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Abstract: In present paper, we have investigated unsteady two-dimensional 
fluid flow and heat transfer of Casson fluid through a porous medium along with 
porous, vertical, non-conducting sheet. This phenomenon modeled in the form of 
partial differential equation with boundary condition. Using suitable dimensionless 
quantities, these governing equations transformed into non-dimensional partial 
differential equations. The corresponding non-dimensional partial differential 
equations are solved numerically with Crank-Nicolson implicit finite difference 
scheme. The pertinent findings are analyzed and displayed through figures.

Introduction1.	

The study of non-Newtonian fluids have been increases due to its wide variety of 
industrial and engineering applications. Non-Newtonian fluid model for Casson fluid 
was presented in1995. Crane [1] has first initiated the study of boundary layer flow 
over stretching plate, later on Sakiadis [2] and Tsou et. al., [3] has extended his work. 
Nadeem et. al., [4] has investigated Casson fluid flow of three dimensional MHD porous 
stretching sheet. Shaw et. al., [5] obtained results for pulsatile Casson fluid flow.

The study of MHD has been initiated by Swedish engineer Hannas Alfven [6]. 
He has investigated steady motion of fluid under transverse magnetic field Singh 
[7] analyzed steady MHD fluid flow between two parallel plates. Several researchers 
Mahmud and Fraser [8], Chauhan and Kumar [9], Raptis and Kafoussias [10], 
Chamkha [11], Jain and Choudhary [12], nazar et. al., [13], Ishak et. al., [14] has 
investigated flow and heat transfer characteristic in the presence of porous medium 
and magnetic field.

Based on literature review mentioned above, there have been reported no studies 
on unsteady flow and heat transfer of Casson fluid through porous medium over 
a vertical sheet. We have investigated unsteady two-dimensional fluid flow and 
heat transfer of Casson fluid through a porous medium, vertical, non-conducting 
platsheet. This phenomenon modeled in the form of partial differential equation 
with boundary condition.

Formulation of the Problem2.	

The unsteady two-dimensional flow of Casson fluid through a porous medium 
bounded by a vertical, infinite, porous, non-conducting sheet in the presence of 
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inclined magnetic field be taken along the sheet in upward direction is taken normal 
to it. The rheological equation of state, for an isotropic and incompressible flow of 
a Casson fluid as follows:
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where, tij is the (i, j)-th component of the stress tensor, p is the product of the 
component of the deformation rate with itself, pc is a critical value of this product 
based on the non-Newtonian model, µB is plastic dynamic viscosity of the non-
Newtonian casson fluid, and py is the yield stress of the fluid. When stress is greater 
than the yield stress fluid starts to move under the force going assumption, the 
governing equation of such type of flow are:

The governing equations of flow and heat transfer through porous medium are 
as follows:
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Subject to the boundary conditions
For t* £ 0; u* = 0, T* = T•, for all y*
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 at y* = 0

	 u* Æ 0, T* Æ T•, as y* Æ •	 (3)
where, u*, t*, T*, mB, g, r, cp, k, s, and K are the velocity of the fluid in x-direction, 
time, temperature, plastic dynamic viscosity, Casson parameter, constant density, 
specific heat at constant pressure and thermal conductivity, electric conductivity 
of the fluid and permeability of the fluid respectively.

Introducing the following dimensionless quantities:

	 u = 
u*

u0
  y* = 

uy
V0

  t* = 
ut
V0

2
  k ¢ = 

u2

0
2

K
V

  M2 = 
s u
r
B

V
0
2

0
2

	E c = 
u

t C
0
2

r p
  Pr = 

m
k
Cp  T * = T• + (q*u/kV0)q T r = 

q
k

*u
V0

	 (4)

into the equations from (1) to (4), we get
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The corresponding initial and boundary conditions in dimensionless form are

For t £ 0;	u = 0, q = 0, for all y*

For t > 0;	u = 1, 
∂
∂
q
y

 = -1  at  y = 0

	 u Æ 0, q Æ 0,  as  y Æ •		 (7)

Numerical Solution. The governing equations (5) and (6) subject to the boundary 
conditions (7) are solved by Crank-Nicolson implicit finite difference scheme. 
By substituting the finite difference approximations to derivatives in equations 
(5) and (6), the governing equations are reduced to the following algebraic 
equations:
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 Dt and Dy are mesh sizes.

In equations (8) and (9), the unknowns ui, j + 1 and qi, j + 1 are not expressed 
explicitly in terms of known quantities namely ui - 1, j, ui, j, ui + 1, j and qi - 1, j, qi, j, 
qi + 1, j at the time level j. The equation (8) and (9), written at all the interior mesh 
points form a tridiagonal system of linear algebraic equations, with the following 
initial and boundary conditions for velocity and temperature fields;



36 Preeti Gupta and Shalini Jain

	 ui, 1 = 0 and qi, 1 = 0, i =	1, 2, 3, ..., q + 1	 (10)
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To find the numerical solution for the present problem, we divided the computational 
domains 0 < t < • and 0 < y < • into intervals with step sizes Dt = 0.001 and 
Dy = 0.005 for time t and space y, respectively. If we carry out the computations 
by changing step sizes slightly to check the stability of finite difference schemes, 
we observed that there is no significant change is seen in the results obtained by 
the numerical scheme. It is also known that implicit Crank-Nicolson scheme is 
convergent and stable for all values of l.

Discussion3.	

In paper the unsteady MHD flow and Casson fluid through porous medium along a 
vertical porous sheet with constant heat flux is studied. Velocity and temperature 
analysis solutions are obtained by implicit Crank-Nicolson method. The effects 
of various parameters on the fluid velocity and temperature are shown through 
figures.

Figure [1-4] illustrate the effect of various parameters on fluid velocity. These 
figures shows that the velocity of the fluid decreases with the increase of a, Casson 
parameter (g) and Hartman number (M). While fluid velocity increases as we 
increases permeability parameter (K).
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Figure 1. Velocity profile versus y when g = .2, 
M = 1 and a = p/6

Figure [5-8]depicts that the temperature of the fluid decreases with the increase of 
permeability parameter (K), and Prandtl number (Pr). Temperature profile shows 
enhancement as we increases Eckert parameter (Ec) and Casson parameter (g).



37Numerical Study of Unsteady Inclined MHD Casson Fluid Flow...

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1 1.2 1.3 1.4 1.5

0.12

0.14

a p p p/4, /3, /2= /6,p

y

u

Figure 2. Velocity profile versus y when g = .2, M = 1 and K = .1
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Figure 3. Velocity profile versus y when K = .1, M = 1 and a = p/6

0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

M = 1, 3, 5 ,7

y

u

Figure 4. Velocity profile versus y when g = .2, a = p/6 and K = .1
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Figure 5. Temperature profile versus y when K = .1, M = 1, Pr = 2, g = .2 and a = 621/6.
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Figure 6. Temperature profile versus y when a = p/6, M = 1, Ec = .1, g = .2 and K = .1.
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Figure 7. Temperature profile versus y when K = .1, M = 1, a = p/6, Pr = 2 and Ec = .1
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Figure 8. Temperature profile versus y when g = .2, M = 1, a = p/6, Pr = 2 and Ec = .1

Conclusion4.	

From this investigation we have observed that:
	 (i)	 Velocity increases when permeability parameter (K) increases.
	 (ii)	 Velocity decreases when a, Casson parameter (g) and Hartman number (M) 

increases.
	 (iii)	T emperature increases when Casson parameter (g) and Eckert parameter 

(Ec) increases.
	 (iv)	T emperature decreases when permeability parameter (K) and Prandtl 

number (Pr) increases.
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