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Abstract. In this paper, we investigate the fixed points and the hyper order of the
differential polynomial g; = dof” + dif + dof, where do (2),dy (2) ,ds (2) are entire
functions that are not all equal to zero with p(d;) < oo (j =0,1,2) generated by
solutions of the differential equation

FHaG)f +4 k) f=F

where A; (), Ao (2) (£0), F are entire functions of finite order. Because of the
control of differential equation, we can obtain some precise estimates of their hyper
order and fixed points. We also investigate the relation between infinite order solutions
of higher order linear differential equations with entire coefficients and finite order
entire functions.
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1. Introduction and main results

Throughout this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution theory (see
[7],[9], [11],[13]). In addition, we will use A (f) and A (f) to denote respectively the
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exponents of convergence of the zero-sequence and the sequence of distinct zeros of
a meromorphic function f, p(f) to denote the order of growth of f. A meromorphic
function ¢ (z) is called a small function with respect to f (z) if T (r,) = o (T (r, f))
as 7 — 400 except possibly a set of r of finite linear measure, where 7' (r, f) is the
Nevanlinna characteristic function of f. In order to express the rate of growth of
meromorphic solutions of infinite order, we recall the following definition.

Definition 1.1 ([4],[13]) Let f be a meromorphic function. Then the hyper order
pa2 (f)of f(z) is defined by

o (f) = Tim loglog‘T(r,f).

r—-+00 logr

(1.1)

Remark 1.1. If f is an entire function, then the hyper order pz (f) of f () is defined
by
i loglog T — logloglog M
p2 (f) = lim loglog T'(r, f) _ 3 logloglog M (r, f)7

r—-+00 logr r—-+o0 logr

where M (7, f) = max|,—, | f (2)].

To give the precise estimate of fixed points, we define:

Definition 1.2. ([4],[10],[12]) Let f be a meromorphic function and let 21, 23, ...
(Iz] = rj, 0 < 1 < re < ...) be the sequence of the fixed points of f, each point
being repeated only once. The exponent of convergence of the sequence of distinct
fixed points of f (z) is defined by

+oo
T(f)=inf7>0: Z|zj|7T < +00
j=1
Clearly,

()= T logﬁ(r,ﬁ>

1.2
r——4o00 1ogr ’ ( )

where N (r, 1) is the counting function of distinct fixed points of f(z) in {z: |2| < r}.

—z

Definition 1.3. ([4],[8],[10],[12]) Let f be a meromorphic function. Then s (f),
the hyper exponent of convergence of the sequence of distinct zeros of f (z) is defined
by

_ ~ loglogN (r, %)

1.3
r—+oo logr ’ (1.3)
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and 75 (f), the hyper exponent of convergence of the sequence of distinct fixed points
of f(z) is defined by

loglog N (r, ﬁ)

m ()= T —— (1.4
Consider the second order linear differential equation
A f + 40 f=F (1.5)

where Ay (z), Ag(z) (#20), F are transcendental entire functions with finite order.
Many important results have been obtained on the fixed points of general transcen-
dental meromorphic functions for almost four decades (see [14]). However, there are
few studies on the fixed points of solutions of differential equations, even second order
linear differential equations

4+ AR f=0, (1.6)

"+ A=) f=F (1.7)

where A (z) and F (z) # 0 are entire functions. It was in the year 2000 that Z. X.
Chen first pointed out the relation between the exponent of convergence of distinct
fixed points and the rate of growth of solutions of equations (1.6), (1.7) and have
obtained the following results.

Theorem A. [4] For all non trivial solutions f of (1.6), the following hold:

(i) If Ais a polynomial with deg A =n > 1, then we have 7 (f) = p(f) = 242.

(#9) If A is transcendental and p(A) = p < +oo, then we have T (f) = p(f) = +0
and T (f) = p2 (f) = p-

Theorem B. [4] Suppose that F (z) and A(z) have finite order and F (z) # zA (z).
Then for all non trivial solutions f of (1.7), the conclusions of Theorem A hold except
at most for one solution f;.

