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SOME CLASS OF THE INTERPOLATING MARTINGALE
MEASURES ON A COUNTABLE PROBABILITY SPACE

VICTORIA SHAMRAEVA

ABSTRACT. This article deals with such martingale measures that satisfy
the noncoincidence barycenter condition (NBC), a condition that makes it
possible to interpolate with such martingale measure incomplete market to
complete one with respect to an arbitrary interpolating special Haar filtering.

We obtain sufficient conditions on market parameters that ensure the ex-
istence of a martingale measure. The obtained results can form the basis
for the algorithm and software complex. The program based on the method
and the created software complex will allow one to apply Haar interpolations
method to the calculations on the arbitrage-free financial markets, which will
greatly facilitate the choice of optimal strategies of investors in the financial
markets.

1. Introduction

We consider one-step (B,S)-market defined on the set {Q,F} where Q =
{weiy, 3 < m < oo, F = (Fy, F1) is a one-step filtration with Fy = {Q,0},
and Fi is the o-algebra of all subsets of 2. Let N = {1,2,...,m}, if m < oo,
and N is the set of natural numbers if m = co. We denote by Z = (Zx, Fi)i_,
an F-adapted random process, which we think of as the discounted value of the
shares (Zy = a, Z1(wk) = b, k € N). A set of nondegenerate martingale measures
(m.m.) P of the (B,S)-market under consideration will be denoted as P(Z, F). Tt
is clear that

P(Z,F)={P=(p)jer,mEN:> pp=1,> ppby =a,py >0,k € N}.
k=1 k=1

Suppose that ir]if br < a < supbi. This is a sufficient condition for the fact that
k

P(Z,F) # (). Thus, our market is arbitrage-free and incomplete.

For the transition from incomplete arbitrage-free markets to the complete one,
we use the Haar interpolation method [1], the essence of which is as follows. Con-
sidering arbitrage-free but incomplete markets, we expand the initial filtration of
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the financial market’s F in such a way that it turns into Haar filtering(H.f.) (spe-
cial Haar filtering (s.H.f.)) H, in which, when passing from the time instant n
to the time instant n + 1, exactly one atom is split into two parts (respectively,
only one atom, the one that was obtained as a result of splitting at the previous
step, is split into two parts), and the other atoms remain unchanged. Then, using
the probabilistic (martingale) solution of the Dirichlet problem for the discounted
share price in relation to the H.f (s.H.f.), we obtain a uniquely determined inter-
polation of the discounted share price for specially selected time intervals. Finally,
with the martingale interpolation obtained in this way, we construct a financial
market, defined both on the initial and newly introduced intermediate values of
the time parameter.

At the initial values of the time parameter, the stock’s prices and the prices
of the bank account of this market coincide with those originally set up, i.e. we
obtain an interpolation of the initial financial market.

We will refer to this interpolation as Haar interpolation filtering (H.i.f.) and,
respectively, special Haar interpolation filtering (s.H.i.f.).

We denote by |A| the number of elements of some set A.

Definition 1.1. We say that a measure P € P(Z,F) possesses the property
of universal Haar uniqueness (PUHU) (weakened property of universal
Haar uniqueness (WPUHU)), if for any H.i.f. (s.H.i.f.) H interpolating the
filtering F', the corresponding interpolating process Y admits a unique martingale
measure (coinciding with the original measure P), that is, the following equality
holds [P(Y,H)| = 1.

The weakened property of universal Haar uniqueness (WPUHU) is less restricti-
ve than PUHU since it is not associated with all Haar interpolation of the initially
specified filtering but only with their subclass, called ”special Haar interpolations”.

Such interpolation properties as PUHU and WPUHU are inconvenient from
the point of view of their analytical verification for the martingale measure under
consideration. Therefore we will pass to the properties equivalent to them, called
the noncoincidence barycenter condition (NBC) and the weakened noncoincidence
barycenter condition (WNBC), respectively.

