Journal of Mathematical Control Science & Applications, Vol. 8 No. 1 (January-June, 2022)
ISSN : 0974-0570

ON CONTROLLABILITY OF A SECOND-ORDER
NON-AUTONOMOUS STOCHASTIC DELAY DIFFERENTIAL
EQUATION

A. RAHEEM*, A. AFREEN, AND A. KHATOON

ABSTRACT. This paper studies a second-order non-autonomous stochastic
delay differential equation in a Hilbert space. The objective is to provide
sufficient conditions for approximate and optimal controllability of the sto-
chastic system. To establish these results, we first demonstrate the existence
and uniqueness of mild solution. We have used Banach contraction principle,
the compact analytic semigroup of bounded linear operators, and stochastic
analysis techniques. An example is included as an application to show the
effectuality of the result.

1. Introduction

Controllability is a fundamental concept in the theory of control dynamical
systems. It takes a significant role in investigating and designing various con-
trol dynamics processes. Physical problems, where some randomness appears,
can be modeled by stochastic systems. Most researchers have investigated the
controllability results for the autonomous and non-autonomous stochastic systems
[1, 8,12, 13, 22, 24, 29]. Controllability for first and second-order non-autonomous
systems has been studied by many authors [16, 18, 20, 23, 30, 31].

Controllability theory aims the ability to control a particular system to the
desired state. Exact controllability directs the system to an arbitrary final state.
However, it is possible to drive the system to an arbitrarily small part of the
desired state under approximate controllability. As well as the applications are
concerned, the approximate controllability is more relevant to dynamical systems
[10, 14, 17, 21, 27, 30].

The work of Albert Einstein and Smoluchowski on the theory of Brownian mo-
tions developed a new concept of stochastic differential equations. However, in
1940, a Japanese mathematician Kiyosi It6 established the mathematical theory
of stochastic differential equations. A differential equation involving some sto-
chastic parameters is called a stochastic differential equation. These equations are
used to model various phenomena in many areas such as epidemiology, biology,
mathematical finance, and unstable stock prices. For basic theory of the stochastic
differential equations, refer to [2, 3, 11, 25].
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Since 1948, scientists have been attempting to determine what factors influence
system’s behaviour and how they can be controlled to achieve the desired result.
This concept has been rigorously pursued and is now known as optimal control
theory. Hestenes presented the first mathematical formulation of an optimal con-
trol problem in 1950. It has a wide range of applications in science, engineering,
and operations research.

Optimal control theory is concerned with obtaining an optimized objective func-
tion for a specific system. It is also known as the extension theory of the calculus
of variations. We achieve control policies by optimizing a control system with a
cost functional that depends on control and state variables. We minimize the cost
function by employing optimal control. For instance, the chemical mixture A can
be regarded as a system. It has pH as a state variable x and strength as a control
function u, and the goal is to find the final product quality, where the pH value
can be controlled by the strength u of some components of A.

The optimal control problem is important in many scientific fields, including
engineering, mathematics, and biomedicine. Wei et al. [32] examined the existence
of optimal controls for the mixed-type impulsive integro-differential equation. The
papers [6, 19, 27] contain some work on optimal controllability. The applicability
of delay differential equations with stochastic term leads to the rapid development
of differential equation theory, see [4, 5, 7, 9, 28]. These equations provide a new
technique in many areas of science and economics. Moreover, this theory and its
applications are currently receiving a lot of attention from researchers.

We study the approximate and optimal controllability of the following second-
order non-autonomous stochastic delay differential equation:

% [u/(t) — by (t,u(t),ur)] = A(t)u(t) + Bw(t) + ho(t, u(t), us)
du(t)

it 0 [ ) O];

+hs (t,u(t), u)
u0:¢€%97 U/(O):XOGZ,

where {A(t) }1e, generates a compact analytic semigroup of bounded linear oper-
ators in a Hilbert space Z. The domain D(A(t)) is independent of ¢ and is dense

in Z i.e. D(A(t)) = Z. The history function u; : (—00,0] = Z, us(6) = u(t + 6)
belongs to some abstract phase space By. Let W, H be Hilbert spaces such that
B € L(VV, Z) is bounded linear operator. Let Y;, t € Jy be a normal filtra-
tion and its complete probability space be (Q, T, P). Also, let v be a Q-Weiner
process on (Q, T,P) having ¢r(Q) < oo, where @ is a covariance operator. Let
LY = Ly (QY?H, Z) be the space of all Hilbert-Schmidt operators from Q*/?H to
Z with the norm |||, = tr[¢)Q*]. Moreover, w € L% (Jo, W) denotes the control
function, ug, xo are Y-measurable, Z-valued random variables independent of v.
The functions hi, ho and hs satisfy some suitable conditions to be specified in the
next section.