We know that a differential equation bears a relation to all derivatives of its
solutions. Hence, linear differential polynomials generated by its solutions must have
special nature because of the control of differential equations. The first main purpose
of this paper is to study the growth, the oscillation and the relation between small
functions and differential polynomials generated by solutions of the second order linear
differential equation (1.5).

Before we state our results, we denote by

o] =d; — dQAl, ﬁo = doAgAq — (dQAO)/ —d1 Ay + d;, (18)
ao = do — dsAg, B = doA? — (doAy) — di Ay —dodo +do+dy,  (1.9)
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h= Oqﬂ() - Ozoﬂl (110)

and

a1 (<p' ~ (doF) — alF) ~ B (¢ — doF)

V(z) = h : (1.11)

where Ay (2), Ao (2), F, d; (j =0,1,2) and ¢ are entire functions with finite order.

Theorem 1.1. Let Ay (2), Ag(z) Z 0, F be entire functions of finite order. Let
do (2),d1 (2),da (2) be entire functions that are not all equal to zero with p(d;) < oo
(j =0,1,2) such that h # 0. Let ¢ (z) be an entire function with finite order such
that ¢ (z) is not a solution of (1.5). If f is an infinite order solution of (1.5) with
p2 (f) = p, then the differential polynomial g5 = dof 4+ dif +dof satisfies

Mgy —»)=plgr) =p(f) =00, (1.12)

A2 (gr —») = p2(97) = p2 (f) = p. (1.13)

Theorem 1.2. Let Ay (z), Ag(z) (Z0), F £ 0 be entire functions of finite order
such that all solutions of equation (1.5) are of infinite order. Let do (2), dy (2), d2 (%)
be entire functions that are not all equal to zero with p(d;) < oo (j =0,1,2) such
that h # 0. Let o be a finite order entire function. If f is a solution of equation (1.5)
with ps (f) = p, then the differential polynomial g; satisfies (1.12) and (1.13).

Applying Theorem 1.2 for ¢ (z) = z, we obtain the following result.

Corollary 1.1. Under the assumptions of Theorem 1.2, if f is a solution of equation
(1.5) with pa (f) = p, then the differential polynomial g; has infinitely many fized
points and satisfies T (gr) = p(g7) = p(f) = 00, T2 (95) = p2 (95) = p2 (f) = p-

Theorem 1.3. Let A;(2), Ao (2),F,do(2),d1(2),d2(2),p satisfy the hypotheses
of Theorem 1.1, such that A; (z) or Ao (z) is transcendental, then equation (1.5) has
solution f that gy satisfies (1.12).

In the following, we obtain a result which is an example of Theorem 1.2.

Corollary 1.2. Let P(z) = Y a;2" and Q (z) = Y_b;z* be nonconstant polynomials
i=0 i=0

where a;, b; (1 =0,1,...,n) are complex numbers, a,b, # 0 such that arga,, # argb,

ora, =cb, (0 <c<1)and A;(2) (#0) (j =0,1) be entire functions with p (A;) < n

(j=0,1). Let dy(2),d1(2),da(2) be entire functions that are not all equal to zero
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with p(d;) <n (7 =0,1,2), and let ¢ (z) #Z 0 be an entire function with finite order.
If f(z) #0 is a solution of the differential equation

F 4 AL (2) PO + Ay (2) QB f =0, (1.14)
then the differential polynomial g5 = dof " +dif +dof satisfies Xygr—¢)=plgs) =
p(f) =00 and Az (g5 — @) = p2 (95) = p2 (f) =n.

The second main purpose of this paper is to investigate the relation between infi-
nite order solutions of higher order linear differential equations with entire coefficients
and finite order entire functions. We obtain the following result.

Theorem 1.4. Let Ay, A1, ..., Ax_1, F be finite order entire functions, and let ¢ be
a finite order entire function which is not a solution of the equation

f(k) + Ak_lf(kil) + ...+ Alf/ + Aof =F. (115)

If f is an infinite order solution of equation (1.15) with pa (f) = p, then we have
A=) =p(f) =00 and A (f —¢)=p2(f) =p.