Definition 1.2. We say that the measure P € P(Z,F) satisfies noncoincidence
barycenter condition (NBC), if for any two (sorted in ascending order) disjoint
subsets of the indices I and J (for the numbers b;), I and J C N, |I| < |J|, the
following inequality holds:

Yobipi D bip;
I 7£ J )
> Di >

I J

(1.1)

Definition 1.3. We say that the measure P € P(Z,F) satisfies weakened non-
coincidence barycenter condition (WNBCQ), if Vi € N and for any set of
indices J C N\ {i} with a finite complement J = N\_J, the following inequality



INTERPOLATION MARTINGALE MEASURES 121

holds (if m < co the set J is always finite):
2.55p
2 bip;

The set m.m. of the process Z satisfying NBC (WNBC) is denoted by NBC(Z)
(WNBC(Z)).

In the case of finite o-algebra F; the set NBC(Z) has been studied in some detail
(see e.g. [1]. In particular, it has been found that NBC(Z) # @ if P(Z,F) # ©
and a # b;,Vi. In the case of countable o-algebra, it is also obvious that if there
is a probability measure P € P(Z,F) satisfying NBC, then the numbers a, by,
ba, ... are different. If NBC(Z) # @, then filtration F is the natural filtration of
process Z. It is also shown that the fact that the filtration F is a natural filtering
of the process Z, does not imply the existence of the measure P € P(Z,F), which
satisfies the NBC. The corresponding sufficient conditions could not be obtained.
The classes of sets of m.m. satisfying WNBC, are also studied in [3]-]6].

The aim of this paper is to prove the existence of m.m. that satisfy the NBC
in the case when m = oo ([7]). Note that at the moment no examples of an m.m.
satisfying the NBC, have been found.

by #

2. Sufficient conditions for the nonemptiness NBC(Z)

So, let m = oco. The following results are new and give sufficient conditions for
the existence of m.m. satisfying the NBC.

Lemma 2.1. Let by < by <bg < ...,andb; —b;_1 >b;_1,Vi>2. If

00
b;—1 min p; > Z bjpj, Vi > 2, (21)

2<j<i—1 £
J=i+1
then the measure P € NBC(Z).

Proof. Let us check that inequalities (1.1) are satisfied.

Let I and J be two (ordered in ascending order) disjoint finite or infinite subsets
of the indices of the set {1,2,..}: I = {iy,ia,...}, J = {j1,72,...}. We can
consider i1 > j;. Represent the set I asl; U Iy and J as Jy U Jo, where I1 = {i1},
I, C {il + 1,41 +2,...}, Jp C {1,2,3,...,1'1 - 1}, Jo C {il + 1,41 +2,...}. Then
inequalities (1.1) are equivalent to the following ones:

Sbipi >objp; biyPiy + 2 bipi Y bipi + > bip;
I J — I J1 Ja
> pi >.Dj Piy + 2. Di d.pj+ 2 pj
I J I J1 Ja

& (biypi, + > bips) <ij + Zm) # (Z bipi+ > bij) (pir + > _pi) &
Iy J1 J2 J1 J2 Iy
S bipi, D _pj—Din Y _bipj+ Y bipi > pi— Y pi ¥ bip; #
Tr T I Tr

Iz J1
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# Diy Z bjp; + ZPZ Z bjp; — Z bipi ij — bi,pi, ij'
Iz Iy Jo Jo
Now let us use the machinery from [4]. Since

bisDis 3 05— Piy D bipi + > _bipi Y _pi — D pi Z bjp; =
J1 J1 I J1 Iz
= (bi1 - bij) P+ Y bipi Y pi— Y pi Z bip; >
J1 J1 I J1 I
> <b¢IZPj—bi11 ZP;‘) Piy +Zbipi2pj bi, — 121%2]?3
J1 J1 Iy Jy Iz
= (biy = bis—1)pi Y_pj + (Z bipi — biy,—1 Zm) d>op>
J1 12 12 Jl
> bi; 1 L PP+ (Z bipi — bi, -1 Zm) N
EVAS I VA

