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MAJORIZATION PROPERTIES FOR CERTAIN CLASS OF ANALYTIC
FUNCTIONS ASSOCIATED WITH THE GENERALIZED
DERIVATIVE OPERATOR

GARIMA AGARWAL

ApstracT: Invoking generalize derivative operator D;i,";q.b’ we investigate the
Majorization properties for analytic functions. '

1. Introduction

Let fand ¢g be Holomorphic in the open unit disc

A={zzeC,|z| <1} (1.1)
We say that fis majorized by g in A (see[7]) and write
f(z) << g(2) (z€A), (1.2)
If there exist a function @, analytic in A s.t.
lo(z)| <1 and  f(2) = @(2)9(2) (z€4), (1.3)

It may be noted that (1.2) is closely related to the concept of quasi-subordination between
holomorphic functions

Let A denote the class of holomorphic function of the form
-\ k
[ =" a (1.4)

where, @, is the complex number, which is holomorphic in the open unit disc A={Z=C:|Z| < 1}.
An holomorphic function f(z) is subordinate to the holomorphic function g(z), written
f(2) < g(2), if there exist an holomorphic function w in A, such that w(0) =0, |w(2)| < 1 and
1(2) = g(w(2)). In particular, if g(z) is univalent in A, then f(2) < g(2) is equivalent to f(0) = g(0)
and f(A) < g(A).

Now E.El.Yagubi and M.Darus [1] define the generalized derivative operator D{”;f , 18
10 V2
defined as follows:

Definitation 1. For f(z) € A, the operator D" , is defined by D7 | : A —> A
10 42 10 V25

DI I = B () X RU(), 2 U (15)
where, n, m, b e Ny = {0, 1, 2, 3, ...}, Ay 2 &, 2 0 and R"f(z) denotes the Ruscheweyh
derivative operator, given by

"f(2) = - k 1.
R"f(2) z+2k:20(n,k)akz (1.6)
(n + 1)k -1

where, ¢(n, k) =
(o

(1.7)
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1+ (A +x)(k—1)+b” .
and Flail@) =2+ 3, 1{ ho) (k= 1)+ } : .

where, m, be N;={0,1,2,3, .} and Ay 2 X, 2 0.
If f(2) is given by (1.4), then by (1.6) we can write

,m B e (14 +A)E-1)+b]" .
Dx.,AQ,bf(Z)—Z+ZL,_2[ TG :|c(n,k)akz (1.9)

where, ¢(n, k) is given by (1.8).

In view of (1.9), it is clear that D{l (; , is the Ruscheweyh Derivative operator (see [6]) and

D{‘ 10 0= anl the generalized Ruscheweyh derivative operator (see[4]). D" = s" the Salageon

derivative operator (see [2]). Dlo o3 = Dy the Cho and Srivastava derivative operator (see[5]).

Definitation 2. A function f(z) is said to be in the class S{l 7; , if and only if

[ n, m

ZDAAAAbf(z)], 1+ Az

n, m _<1 B
D, o) AT

(1.10)

where, 1 2 A >B2>-1
For detail one can see [1].

Lemma 1. D{”;f W(2) Satisfiees the following:
1s 42

1+0 n, m+
T e W AWICE

it is three term recurrence relation.

1= +2y)(k—1) + b}
(A +4y)

Dxl,xz,bf( z) (1.11)

2. Majorization Problem for the Class S}L"’T b
15 V29

Theorem (1). Let the function f(z) € A and suppose that g(z) e &7 , (A, B). If

Dy 2, o (2) < D5, 49(2) (2.1)
Then, ‘ }:‘ ’;i;blf ‘ ‘D}t' ';z+b1 ‘ for |z| <1, (2.2)
P (0 + 1) (A = B) + B+ b = o2 | 5 f{1+8) +2B(1+8))
o, ) A+,

- rl2(1+b)+[}ji;2j{(kl +k2)(A—B)+B(l+b)}]+(}jiizj(l+b) =0

kkneC,p0)=1,A%2A 20, n, m beN,={0,1, 2,3, ...}
[1+b]>|(M+2)(A-B)+B(1+b)],12A>B>-1
Proof. Since f(z) e S{’ 7; ,» we find from (1.11) that

