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Abstract. Consider the following differential equation with piecewise constant ar-
guments:

NG = N()yr(t) {1 —aN(t) = X biN(n—i)},n <t <n+1,n=0,1,2,...,
N@O) =Ny>0, and N(—j)=N_; >0,5=1,2,....m,

where r(t) is a nonnegative continuous function on [0, +o0), r(t) # 0,a > 0,> 1", b; >
0, and b; > 0, = 0,1,2,...,m. In this paper, we show that if r(¢) = r (constant)
and (3.7, b;)/ (321" bi) is sufficiently small, then Gopalsamy and Liu’s criterion r <
HSTO‘IH% of the global stability for m = 0 and 0 < a = a/by < 1 still holds
for any m > 1 and 0 < a = a/(>°1~,b;) < 1. This generalizes the result in [G.
Seifert, Certain systems with piecewise constant feedback controls with a time delay,
Differential Integral Equations 6 (4) (1993) 937-947], that is, in the special case a = 0
and m = 1, there exists a constant 0 < § < 1 such that for any by/(bg + b1) < 8,
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the positive equilibrium N* = 1/(bg + b1) of the above equation is global attractor if
r<2to0<a=a/(>",b)<1land m>1.

AMS Subject Classifications: 34K20, 92D25

Keywords: Contractivity; Global stability; Logistic equation with piecewise constant
delays; Gopalsamy and Liu’s conjecture.
1. Introduction

Consider the following delay differential equation with piecewise constant delays for
m > 0:

INGD — N(t)r(t) {1 —aN(t) = X obiN(n— i)}, n<t<n+1, n=0,1,2,...,
N(0) =Ny >0, and N(—j) = N_; >0, j=1,2,...,m, if m > 1,

(1.1)
where r(t) is a nonnegative continuous function on [0, +00),7(t) # 0, >..* ; b; > 0,b; >
0,i=0,1,2,....m

This population model has been studied in many literature (see for example, [1-
14] and references therein). Concerning conditions for the positive equilibrium N*
of Eq.(1.1) with a = 0, to be globally asymptotically stable, Gopalsamy, Kulenovic

and Ladas [1] have obtained r < 77Izrf1 for r(t) = r (constant), and So and Yu [10]

improved this condition to [ r(t)dt = +oo and sup,,> an (t)dt < 3/2.

For the case m = 0, r(t) = r (constant) and 0 < a < by, Gopalsamy and Liu [2]
offered a conjecture of the necessary and sufficient condition of the global asymptotic
stability. Muroya and Kato [7] partially solved this conjecture. Recently, Li and
Yuan [4] have solved completely this and Li, Muroya and Yuan [3] extended this to
the variable case r = r(t).

The following result is an affirmative answer to the Gopalsamy and Liu’s conjec-
ture for Eq.(1.1) with m = 0.

Theorem A. (See [4,7]). For0 < o =a/by < 1, the positive equilibrium N* =
of Eq.(1.1) with m = 0 and r(t) = r (constant), is globally asymptotic stable, zf and

only if,
(a), (1.2)

‘ib

r <

where
~ l+a. 1+«
7(a) = ——1In ,
« 11—«

for 0<a<1, and 7(0) = 2. (1.3)

On the other hand, Seifert [9] has studied the local stability, global attractivity
and the existence of the 2-periodic solution of the following logistic equation with
piecewise constant delays

AN (t)
dt

=N@{t)r(1—bN(n)—bNn-1), n<t<n+1,n=0,1,2,..., (1.4)
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Eq.(1.4) is equivalent to Eq.(1.1) for a = 0, r(t) = r (constant) and m = 1. Seifert [9]
has obtained the following theorem.

Theorem B. (See [9, Theorem 3.4]). There exists a constant 0 < 8 < 1 such that
for any by/(bg + b1) < B, the positive equilibrium N* = 1/(bg + b1) of Fq.(1.4) is
global attractor, if r < 2.

