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Abstract. In this paper, exponential expansions of the solution are investigated
for a half-linear initial value problem 3" |y/|’~" — y |y/’~" = 0 with initial conditions
y(0) =0, ¥'(0) =1 or y(0) =1, 3/(0) = 0, where p > 0. The exponential expansions
of the solution of the two nonlinear problems are investigated. By using recursive for-
mulas we determine the coefficients of the exponential series and we provide formulas
between the solutions of the two nonlinear initial value problems.
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1. Preliminaries

Our goal is to study the asymptotic solution of the half-linear differential equation

1 _
vl —ylylP T =0, (1.1)
where p is a positive real number, and solutions are subjected to the initial conditions
y(0) =0, y'(0) =1 (A)

or
y(0) =1, y'(0) = 0. B)

We note that equation (1.1) is linear with p = 1. Equation (1.1) is used to call half-
linear one since it preserves just half of the properties which characterize linearity.
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Its solution set is homogeneous but not additive (see [2]). If y(z) is a solution of (1.1)
then Cy(x + xo) is also a solution for any real constants C' and xg.

I
Multiplying equation (1.1) by ¢’ and using the fact [|y’|p+1} =(p+1)y" [yIP Yy

!
we obtain the identity [|y’|erl — |yt =0, i, [y [P = y[PT" = const. Substi-
uting the initial conditions or we obtain
tuting the initial conditi A B btai
" = =1, (1a)
or
/7 =l =, (1B)

respectively. We note that the case p = 1 is well-known: the solution of equation
y" —y = 0 with condition (A) is the hyperbolic sine function defined as

and the solution of 4" — y = 0 with condition (B) is the hyperbolic cosine function

defined as L1
her=¢e%( 2 ~ 2z
cosnr =e <2 + 26 > R

and equation (1A) is nothing else than cosh? z — sinh® z = 1.

In both cases, (1.1)-(A) or (1.1)-(B), y and ¥’ is positive in some right neighbor-
hood of z = 0. Using (1A), v/ = (1 +yP )V P+ e, dx = dy/(1 + yPT1)V/ P+ in
this neighborhood. Hence

Y

B do 19
= 1+ o+ ) /HD (1.2)
0

For p = 1, from (1.2) the sinh function is obtained. Generally, for p # 1 we denote
y satisfying (1.2) by y = Shyz. Applying (1B), 3/ = (y?*! — )V @+ e dr =
dy/(yP*t' — 1)1/ @+ in this neighborhood. Therefore
y
do

r= / (oP+L — 1)1/@+D)
0

(1.3)

For p = 1, (1.3) gives the cosh function. When p # 1 we denote y satisfying (1.3)
by y = Chpx. We remark that the asymptotic behaviors of solutions Shyz and Chy,x
were investigated by Elbert [4] as  — oo.

In this paper, our aim is to study the exponential series form of solutions Shy,z and
Chpx in the right neighborhood of x = 0 for the half-linear differential equation (1.1)
with initial conditions (A) or (B), respectively. We show the existence of that type of
solution and we give recursive formulas for the determination of the coefficients. On
the base of the structure of the exponential expansions for the two nonlinear problems
connections are proved between the two solutions.
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2. Results

First we show the existence of the solution for differential equation (1.1) of exponential
series form

y(z) = AewZan (Ae®)~™ 1) (2.1)
n=0
fory’ >0, y > 0.

Theorem 2.1. For any p > 0 there exists a solution of the exponential form y(z) =

e® 3 e PV peqr zero for problems (1.1)-(A) and (1.1)-(B).
n=0

Proof. Let us substitute u = e~ ®*Y? ie. du = —(p+1)u dz into (1.1) and introduce
y(x) = u /Pty (). Hence ¢ (z) = u~ /P (w — (p+ 1)uw’) and rewrite (1A) and
(1B)

(w — (p+ Duw)PT —wPt = £,

where the 74" sign is valid for condition (A) and the ”-” sign for (B) and

— DwPw’ £ 1
w// _ u—l p w/ _ (p + )w w . (2'2)
p+1 (p+1)*(w— (p+ Duw')P

Introduce function w as follows
w(u) = o +71u + z(u), (2.3)

where z € C%(0,a), 2(0) = 0, 2/(0) = 0. Therefore w fulfills the properties w(0) = 7o,
w'(0) = 71, corresponding to (A) or (B), and w'(u) = 1 + 2'(u), w’(u) = 2" (u).
From initial condition w(0) = A we have that v = A. We restate (2.2) as a system

of equations
z1(u) = w(uw) . z1(0) =0
zo(u) = w'(u) } with 22(0) =0 } '

Generate the system of Briot-Bouquet equations
ur (u, 21(u), 22(u)) = u 21 (u)
ug(u, 21(u), 22(u)) = u 25(u)

as follows

(p+1)zFza£1 (2.4)

- D2 (p+Duz2)?