Applying Theorem 1.4 for ¢ (z) = z, we obtain the following result.

Corollary 1.3. Let Ay, Aq,..., Ax_1, F be finite order entire functions such that
zAo+ A1 #Z F. Then every infinite order solution f of equation (1.15) with pa (f) =p
has infinitely many fized points and satisfies T (f) = p (f) = oo, T2 (f) = p2 (f) = p-

In the following, we obtain a result which is an example of Theorem 1.4.

Corollary 1.4. Let Pj(z) = > a; ;2" (j =0,....,k — 1) be nonconstant polynomials
i=0

where agj,...,an; (j = 0,...,k — 1) are complex numbers such that a, jano # 0

(J=1,.,k—1), let A;(2) (#0) (j = 0,....k — 1) be entire functions. Suppose

that arga, ; # argano or an; = cano (0<c<1) (j =1,..,k—1), p(4;) <n

(j =0,....k —1). Let ¢ # 0 be a finite order entire function. Then every solution

f(2) £ 0 of the equation

FE 4 Ap g (2) 1@ p=D Ay (2) PO Ay (2) PP f =0, (1.16)

where k > 2, satisfies \(f —¢) = p(f) = 00 and Ao (f —¢) = p2(f) = n. In
particularly every solution f (z) #Z 0 of equation (1.16) has infinitely many fized points

and satisfies T (f) = p (f) = o0, T2 (f) = p2 (f) = n.

Remark 1.2. In Theorem 1.1 and Theorem 1.2, if we don’t have the condition h # 0,
then the differential polynomial can be of finite order. For example if ds (z) # 0 is
a finite order entire function and dy (2) = Aods (2), d1 (2) = A1da (z), then we have
h =0 and gy = da (2) F is of finite order.
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2. Auxiliary Lemmas
Lemma 2.1. (see [6, p. 412]). Let the differential equation
F® +ap 1 fE D 4+ Lt agf =0 (2.1)

be satisfied in the complex plane by the linearly independent meromorphic functions
f1, fo, .-, f- Then the coefficients ay_1,...,aq are meromorphic in the plane with the
following properties:

m(r,a;) = O{log max (T (r, fs) :s=1,...,k)]} (7=0,..,k—1). (2.2)

Lemma 2.2. Suppose that Ag, A1, ..., Ax_1, F Z 0 are meromorphic functions with
at least one Ag (0 < s <k — 1) being transcendental. If all solutions of

f(k) + Ak_lf(kil) + ...+ Alf/ +Ayf=F (23)
are meromorphic, then (2.3) has an infinite order solution.

Proof. Since all the solutions of (2.3) are meromorphic, all the solutions of the corre-
sponding homogeneous differential equation

FO 4 A fE D 4 A+ Agf =0 (2.4)

of (2.3) are meromorphic. Now assume that {fi, ..., fx} is a fundamental solution set
of (2.4). Then by Lemma 2.1, we have for j =0,....k — 1

m(r, A;) = O {log [max (T'(r, fs) : s =1,....k)]}. (2.5)

Since Ag is transcendental, at least one of f,..., fx is of infinite order of growth.
Suppose f1 satisfies p (f1) = oo.
If fo is a solution of (2.3), then every solution f of (2.3) can be written in the form

f=Cifi+Cofo+ ...+ Crfr + fo, (2.6)

where C1, Cy, ..., Cy are arbitrary constants. If p (fp) = oo, then Lemma 2.2 holds. If
o (fo) < 0o, then f = f1 + fo is a meromorphic solution of (2.3) and p (f) = co.

Lemma 2.3. [5] Let Ao, Ay, ..., Ax—1, F'(# 0) be finite order meromorphic functions.
If f is a meromorphic solution with p(f) = 400 of equation (2.3), then A (f) =

M) = p(f) = +oc.