We know that for Eq.(1.4) with b; = 0, the necessary and sufficient condition
of the global stability is » < 7(0) = 2 (See also, Matsunaga et al. [5] ). Hence,
Theorem B suggests us that the condition (1.2) for m = 0 and o = 0 (a = 0) still
guarantee the global stability of Eq.(1.4) even if there exists the effect of delay, by (at
least b; is sufficiently small). Motivated this result, Uesugi, Muroya and Ishiwata [11]
showed that for any (37", b;)/(3°1" bi) < e/(e+ 2), the positive equilibrium N* =
1/(30i%0 bi) of Eq.(1.1) for r(t) = r (constant) and a = 0, is globally asymptotically
stable, if » < 7(0) = 2.

However, for the global asymptotic stability of Eq.(1.1) for the case m > 1 and
0<a=a/(>",bi) <1, only contractive conditions were established (see Muroya [6]
and Nakata, Kuroda and Muroya [8]). How to extend the result in Uesugi, Muroya
and Ishiwata [11] for « = 0 to 0 < « < 1 is still an open problem. Motivated by
Theorem B for @« = 0 and m = 1, we have a conjecture that for the case m > 1
and 0 < a < 1, there exists a sufficiently small constant 3(«) > 0 such that for
any (310, i)/ (32120 bi) < B(), the positive equilibrium N* = 1/(a + 31", b;) of
Eq.(1.1) is globally asymptotically stable, if » < 7(a) for 0 < a < 1.

In this paper, we establish the following affirmative answer to the above conjecture
for thecase m >1land 0 < a < 1.

Theorem 1.1. For 0 < a=a/ (3 /" bi) < 1, there exists a constant 0 < B(c) < 1
such that for any (37,2, bi) / (32120 bi) < B(«), the positive equilibrium N* of Eq.(1.1)
forr(t) =r (constant), is globally asymptotically stable, if r <7(a).

Similarly, we obtain the following result for nonautonomous case Eq.(1.1).

Theorem 1.2. For 0 < a =a/ (> i b;) < 1, there exists a constant 0 < B(a) < 1
such that for any (31", b;) / (31t bi) < B(a), the positive equilibrium N* of Eq.(1.1)
is globally asymptotically stable, if limsup, . rn > 0 and r, < ?(a) where r, =
[ ()t

The organization of this paper is as follows. In Section 2, for preparations, we
introduce some basic results. In Section 3, we offer two more results (Lemmas 3.2
and 3.4) from results in Li and Yuan [4] and Muroya and Kato [7] for Eq.(1.1) with
m = 0. Applying these results for m > 1 in Section 4, we prove Theorems 1.1 and
1.2. Finally, in Section 5, numerical simulations are presented. These may be some
supports for the existence of 3() in Theorem 1.1.
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2. Preliminaries

In this section, we prepare some known results and important lemmas which are
related to Section 3.
At first, by Gopalsamy and Liu [2], we see that for Eq.(1.1),

N(t):N(n)eXp{/tr(s) <l—aN(s)—zm:biN(n—i)> ds}, n<t<n+l1,

=0

n=20,1,2,..., and so N(¢) > 0 for all ¢ > 0. An easy computation yields that for

te [n7n+1)7
% lNl(t) exp (/n r(s)ds (1 - ;sz(”iON

= ar(t) exp (/ r(s)ds <1 - Z b;N(n— z))) .

n+1 m
1
= / r)dt, to=1-3 biN(n—i) and N*=
n 1=0

Put

e v

We introduce the following results in Muroya [6]. In particular, the discretized equa-
tions Eqs.(2.1) and (2.2) are important throughout this paper.