up(u, 21(u), z2(u)) = u 29, }
}

ua(u, 21(u), z2(u)) = ﬁ@

Such systems were first studied by C. C. Briot and J. C. Bouquet [3]. We can show
by the Briot-Bouquet theorem (see [3], [7]) that there exists a right neighborhood of
zero such that there is an analytic solution

w(u) = Z%uk (2.5)
k=0
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of (2.2). Conditions u1(0,0,0) = 0 and u2(0,0,0) = 0 are fulfilled with v, =
:FW A holomorphic solution of (2.4) satisfying the initial conditions z1(0) = 0,

22(0) = 0 exists if none of the eigenvalues of the matrix

8’u,1 8’u,1
921 1(0,00) 972 1(0,0,0)
Oug Oug

921 1(0,00) 972 1(0,0,0)

is a positive integer. Evaluating the elements of the matrix we obtain

Ouq -0 Our _

921 |(0,0,0) ’ 922 {(0,0,0) ’
Jus — :FLL % — —
Oz1 (07010) p+1 ,Yp+1 ) Oza (01070) I

hence the eigenvalues of matrix at (0,0,0) are 0 and —1. According to the Briot-

Bouquet theorem the existence of unique analytic solutions z; and z5 at zero follows.
On the other hand, by (2.5)

uw VP (y) = o1/ P+ (Vo + Mu+y2u® +...)

and y is of the form
ylx) =e™* (70 +yre”PHDT qpem2p Ty ) ;

which is is equivalent to (2.1) with v, = ap A~ @+ for k> 0. O

Theorem 2.2. For exponential series
z) = Ae®Y ay (Ae®) ™" PV (2.6)

of the solution for problems (1.1)-(A) or (1.1)-(B) the coefficients a,, (n =0,1,2,...)

are given by ag =1,

+ <_m) (2.7)

a; =
1
= im“p“””—1>—”anfl<p+1—np> 2.3
n—1
p+1 1;2 (p+1)(n—Fk) = klagan_r (n — k) forn>1,

where the ”+7 sign is valid for (A) and the ”-7 sign for (B).
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Proof. In case of the exponential expansion
Yy = Ae” (1 + a1 (Aem)—(p-i-l) + a2 (Aem)_2(p+1) =+ .. )
of the solution for (1.1) we have that

y' = Ae” (1 + (—p)as (Ae”)" P 4 (=1 — 2p)ag (Ae”) 2PV 4 ) :

Applying substitution (Aec”)_(p D= 2 we get

yPtt =71 (1 +arz+axz? + .. .)]DJr1 =zt (ao + a1z + oz’ + .. ) ,
and
yPtt = 7t (1 + (=p)arz + (=1 = 2p)agz® + .. .)p+1
= 27" (Bo+Prz+ B2z +...)
with some coefficients oy, B, k = 0,1, ... depending on a;, j = 1,2,.... Substituting

them to the differential equation (1A) or (1B) we get for the coefficients that «g =
Bo =1, and

a; = (-1 for (14), (2.9)
o = pr1+1 for (1B), (2.10)
and for o and fi (k € N)
ap =B, for k>1. (2.11)
For the determination of coefficients «,, and (3, for n = 0,1,2,... we use the J.C.P.

Miller formula (see [5], [6]) which states that the coefficients of 2* in P(z)™, where
L mL

P(z) = Y pra® (po #0) and P(z)™ = 3 a(m, k)z*, are the following
k=0

k=0
1
a(m, k) = T ;pi [(m+1)i— k] a(m, k —i).
Hence
n—1
ap =1, a, :%Z[(IH-U (n—k) — k] agan—r, for n>1,
'
Bo=1, B, =g2[(p+1) (n—k) — k] Bran—r[1 —(p+1)(n—Fk)], for n>1.
k=0

On the basis of (2.9)-(2.11) we get coefficients a,, in the form of (2.7) and (2.8). U
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Proposition 2.1. Let p be a positive real number, then

T Tdo 1 1
/ 1+ gptl 1/1’+1)+/?_p+1(w(p—i-l)_w(l))’
0 1

where 1 denotes the digamma function.

Proof. By substitution o = 27T ie., do = dz/ [(p + 1)zP/®*D] we have

1 Ood 2P/ (P+1) (5
Bp) = / / e | (2.12)
1

The second integral in (2.12) is a special case of B (a,b) f (1+ )Hb, a>0,b2>0,

with a = p% and b = 0 where B(.,.) denotes the Beta funct1on. Let us consider a

more general version of ®(p) by

o0 o0

_ 1 »—p/(P+1) 4,
) = p+1 / Z9+1 / 1+ 2)9+1/(p+1) |7 v 20 (2.13)
1

and for any positive ¥ tending to zero we get ®(p) = 1%in% ®(p). Evaluating the integrals

n (2.13) we have
— 1 1 1
3p)=— (- -B(——,9)),
) p+1(19 (p+1 >)

and applying identities B (a,b) = L) Th) and T+ 1) = IT'(Y) (see [1]) one can

T'(a+b)
obtain ) )
_ 1 (1 1T T@+1
) - — (5- 52— |-
p+1\d o (T 9)
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Taking the limit of ®(p) we get