Let C(Jo, LP(Y, Z)) be the Banach space of continuous maps defined on J, into
LP(T, Z) such that

sup El|u(t)[|” < oo,
tedo
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where LP (Y, Z) denotes the Banach space of all T-measurable, Z-valued and p-
integrable random variables. If we assume that Co = Cp(Jo, Z), then Cs is a
closed subspace of C(JO, LP(7Y, Z)) equipped with the norm

Illo, = (supEuw(m%)”
tedo

We define the phase space [15] as:

Let 6 : (—o0,0] — [0,00) be a continuous function s.t. /0 O(t)dt < oo. For
any « > 0, define -

By = {X : (—00,0] = Z such that (EHX(I/)HP)% is bounded and measurable

0 1
on [—a, 0] with ¢(0) =0 and /_ 0(v) zl[t)p] (Elx()|P)?dv < oo}.

By is a Banach space with respect to the norm defined by

0 1
X[, :/ 0(v) sup (E|x(v)|P)? dv.

—o0 ve(0,s]

2. Preliminaries and Assumptions

The present section introduces various assumptions, notations, definitions and
useful lemmas. Let ¥ be a two-parameter evolution operator defined on Jy x Jy to
L(Z), where L(Z) denotes the Banach space of all bounded linear operators on Z.
For more details about the evolution operator and semigroup theory, see [17, 26].
We introduce another operator £(¢, s) associated with the evolution operator 1) (¢, s)
as

o(t, s)
Os

Definition 2.1. The set of all possible final states in [0, Tp] defined by

f(t, 8) = -

Ry, (W) = {u(To,uo,Xo,w) Tw E W}
is called the reachable set.
Definition 2.2. The control system (1.1) is approximately controllable on [0, Ty],
if

Ry, (W) = Z,

where Rz, (W) denotes the closure of Ry, (W).
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Definition 2.3. (Mild Solution) A stochastic process u € Cs is a mild solution of
(1.1) if for each w € L& (Jo, W), it satisfies

ut) = E(t,O)cﬁ(O)+¢(t70)[><o—h1(0,¢(0),¢)]+/O &(t, s)ha (s, u(s), us)ds
+/0 z/;(t,s)Bw(s)ds—i—/o w(t,s)hg(s,u(s),us)ds

+/Otw(t,s)hg(s,u(s),us)dv(s). (2.1)

Lemma 2.4. [22] For any ur, € L?(Yr,,Z), there exists X € L% (Jo, L3) such

that
To

ur, = Bur, + X (s)dv(s).
0

Lemma 2.5. [21] Let pu: Jo x Q — LY be strongly measurable mapping such that
T
5o’ E||,u(s)||’L)8ds < oo. Then

| [ woauto)| < 1. [ Butopas.

for all 0 <t < Ty and p > 2, where L,, is the constant involving p and Ty.

Definition 2.6. A controllability map for the system (1.1) on Jy is the bounded
linear map ST0 : L2(Jo, W) — Z defined as
To
SToqy .= ¥(To, s)Bw(s)ds,
0

and the controllability Grammian operator for (1.1) is given by
Fyo = STo(SToyx,
where
To
Flo = Y(t, s)BB*Y*(t, s)ds,
0
where * denotes the adjoint. The resolvent of F(;‘F ¢ is given by
R\, FL®) = (X + Flo)~L.
Consider the following assumptions:
(H1) There exist constants M, M’ and M;, N > 0 such that
[ (e s)ll < M, (|6 )] < M, | BIL < My, Juells, < Nu()].
(H2) There exist constants Ly and Lg > 0 such that
”w(t% S) - w(tla S)H < L1ﬁ|t2 - t1|7
and
1€(t2, ) = &(t1, )| < Lelta — ta].
(H3) For every t € Jo; u1,ug, i1, Uy € Z, there exist constants My, and My, >0