(DI JE) _ 14 A

DU fz) 1+B[z

where, ©(z) = ¢,z + 0222 + -+, ® € P, P denotes the well known class of the bounded analytic
functions in U and satisfies the condition ®(0) =0, and |0(2)| < |z| (z € U)

(2.3)
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2O V] Ip()|+ 2L (2.4)
Dy 5,0/ (2) k[p(z)] +n

By using (1.11) in (2.4)

(1 + b) (1 + Bl z |) ‘ D;Z’a;blf(z) (2.5)

(1+0) -] z|{|(7\.1 +2,)(A-B)+B(1+ b)|}

Since D", f(z) is majorized by D" ¢(z) in the unit disk U, from (1.3) we have
1> 42 1 20

n, m
EERCIE

Dy (2 = 0D a(2) (2.6)
where, @(z) < 1. Differentiating (2.6) w.r. to z and multiplying by z, we get
2(D 5 1 f(2) = 20(2) (D5 49(2)) + 20(2) (D5 49(2)) (2.7)

Which on using (1.11), gives
1+ n,m+ 1 — ’ n, m
[M Y J‘ Dy x;b (Z)‘ - | © ” 0(2) (Dxl, . bg(z))
Noting that @(z) € P satisfying the inequality (see[8])
1 2

1-]z
Now making use of (2.5) and (2.9) in (2.8)

140 nom+1 1+b 1—|(p(z)|2
[M*’MJ‘D}L“M’J(Z)‘S |(P(z)|[>‘1+x2]+{ 1—|Z|2 |Z|

(1+b)(l+B|z|)
nomtlo Nl (2.11)
(o)== (r +2,) (A -B)+ B(L+0)[} ‘DM“”"()‘

Which upon setting |z| =7, |o(2)|=p (0<p<1)
Leads us to the inequality

+ | 9(2) | ‘ (D}:’"}z:;g(z)) ‘(7\«11 i_ ;)“2 ] o

o) Do)
e L e | =

where, O(p) = p( 1+b ] (1= )1+ b) = r{|(A, + Ay)(A = B) + B(1 + b)|}]

(2.12)

| D) | <

A+ A,
+7(1+b)(1+|B| (1 -p?
Takes the maximum value at p = 1, with 1, = r5(n, m, A, Ay, b). Where 7, is the smallest
positive root of equation (2.2). Furthermore if 0 < 6 < r;, then the function ¢(p) defined by

o(p) = p( L+b ] (1= 0)[(L +0) = o{|(A; + Ay)(A = B) + B(L + 0)[}]
AL+ Ay
+o(1+b)(1+|B|o)1-p?)
Is an increasing function on the interval 0 < p < 1, so that
o(p) = 0(1) = [ L+b ] (1=0)[(1 +0) = o{|(A; + Ay)(A = B) + B(L + 0)[}]
A+ Ay
(0<p<1,0<0< 1) (2.11)
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Hence upon setting p = 1, in (2.14), we conclude that (2.1) of Theorem (1) holds true for
| z] < 1.

Where, 1, = 1, (A, B, n, m, A;, Ay, b) is the smallest positive root of equation (2.2). This
completes the proof of Theorem 1.

Setting A = 1, B = -1 in Theorem (1), we have

Corollary (1): Let the function f(z) € A and suppose that g(z) e §" " . If

1> 20

n,m n,m
Dy, o2 <D, 49(2)

Then, ‘ D}Zq;; (2) ‘ < ‘ D{’qu;blg(z) ‘ for | z | <n

2
1+
8+ 52—4(1+b)[wj |2(x1+x2)-(1+b)|

where, 1, Ay Aoy ) =
bt o 2020 +4,) - (14 0)|
A+ Ay re

1+b]{|2(x1+x2)-(1+b)+(1+b)}+2(1+b)

Ao+ A,
1+5b
Ao+ Ay

Corollary (2): Let the function f(2) € A and suppose that g(z) e S}z”;f ,- 1t
15 Moy

where, 6 = (

Setting & = [ ] in Corollary (1), we have

(s272)) = (s 0a))
(837 mg(c)

[2-¢]+2+8)]=|[[2-8|++e)] -1]2-¢|
2[2-§|

Then, <

(st )] for | 2] <73 (m, 11, 25, 0)

where, 7, (]’7 AL, n) =
For detail one can see [3].
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