Lemma 2.1. (See [6, Lemma 3.1]). If

exp{rit,} —1

1+aN(n) ;

>0, for t,#0,

and
1+aN(n)rt, >0, for t, =0,

then we have forn <t <n+1,

N(n)exp{r!t,
N(t) = 1+‘3§(<))>{{tn% fort 70
W?n)ri’ fort, =0,
and
N(t) — N*
1—””% (N(n) = N*) = 3" bN<n>% (N(n—i)— N*),

14+aN(n) 14+aN(n)

tn tn

fort, #£0,

1—boN(n)rt * m b;N(n rfL . *
e (N () = N*) = S| (5 (N (n — i) — N*),
fort, =0,
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where rt, = f; r(s)ds.

In particular,

N(n) exp{rntn} for . 7& 0
1) = § Ty S o
THaN(m)ry fort, =0,
and
N(n+1)— N*

1—boN(n)M . m biN(n) exp{7‘;;ir,L}—1 . .
1+aN(n)% (N(n) = N*) =322, 1+aN (n) Zlrpfa] =1 (N(n—14) —N"),
= for tn 7é 07

1—boN(n)ry, * b;N(n)ry, . %
1+aoN((n))r,,L (N(n) = N*) =3, 1+a]\(z(r)b)r” (N(n—1i)—N~),
fort, =0.

(2.2)

For the case a > Z?;O b; > 0, we easily get the following global stability result.

Theorem 2.1. (See [6, Theorem 3.1]). If 0 < r,, < +00 and

m
a > Z b; > 0,
i=0
then solutions of Eq.(1.1) have the contractivity, that is,

IN(n+1)— N*| < max |[N(n—1i)— N¥|.
0<i<m

Moreover, if
limsupr, > 0,

then

lim N(n) = N7,
and hence, the positive equilibrium N* = 1/(a+ ;" b;) of Eq.(1.1) is globally asymp-
totically stable.

Hereafter in this section, we are interested in the case 0 < a < >_:"  b;. Note that
if r, =0, then N(n+ 1) = N(n). Hence, for simplicity, we assume r, > 0 and put

f(t’/‘) — (1 7t)erf_17 t%ov
’ r, t=0, 93
f(t~7") = C”til’ t#0, 23
’ B T, t=0.
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Note that f(t;r1) < f(t;72) and f(t;71) < f(t;r2) for any 0 < r; <7 and t < 1 (see
the proofs of Muroya [6, Lemma 2.3] ). Moreover we set

z(n) = (XLobi) N(n),

z” :(Zgobi)N*:ﬁ»
« = % > 0,

a; —Zmb>0,for0§i§m,

then for t, =1->" b;N(n—1i) =1->."" a;z(n—1i), Egs.(2.1) and (2.2) become
respectively

z(n) exp {rntn}

T a0 ) =
and
o(n o 1 —aox(n)f(tn;rn) T aw(n) f(tns ) ln—i)— *
(n+1) 1+a:r(n)f(tn;rn) ; 1+ ax n)f(tn;rn)( (=) ;
(2.5)

We introduce the following relation between f(¢;r) and 7(a).

Lemma 2.2. (See [7, Lemma 2.4]). T(a) is a strictly monotone increasing continu-
ous function of a on the interval (—1,1), and for 0 < a < 1, it holds that

fE7(Q) > 2, for (t —t*)(t — t**) < 0, (2.6)
[T () < £, otherwise,
and (Lo (3 n )
S 14+« In 1o
f @t 7(a) :a(l—a)a>0
I e 27)
~ a 2 @ o
FEFe) =S (e mite - 25) <o,
where
Pol—at == and pt—ap = 2 (2.8)
1+ a 1+a

Further, for any r <7(a) and 0 < a < 1,
1+af(t;r) >0  forany t<1.
Note that 0 < 7(a) < +oo and, 0 < t* < t** < 1 for 0 < a < 1. Figure 1
illustrates the function 7(c). Also, we draw the graphs of f(t;7(«)) for a = 0,0.2,0.5

and 0.8 in Section 5.
The following relation is also used in Section 3.
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0 05 ol

Figure 1: Graph of the function 7(a)

Lemma 2.3. Forr > 0, it holds that
() <rf'(tr)  for t>0. (2.9)
Proof. From (2.3), we have that for » >0 and ¢t > 0

tft;r) —t—14(1—t)e,
tf () + ftr) =14+ {=1+ (1 —t)r}e™,
tf"(tr) +2f (1) ={=2r+ (1 —t)r*}e™.