Lemma 2.4. [2] Let Ao, A1, ..., Ak—1, F (£ 0) be finite order meromorphic functions.
If f is a meromorphic solution of equation (2.3) with p(f) = +oo and pa (f) = p,

then f satisfies Xz (f) = Ao (f) = p2 () = p.
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Lemma 2.5. Let Ay (2), Ao (z) (£0), F be entire functions of finite order. Let
do (2),d1 (2),da (2) be entire functions that are not all equal to zero with p(d;) < oo
(j =0,1,2) such that h # 0, where h is defined in (1.10). If f is an infinite order
solution of (1.5) with pa (f) = p, then the differential polynomial g5 = dof +dif +
dof satisfies

p(gr) = p(f) =00, p2(g97) = p2(f) = p. (2.7)

Proof. Suppose that f is a solution of equation (1.5) with p (f) = oo and ps (f) = p.
Substituting f = F — A1 f — Aof into gy, we get

gf — d2F = (dl — d2A1) f/ + (do - dQAo) f (28)

Differentiating both sides of equation (2.8) and replacing f” with f* = F—A; f/—Aof,
we obtain

@—wﬁf—urwﬁgF:Vﬁﬁw@my—ﬁ&—@%+%+ap”

+M%m—uﬁd—¢m+%f (2.9)
Then by (1.8), (1.9), (2.8) and (2.9), we have

alf/—i—aof:gf—dgF, (2.10)
Bif + Bof = gp — (d2F) — (dy — doAy) F. (2.11)
Set
h =160 —apf = (di — d2 A1) (d2A0A1 - (dQAO), —di Ao + dg)

f%f@%m@ﬁfuﬂdfamf@%+%+4) (2.12)
By h # 0 and (2.10) — (2.12), we obtain

o (9} — (doF) — 041F) — B9y — d2F)
f= - ,
If p(g5) < oo, then by (2.13) we get p(f) < oo and this is a contradiction. Hence

p(gs) = o0
Now, we prove that ps (f) = p. By (2.8) we have ps (9¢) < p2 (f) and by (2.13)

we get pa (f) < pa (g5) . This yields ps (g7) = pa (f) = p.

(2.13)

n .
Lemma 2.6. [1] Let P; (2) = ) a; ;2" (j =0,...,k — 1) be nonconstant polynomials
i=0

where ag j,...,an; (j = 0,...,k_— 1) are complex numbers such that a, ;jano # 0



B. Belaidi, A. El Farissi

(J=1,.,k—=1), let A;(2) (#0) (j = 0,....,k — 1) be entire functions. Suppose
that arga, ; # argano or an; = cano (0<c<1) (j =1,..,k—1), p(4;) <n
(j =0,....k—1). Then every solution f (z) #Z 0 of the equation

FO 4 Apy (2) 1@ p= A (2) PO p Ay (2) PP F =0, (2.14)

where k > 2, is of infinite order and ps (f) = n.

Lemma 2.7. [3] Let P(2) = Y. a;z" and Q (2) = >_b;z* be nonconstant polynomials
i=0 i=0

where a;, b; (i =0,1,...,n) are complex numbers, anb, # 0 such that arga, # argb,

or a, = cb, (0 <c<1). We denote index set by

A={0,P,Q,2P,P+Q}. (2.15)

If Hi(j € A) and Hog # 0 are all meromorphic functions of orders that are less
than n, setting W (2) = > H; (2) e’ then Ws (2) + Hage?@ # 0.
JEA

3. Proof of Theorem 1.1

Suppose that f is a solution of equation (1.5) with p(f) = oo and py (f) = p. Set
w(z) = dof +dif + dof — . Since p(p) < o0, then by Lemma 2.5, we have
p(w) = p(gy) = p(f) = oo and pa (w) = p2(gs) = p2(f) = p. In order to prove

Mgy —¢) = oocand X2 (gr — ) = p, we need to prove only A (w) = oo and g (w) = p.
Substituting gy = w + ¢ into (2.13), we get

alw/ — fLw

=By, (3.1)

where a1, (1, h, ¢ are defined in (1.8) — (1.11). Substituting (3.1) into equation (1.5),
we obtain

