + hb.

Moreover, our analysis also shows that the two-dimensional center manifolds of
systems (1.1) and (2.1) intersect at the origin in a nontransversal manner (see the
generalized eigenvectors above).

6. Numerical example

In this section our aim is to numerically illustrate one of the main results of this article,
namely, we will see that Bogdanov-Takens points persist at the same position and that
they are turned into 1 : 1 resonances under Runge-Kutta methods (cf. Theorem 5.1).
For this purpose, we consider the following continuous-time, dimensionless system:

b= () o4 - G R0 - Bt - 0
= ar—(a+GQ)y—z2—D(y—=x)®>—-Hy®> - F(y —z)° — Iy, (6.1)

2 =y,

with state variables (z,y,z) € R3, and parameters o, 3,C,D,E,F,G,H,I, R € R,
R > 0. This system describes the dynamics of a modified van der Pol-Duffing oscil-
lator. A thorough analysis of this oscillator concerning both local, as well as global
phenomena can be found in [1, 2]. We assume «, 8 to be our bifurcation parameters,
andwelet C=1,D=-5 FE=1,F=1,G=-15 H=1,1 =1, R =3 fixed.
Moreover, the numerical computations will be performed with the continuation soft-
ware CONTENT ([6]), and numerical data will be exported to MATLAB for further
numerical manipulations.

Let us firstly find a Bogdanov-Takens point for system (6.1). We choose (Zni, Yini,
zini) = (0,0.5,0), (ini, Bini) = (9.5, —8) as initial data for the continuation of equi-
libria, and we then let 3 freely vary. The thus obtained curve is plotted in Fig-
ure 1. With this procedure we have found three neutral saddles, two Hopf points,
one fold, and one branching point, labeled by NT'S, H, LP and BP, respectively.
The next step is to switch to a codimension one singularity that could lead us to
the Bogdanov-Takens we are looking for, that is, to switch to an NT'S, H or LP
point. Thus, we switch to the NT'S point that lies close to LP, which is located at
(LL'NTs,yNTs, ZNTS) ~ (—1.0541, 0, —5.459), (aNTs,ﬁNTs) ~ (9.5, —75247) AlOIlg
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Figure 1: Continuation of equilibria of (6.1) for a = 9.5 fixed.

this curve we find a Bogdanov-Takens point located at (zpr,ysT,28T) = (—1,0,
—4.26794919243109), (apr, BeT) = (8.26794919243109, —6.26794919243109).

The next part of the experiment is to discretize system (6.1) by a Runge-Kutta
method in order to see whether the Bogdanov-Takens point found is actually preserved
by the method. For this purpose we choose the 3™ order method of Runge (cf. [3])
with an initial step-size hg = 0.13. By using the same procedure and initial data
that were used for the continuous-time system, we found a 1 : 1 resonance located
at (zr1,Yr1,2r1) = (—1,0,—4.26794919243116), (ar1,Br1) = (8.26794919243116,
—6.26794919243116). Note that this point lies very close to the Bogdanov-Takens
point obtained for the continuous-time system. The next step is to investigate how
the 1 : 1 resonance of the one-step method is affected as we vary the step-size. To
achieve this we define the distance function

Distpr(h) :=||(xr1(h),yr1(h), zr1(h), ar1(h), BrR1(N))
— (xB7T,YBT, 2BT, OBT, BBT)||:

for h > 0 small, and || - || representing the Euclidean norm. The result is shown in
Figure 2. In this picture we let the step-size vary from h = 0.05 to h = 0.3, but we
plotted the logarithm of the variables in order to detect any evidence of an O(h?)-shift
of the Bogdanov-Takens point. However, no such evidence appeared but the distance
remained always below the tolerance used for the computations, which allows us to
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Figure 2: Distance between Bogdanov-Takens points and 1 : 1 resonances for
different values of step-size.

confirm the prediction of Theorem 5.1, i.e., that the Bogdanov-Takens point persists
at the same position under Runge-Kutta methods.
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