- b¢1_12<jﬂilg}71pjpil + (bilH Zp" —bi Zp@> 2<jein 117 -

>b;,—1 min + (biy+1 — b;;—1) min E =
Z VL, e 1pgpn (11+ a1 G pj pi =

=biy—1 2<]Hilzrlli piPiy + (biy+1 — biy +biy — by 1 2<]Hillfll Pi sz >

> by, 1 mi.n_lpjpn +bi, _min p; IZI% +0b;-1__min  p; IZZ% >
2 2

2<j<in 2<j<ir—1 2<j<i—1

oo
>pi Y bips+bi, , min P > pi+bi1 , i p; > pi>

\<17

Jj=i1+1 I Iz
oo o0
>pi > bipi+ Y. pi Y. bipi =pi, Z bipj+ Y _pi Zbgpg >
j=i1+1 Iy Jj=ii+1 Iy

Z Piy Z bjp; + sz Z bjp; — Z bipi ij — bi,piy pr
2 12 Jg J:
inequalities (1.1) are fulfilled and the measure P satisfies the NBC. Q.E.D. O

Remark 2.2. If the sequence py, po, ... decreases monotonically, inequalities (2.1)
coincide with the inequalities

biflpifl > Z bjpj; Vi > 2. (22)
J=i+1
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Example 2.3. Let by = 1 <a =32 <by=2<bg=4<b =8< <
b, = 21 < ey, b — b = 2l 72— 22— bij—1. Then the mea-
sure P = (%, 2%; 2%,,2%%2,) € P(Z,F) satisfies condition (2.2) and, con-

sequently, possesses NBC.

Theorem 2.4. Let the measure P € P(Z, F), by < a < by <bz <by <bs<...
and

bi — bi,1 > bifl,VZ' > 2. (23)
Then NBC(Z) is nonempty and strictly imbedded in P(Z, F).

Proof. Without loss of generality we can assume that b; > 1. First we show that
the set of m.m., for which the condition (2.1) is satisfied, is nonempty [2]. We
describe the set P(Z,F) as follows:

o0
pr+pe+ > pi=1
=3

o0
bip1 +bapa + Y bip; =a (2.4)
j=3

p; >0, i€eN.

We will construct a solution of system (2.4) such that (2.1) and (2.3) are satisfied
forit . Takep; = Vj > 3. We set the number n so large that the following in-

27Lj )

—& a—by b1d—¢
o beoir T ooy, > max{y ’b23”}

>1

equalities hold:
1

€= Z 57 = W nd § = Z 7977 < €. Then system (2.4) takes the form:
7=3"

prtpr=1-9
bipr +bopr =a—e¢ (2.5)
p; >0,1=1,2

It is easy to see that system (2.5) has the only solution:

— b2*a E— b25
p1 = by —by + by —bq (2 6)
_ CL—bl + b16 13 :
P2 = 5,25, T bo—by

Thus, we have obtained a nondegenerate m.m. Now let us show that it satisfies
the NBC.

From the inequality ;= b1 + 2;6 b‘s > max{é, ﬁ}, first, it follows that the
sequence pa, p3, . . decreabeb monotonically, and, second, that (2.2) is satisfied for
i =3. The fulﬁllment of inequality (2.2) is trivial for ¢ > 4. From lemma (2.1) it
follows that the constructed m.m. satisfies the NBC.

Show that NBC(Z) is strictly imbedded in P(Z,F). Consider system (2.4)

together with the following equation that contradicts the NBC:

bapa+ E bj pj

by = — 21— — Z bjp; = bz(1 — p1 — p3) — bapa.
p2+Z Pj Jj=
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bgfa
b3—b1 "

Substituting this into the first equation of system (2.4), we obtain: p; =

[ee]

The second equation of system (2.4) now has the form: 22 pj = ba:;ibbll . From here
J:

we easily find the solutions of the posed problem, the m.m., which does not satisfy

the NBC. Q.E.D. O

Conclusion

The obtained conditions for the existence of martingale measures that satisfy the
NBC, allow one to construct models of arbitrage-free incomplete financial markets
with an infinite number of states that, with the help of Haar interpolations, are
transformed into complete arbitrage-free ones, which is very important in calculat-
ing the prices of various financial obligations and constructing hedging portfolios
(8)-19].
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