1 1 I‘ 1) r@w+1
9I—0 p+ 119—>0'l9 F(m +7.9)
_ 1 hmF(erﬂ) (ﬁ—l—ﬂ)l“(ﬁ—l—l)
I(og + 90 + 1) —D(5)T (@0 +1)
+ 1im
1 1 T)-TW+1)
T p+1T(1)9—0 )
. i DO +1) U(oi7 +9) —T(oy)
P+ 19-0T (4 + ) v
_ L (re, TGe)
pr1\ T TG

With the notation of the digamma function ¢(z) = 2/((;)) the statement of Proposition

2.1 follows. Note that —£ = —(1) = 0.577215664901532... is called the Euler-
Mascheroni constant [1]. [

Proposition 2.2. Let p be a positive real number then

o) = _1/00 |:(Up+1 _d(lf)l/(ml) N %U} - z% (¢ (#) - ¢(1)> '

Proof. By substitution o = (14 z) e, do=dz/[(p+1)(1+ z)p/(erl)} we have

o 1 0o
1 z7 Pt dz dz
= — | — 2.14
O(p) P+l / 1+ Z)p/(erl) / > ( )
0 1

Similarly as in the proof of Proposition 2.1 for ¥ > 0 we take

o 1 o
— 1 2 P+l dz dz 1 1 P
5(p) = - - Log(ry
(p) p+1 /(1 +Z)19+p/(p+l) /Zl+19 p+1 (19 (p+ 17 ))
0 1

and

1 ra  I'GE)
O(p) = limO(p) = p+1 <_r(1) + I‘(}% )
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The reflection formula for the digamma function has the form (1 — x) — ¢ (z) =
mcot (mz) (see [1]). Hence for any positive p we get

Bp) - O0) = — ((i)—?(jl)
- () )
- T

It implies the following assertion:
Remark 2.1. ®(p) = O(p) if and only if p = 1.

Theorem 2.3. For solution Shy, of (1.1)-(A) and solution Ch, of (1.1)-(B) the fol-
lowing formulas hold

Chy(x) = e 71 Shy(z — U(p) + i=57),

Shy(x) = €77 Chy(z + ¥(p) — i=T7), (2.15)
where W(p) = ®(p) — O(p).
Proof. From (2.7) and (2.8) it follows that
o) e (10 A e 1) (o

is the solution of (1A), and
i(z) = Ae® (1_a1 (Ae®)™PHD 4 g, (Aem) 720D _ )
is the solution of (1B) for some constant A. By (1.2) we have

_ do do do
YT Greryrem ) T
0 1

1

and extending for y — oo by Proposition 2.1 we obtain z = Iny — ®(p) + o(1).
Proposition 2.2 and (1.3) with

Y Y
B do do do
S N Ny v e I e
1 1

gives © = Iny — O(p) + o(1). In the two cases, (1.1)-(A) and (1.1)-(B) constant A can
be obtained by A = e®®) and A = ¢®®) respectively. U
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Note that the formulas in (2.15) for the case p = 1 are equivalent to the known
formulas

1
coshz = = sinh(z + zg),
i

sinhz = i sinh(z — zg)

We point out that solution (2.16) with constant A and solution y(z + xo) with
constant Ay are equivalent when A = Age®°.
For the convergence of the series expansion we have the following remark:

Remark 2.2. For the radius of convergence r,, for u in (2.5)
ry < ePTU®) for (1.1)-(A) and r, < e®PTVOW®) for (1.1)-(B)
hold. For the radius of convergence r, for x in (2.6)
ro > @(p) for (1.1)-(A) and v, > O(p) for (1.1)-(B)

hold, moreover both corresponding series of Shy, and Ch,, converge for
z > min (®(p), O(p)) -

References

[1] M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions, Dover Pub-
lications, New York, 1964.

[2] 1. Bihari, An asymptotic statement concerning the solutions of the differential
equation z' + a(t)x = 0, Studia Sci. Math. Hungar., 20 (1985) 11-13.

[3] Ch. Briot, J. K. Bouquet, Etude desfonctions d’une variable imaginaire, Journal
de 'Ecole Polytechnique, Cashier 36 (1856) 85-131.

[4] A. Elbert, Asymptotic behaviour of autonomous half-linear differential systems
on the plane, Studia Sci. Math. Hung., 19 (1984) 447-464.

[5] H. W. Goulo, Coefficient identities for powers of Taylor and Dirichlet series, Amer-
ican Mathematical Monthly, LXXXT (1974) 3-14.

[6] P. Henrici, Applied and computational complex analysis, Vol. 1. Power series-
integration-conformal mappings-location of zeros, Wiley, New York-London-
Sydney-Toronto, 1974.

[7] L. I Paredes, K. Uchiyama, Analytic singularities of solutions to certain nonlin-
ear ordinary differential equations associated with p-Laplacian, Tokyo Journal of
Math., 26:1 (2003) 229-240.