It follows that

27(tr) = {1+ (L= D"y 1L+ {14 (L= D)r)e”]
=1—(1—rt+rt*)e™,
(1) = =21 = (L= rt o ri2)er ) £ (=20 4 (1= 1) e

= =2+ (2= 2rt + 132 — r?t?)e™,
from which, we obtain that

BF(tr) = —(2+71t) + (2 = rt)e" +rt3f(t;7)
< rt*f'(t;r) for t > 0.
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In the above discussion, we use the following inequality

ook
—-24y)+2-ye'=—2+y)+2—-y Zkl

Y2 +O°yk
=-Q2+y+C2C-y)+2-yy+(2- y)2,+(2—y) o
k=3
3 3 4 5
_ oy Qg C-wyt | -yl
T T A T A I
(2 1N 5 (2 1N 4 (2 1\ 4
< 0 for y > 0.
Hence, Eq.(2.9) holds and the proof is complete. O

3. More results for m =0

In this section, we offer two more results (Lemmas 3.2 and 3.4) from the known results
in Li and Yuan [4] and Muroya and Kato [7] for the case m = 0. For simplicity, we
consider the special case 7, = 7(a),n = 0,1,2,..., for Eqs.(2.1) and (2.2). Eqgs.(2.1)
and (2.2) become

_ 2 exp {F(@)tn}
z(n+1)= o @) (3.1)
e f(tns7())
1= fltnT(a -
z(n+1)—a* = T+ af(t,r() (x(n) —z%), (3.2)
where ¢, = 1 — z(n), respectively. We put
f(t) = f(t:7(a)),
{ G(t) = F(t)(t — ) + " and F(t) = {505 (3.3)
Then, Eq.(2.6) implies
F&r) = f(t) = %5,
f(t) > 2, for 0 < t* <t <t <1,
flt) < 2, otherwise.
Thus,
F*)=F@*)=-1, and F(t) < -1 for 0 <t* <t < t**, 3.4
G(t) = t*,G(*) = 0, and G(t) < t* for 0 < t* <t < t**, (34)

58



An affirmative answer to “Gopalsamy and Liu’s conjecture”

and

% «

T1ta’
is a unique solution of ¢ = G(t) for ¢t < 1. For the convenience of the reader, we draw
the graphs of f(¢;7(«)) and F(t) for o = 0,0.2,0.5 and 0.8 in Section 5 (see Figures
5-12).
Now, for ¢, =1 —2z(n) < 1, Eq.(3.2) is equivalent to

tner = G(tn),n=0,1,2,....
By definitions, we have that ¢, — t* = —(z(n) — 2*) and

{ tn+1 -t = F(tn)(tn - t*)7 (3 5)
toss — 1 = Ftps))(tns1 — t°) = F(G(tn)) F(tn)(tn — ). :

Similar to Muroya and Kato [7, Lemmas 2.5-2.10], from Eq.(3.5), we obtain the
following four lemmas.

Lemma 3.1. (See [7, Lemmas 2.5]). a) Assume that for t, <1,
|F(tn)| <1, for t, #t".

Then,
s — ] < [tn — t7].
b) Suppose that for t, <1,
|F(G(tn))F(tn)| <1, for t, #t*.

Then,
[trto — 7| < |tn — t*].

Note that
2

ft) >f(t*):m, for 0<tr<t<t™<l.

By Lemma 2.2, Eq.(2.6) and Lemma 2.3, there exists a unique #; = #;(7(a)) such
that
f(t1)=0, for 0<t" <ty <t™ <1

Moreover, by Lemma 2.2, we can improve the result of Muroya and Kato [7, Lemma
2.10] as follows.