%wm +ow” + drw’ + gow
=F— (v + 41 ()0 + A0 (2)v) = 4, (3.2)

where ¢, (j =0,1,2) are meromorphic functions with p (¢;) < oo (j =0,1,2). Since
¥ (2) is not a solution of (1.5), it follows that A # 0. Then, by Lemma 2.3 and
Lemma 2.4, we obtain A (w) = A (w) = p(w) = 00, Ao (w) = A2 (w) = p2 (w) = p, i.e.,

Aygr—@)=plgr) =p(f) =00 and X2 (97 — @) = p2 (97) = p2 (f) = p-

Remark 3.1. The condition "4 (z) is not a solution of the equation (1.5)” in Theorem
1.1, is necessary because if ¥ (z) is a solution of the equation (1.5), then we have
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Fo (¢” F A ()0 + A (2) w) —0.

4. Proof of Theorem 1.2

By the hypotheses of Theorem 1.2 all solutions of equation (1.5) are of infinite order.
From (1.11), we see that v (z) is a meromorphic function of finite order, hence ¥ (2)
is not a solution of (1.5). By Theorem 1.1, we obtain Theorem 1.2.

5. Proof of Theorem 1.3

By Lemma 2.2, we know that equation (1.5) has an infinite order solution f. Then,
by Theorem 1.1, g satisfies (1.12).

6. Proof of Corollary 1.2

Suppose that f(z) # 0 is a solution of equation (1.14) . Then by Lemma 2.6 we have
p(f) = oo and ps (f) = n. First we suppose that dy # 0. Set

a1 = d1 — d2A1€P, Qo = do - dQAer, (41)

B1 = dp A2e2P — ((dgAl)/ +PdoA; + dlAl) e —dyAge® +do+d,,  (42)
By = dyAgA eP+@ — ((dzAO)' +Q dyAg + dle) e? + dj,. (4.3)
h=a18) — agfr = (d1 — d2Are”) {d2A0A1€P+Q — ((daAp)
+Q'dy Ag + dy Ag)e® + d;} — (do — dzAge?) [dzAfe’ZP ~ ((doAr)

FP dy Ay + dyAy)e” — dyAge@ + do + d’l} . (4.4)

Now check all the terms of h. Since the term d2A%Ape?P*@ is eliminated, by (4.4)
we can write h = Wy (2) — d2A2e2%, where W, (2) is defined as in Lemma 2.7. By
de # 0, Ag # 0 and Lemma 2.7 we see that h # 0. By Theorem 1.2 the differential
polynomial g; = dof "+ dif + dof satisfies X (gf — @) = p(g7) = p(f) = oo and
A2 (g7 — @) = p2(95) = p2 (f) = n.

Now suppose do = 0, d; Z 0 or do =0, d; = 0 and dy # 0. Using a similar
reasoning to that above we get A(g; —¢) = p(gy) = p(f) = 0o and A2 (g7 — ) =
p2 (97) = p2 (f) =n.
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7. Proof of Theorem 1.4

Suppose that f is a solution of equation (1.15) with p(f) = oo and ps (f) = p.
Set w = f — ¢. Then by p(p) < oo, we have p(w) = p(f —¢) = p(f) = oo and
p2(w) = p2 (f — ) = p2 (f) = p. Substituting f = w + ¢ into equation (1.15), we
obtain

w® + A w4 4 A + Agw

=F- (W(k) 4+ Ap_1o® D 4 A + A0<p> =W. (5.1)

Since ¢ is not a solution of equation (1.15), we have W # 0. By Lemma 2.3 and Lemma
2.4, we get A(w) = A(f —¢) = p(w) = p(f —¢) =00 and Ay (w) = A2 (f — ) =
p2(w) =p2 (f —¢) = p, i e, A(f =) = p(f) =00 and Ay (f — @) = p2 (f) = p-

8. Proof of Corollary 1.4

Suppose that f (z) # 0 is a solution of equation (1.16). Then by Lemma 2.6, we have
p(f) = o0 and py (f) = n. By using Theorem 1.4, we obtain Corollary 1.4.
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