Lemma 3.2. For 0 < a < 1, there exist two constants c¢1 and co such that
o <t <t <eg <1, (3.6)
and

G'(t) <0, forecy <t< e,
in particular, G'(t) < =1, fort* <t <t;.

59



E. Messina, Y. Muroya, Y. Nakata, E. Russo, A. Vecchio

Proof. By Eq.(2.6) in Lemma 2.2, we have f’({;) = 0. Moreover, we see that
F'@®) < rf'(t) <0 for any 1 <t < ¢** by Eq.(2.9) in Lemma 2.3. By Eq.(2.6), we
easily get

f@t) > f*), and 0> f/(t) > f/(t*), for {; <t <t**,
Therefore, by Eq.(3.3) and (3.4), for 0 < a < 1 and #; <t < t**, it holds that

ngwwzﬂwﬁm< (el ) = F(t) = - U2 (),

(+af(®)? = (A+af(t))? — I+a
and F(t) < F(t*) = —1.

On the other hand, it holds that f/(t) > 0 for t* < ¢t < {;, and hence,

G+af) _

PO =~ rarore ©

and
Fit)<F{t")=F@#")=-1.
Therefore, by Eqgs.(3.3) and (2.7), we have that

G'(t) = F'(t)(t —t*) + F(t)
S FI(t) (™ —t7) + F(t)
_ - )(1+O‘)1n1+0‘<0 for % <t <™
1—a -

and in particular,
Gt)<F#t)(t—t")+Ft)< -1 for t*<t<t.

Moreover, by G'(1) > 0,G’'(t*) = —1 and G”(t**) < 0 and the above discussion, we
can see that there exist two constants ¢; and ¢y such that (3.6) and (3.7) hold. U

Moreover, we have the following result (see Li and Yuan [4] and Muroya and Kato [7]).

Lemma 3.3. For 0 < a <1, it holds that
FG@)F(t) <1, for t" <t <t*™.
By Lemmas 3.2, 3.3 and the continuity of the function F(G(t))F(t), we have the

following lemma which will be used to prove Theorem 1.1.

Lemma 3.4. For 0 < o < 1, it holds that there exist two constants ¢1 and cy such
that (3.6) and (5.7) hold and

F(G)F(t) <1, for ¢1 <t<eca. (3.8)
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4. Proofs of Theorems 1.1 and 1.2

Now, consider the sequence {z(n)}22, of Eq.(2.5) for r = r, = 7#(a),n = 0,1,2,....
Putt, =1—2(n),n=0,1,2,... and

1—a0(1—so)f(a050+(1—a0)31;r)

q(80781;r) = 1+a(1—so)f(qoso+(l—ao)sl;7‘) ’
i(s0,51;7) = (1—ao)(1—s0)f(aoso+(1—ao)s1;r)

1+a(1—so)f(aoso+(1—ao)sl;r) :

Hereafter, we restrict our attention to the case m > 1 and 2211 a; > 0, because the
case m = 0 (and >_!"; a; = 0) is already known by [4,7]. Then, by Eq.(2.5), the
sequence {t,}°° , satisfies the following equations:

Z?77, = (Z:il aitn—i)/(zyil ai)7 77‘2071’2""’

where Y"1 a; > 0. It follows that g(so, s1;7) € C*(R?) and ¢(so, s1;7) € C*(R?) for
any (sg,s1) € R% Put

{tn+1 —t* =, L3 1) (B — %) = Gt Ls 1) (B — 1),

Ga(s0,81;7) =" + q(s0,51;7) (50 — t*) — G(s0, 51;7) (51 — 7). (4.1)

From Eq.(3.3), it holds that

Glso) — £ = Flso)(s0 — °). (4.2)
Then, we have
Ga(so,81;7) = G(s0) +[(q(s0,5157) = G(s0,51;7)) — F(s0)] (50 — t7)
—G(s0;51;7) (51 — 50), (4.3)

and

(q(s0,s1:7) — G(s0, s157)) — F(s0)

(1+ a)(1~— s0)(f(aoso + (1 — ag)s1;7) — f(s0; 7;))
(14 (1 = s0)f(aoso + (1 —ag)s1;7))(1 4+ a(l — s0) f(s0;7))
— (1 —ag) (1+a)(1 — so)

(1+ a1 = s0) f(s0+ (1 — ao)(s1 — s0);7)) (1 + a1 — s0) f(5057))

y Fso+ (1= ao)(s1 — s0);7) — f(s057)
1—a0 '

Therefore, we obtain that

Ga(s0,81;7) = G(80) + (1 — ag)H(so, $1;7), (4.4)
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where
H(sg,s1;71) = — L%
ST T a1 — s0) f(so + (1— a)(s1 — s0);7)
x[ 1—1-04~ f($o+(1—ao)(81—80)§T)—f(50§7‘)(80_t*)
14+ a(l —s0)f(so;7) I —ao

+ f(aoso + (1 — ag)s1;7)(s1 — So)] ;
and there exists a constant 6 € (0,1) such that

0 f(80+(1—a0)(81—80);7‘)—JZ(80;7‘)1

dso

1—a0

F'(s0+ (1 = ag)(s1 — s0);m)ao — f'(s0;7)
1-— ag

= f"(s0 4+ 6(1 = ag)(s1 — s0);7)(s1 — s0) — f'(s0 + (1 = ag)(s1 — s0);7),

from which we see that %H(SO, s1;7) is bounded for a bounded domain (sg,s1) €
D C R2. Let define € (ao; so, 51,7), by

F(G(s0) + (1 —ag)H(so,s157)) = F(G(s0)) + €1(ao; so, $1,7).

Then, for fixed constants sg,s; < 1 and r > 0,
€1(ao; s0,81,7) — 0, as 1 — ap — —+0, (4.5)
and for a fixed constant s < 1,
G2(Ga(s0,81;7), 50;7) — t*
= F(Ga2(s0,51;7))(Ga(s0,51;7) — %) + (1 — ap) H(G2(s0, $1;7), S2;7)
= (F(G(s0)) + €1(ao; s0,51,7)) (F(s0)(s0 — t*) + (1 — ao) H(s0, 51;7))
+ (1 = ao)H(G2(s0,51:7), 52:7)
= F(G(s0))F(s0)(s0 — t*) + e2(ao; s0, 51, 52, 7),

where
€2(ao; s0,51,52,7) = F(G(s0))(1 —ao)H((s0,51;7)
+e1(ao; S0, 51, 7)(F(s0)(so — t*) + (1 — ao) H(so, $1;7))
+(1 = ag)H(G2(s0, 5157), 82 7)
— 0, as 1 —ag — +0,
that is,

Go(Ga(sg,81;7),82;1) — t* — F(G(s0))F(s0)(so — t*) as 1 — ag — +0. (4.6)

As a result with Lemmas 3.2 and 3.4, if we chose a sufficiently small positive constant
1 — ag, then we can obtain the following important result in this paper.
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Lemma 4.1. For 0 < a < 1, r = ?(a)ﬁ, two constants ¢1 and ¢z such that (3.7)
and (3.8) hold, there exists a constant 3(a) > 0 such that for any ag such that
1—ap < pB(a), and s1 <1,

|G2(s0,81;7) —t*| <|so —t*|  for so <c1 or sy > ca, (4.7)

and for a fixed constant so < 1,

Go (G : or) — t* —t*
{l 2(Ga(s0, 5157), 523 7) | < lso E forep < sp < ca. (4.8)

B%DGQ(SO, s1;1) =G (s0) + (1 — ao)a%oH(so, s1;7) <0,
Proof. From (4.2) and (4.4), we have that
Ga(s0,81;7) —t* = F(s0)(so — t*) + (1 — ag)H(s0, 51; 7).

We restrict 3(a) > 0 as small as possible. From the boundedness of H (s, s1;7) for a

bounded domain (sg,s1) € D C R?, there exists H < +oo such that |H (sg,s1;7)| <

H. Since it holds that |F(sg)| < 1for sqp < ¢; < t* orsg > co > t** and |H (50, 51;7)| <
H, we obtain (4.7).

Moreover, by Lemma 3.4 and the continuity of F(G(so))F(so) on so, there exists

k such that F(G(so))F(s0) <k < 1for ¢; < sp < co. Hence, from (4.4) and (4.6), we

O

obtain (4.8). Hence, the proof is complete.
Then, we can prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. By using the similar techniques in Li and Yuan [4] and Muroya
and Kato [7] with Lemmas 3.4 and 4.1, we can prove Theorem 1.1. O

Proof of Theorem 1.2. By using the similar techniques in Li, Muroya and Yuan [3],
we can derive Theorem 1.2 from Theorem 1.1. |

5. Numerical simulations

In this section, we consider the following logistic equation with two-piecewise constant
arguments

dN(t
dt( ) =N@{)r(l—aN(t) —bN(n)—bNn—-1)), n<t<n+1,n=0,1,2,....
(5.1)
(5.1) has the positive equilibrium N* = 1/(a +bo + b1) and o = a/(bo + b1).
By Theorem 1.1, there exists a constant 0 < 3(«) < 1 such that for any boibl <

B(a), the positive equilibrium N* of (5.1) is globally asymptotically stable, if r < T(a).
For the special case a = 0, Uesugi et al, [11] determine 3(0) = e/(e + 2). However,
how to determine 3(«) for each « > 0 is still remained as an open problem.
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E]
TIME

Figure 2: (5.1) with a =0.2,bp = 0.9,by = 0.1 and r =

=P

(), =10.2

% ] L] & E)
TIME

Figure 3: (5.1) with a = 0.5,bp = 0.9,b; = 0.1 and r = 7(a),a = 0.5

% E] L] EY E)
TIME

Figure 4: (5.1) with a = 0.8,b9 = 0.9,b; = 0.1 and r = 7(a), a = 0.8
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For a = 0.2,bp = 0.9,b; = 0.1 and r = 7(a),a = 0.2, we investigate for initial
conditions (Ng, N_1) = (0.1m,0.1n) for all m =1,2,3,...,30 and n =0, 1,2,...,30,
that each solutions converges to the positive equilibrium. From these numerical
simulations, we may guess that every solution converges to the positive equilibrium

N* = 1—12 « 0.833333...,. Thus, we conjecture that 3(0.2) > 0.1.

For the case a = 0.5,by = 0.9,b; = 0.1 and r = 7(a), @ = 0.5, we also investigate
each solutions for same initial conditions. From the observation of the computation,

every solution converges to the positive equilibrium N* = = v 0.666667 .. .,. Hence,

15 —
we also conjecture that 3(0.5) > 0.1.

Moreover, for a = 0.8,bp = 0.9,b; = 0.1, and r = 7(a),a = 0.8, we also in-
vestigate each solutions for the same initial conditions. We see that every solution
converges to the positive equilibrium N* = 1—% « 0.555556. ..,. Hence, we conjecture
that 3(0.8) > 0.1. Figures 2-4 illustrate the orbit of the solutions with three initial
conditions (Ng, N_1) = (0.1,0.3),(0.5,0.3) and (1.2,0.3) for each cases o = 0.2,0.5
and 0.8, respectively. These numerical simulations support the existence of 3(a) > 0
in Theorem 1.1.

Finally, for the convenience of the reader, we draw the graphs of the function
f(t;7(a)) and F(t) for a = 0,0.2,0.5, and 0.8, in Figures 5-12, respectively.
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Figure 7: f(t;7()), a = 0.2
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Figure 8: F(t), o = 0.2
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Figure 9: f(t;7()), a = 0.5
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Figure 10: F(t), « = 0.5
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Figure 11: f(t;7(c)), a = 0.8
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Figure 12: F(t), « = 0.8
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