such that the nonlinear map h; : Jy X Z X By — Z satisfies
(i) Ellhy(t,ur,@1) — ha(t, ug, Go)||P < My, [[lur — ual/? + [|an — G2||5, ]
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(i) [lha(ty @ < Ny (1+ [full” + [l ).
(H4) For every t € Jo;uq, us, U1, Uz € Z, there exist constants My, and Z\ZhZ >0
such that the nonlinear map hsy : Jy X Z X By — Z satisfies
(i) Ellho(t, u1,t1) — ha(t, ug, Go)[|P < M, [[lur — ua [P + |41 — G2l ]
(i) Ellha(t, u, @)[[P < M, (1 + [Jul? + ||, )-
(H5) For every t € Jo;uy, us, Uy, Uz € Z, there exist constants My, and Z\Zh3 >0
such that the nonlinear map hsz : Jy X Z X By — Z satisfies
(i) Ellha(t,ur, 1) — ha(t, ug, Go)[|P < M, [[lur — ua||? + [|an — G2||5, |
(i) Ellhs(t, w, @)[P < My (1+ [[ull? + ([l ).
(H6) (i) The resolvent operator (Al —A(t)) ™, satisfies the following condition:

[(AM = A1) 7| < - for Re(}) > 0.

IAI

(ii) For each t € Jy, the operator )\()\I + FOTO)_1 — 0 in the strong
operator topology as A — 0.
(iii) There exist constants L4 > 0 and 0 < a < 1 such that

H(A(t) - A(V))A(s)_lH S Lyt —v|*, for t,v,s € Jp.

For any A > 0 and ur,, we define the control function

wr (tu,uy) = B*zp*(To,t){(AIJrFOTO)‘l(EuTO—5(T0,0)¢(0)

-1

—(T0,0) [x0 —h1(0,¢(0),¢)]) +/ i (M + FJ°) X(s)dv(s)}
0
To
_B*¢*(T07t)/0 ()\I+F()T°)71§(T0,s)h1 (s,u(s),us)ds
To
—B*z/)*(To,t)/O ()J+FOTO)_lw(TO,s)hg(s,u(s),us)ds
To
*B*w*(Toyt)/O ()\I+F‘(,)To)ill/}(T(),S)hg(S,U(S),US)d’U(S).

3. Existence and Uniqueness of Mild Solution

Lemma 3.1. There e:mst constants Kl, Xg > 0 such that
ElJw(t,ur, (u1)e) — w(t, ug, (ug))||”

Kl t P p
< W/o [Ellur (s) = ua(s) " + Bll(w1)s — (w2, | ds.

and

E||lw(t,u, (u)t)Hp < (|>\|Kf2l)p [1 + /Ot (EHu(s)Hp + EHungg)ds].
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Proof. Bl|w(t,ur, (1)) — w (¢, uz, (uz),) ||”

< 3p—1EHB*w*(To,t) /0 (M + FI2) T &(Ty, ) [l (s, w1 (s), (un) )

P

—hy (s, us(s), (uz)s)] ds

+ | B0 @on) [ O+ E) 9 s (), ().

p

—hs(s,ua(s), (u2)s)]ds

+3p_1EHB*’¢*(TO7t)/O (AI+FgO)_1¢(T0,S)[h3(87’u,1(8),(ul)s)

P

—hs (s, u(s), (uz)s)] dv(s)

Using (H3)-(H6) and Holder s 1nequahty7 we have
EHw’\(t,ul,(ul)t) —w? t ,uz, (u2) )H

_ 3P=1 (M1 MCy)"
- (Al + 1)

: / (Ellen(s) = wals)|[” + B[ (wr)s = (2.3, ) ds

- (IAIKJ:l)P/o (Bllur(s) = ua()[|” + El[(u)s = (w25, ) ds.

[(Ml)pToaMhl + MPTy M, + MpthMhs}

where
Ky =371 (M MCy)” [(M’)pTOE My, + MPT My, + MPLy, Mm} .

Similarly, one can prove the second inequality.
O

Theorem 3.2. Assume that conditions (H1)-(H6) hold. Then the system (1.1)
has a unique mild solution on [0,Ty] provided that

(471" (L K" (To)" | (M Ty My, + (MM)PT + MPT) M,

(Al + 1P

n

+MpLh3Mh3 < 1.

Proof. For any A > 0, define the operator

Fy: C(Jo, LP(Y, Z)) — C(Jo, LP(Y, Z)) by

126



STOCHASTIC DELAY DIFFERENTIAL EQUATION
(Fu)(t) = &(t,0)¢(0) +1(t,0)[xo — h1(0,6(0), ¢)]
+ [ et (st u)ds + [ vl B s, u().u)ds
0 0

+ [ ot ha(suts)u)ds+ [ it sha (s u(s),u)dols)

Step 1: For any u € C(JQ,LP(T,Z)), F\u is continuous on Jy in the LP-sense.
Let t1,ts € [0,Tp] such that t; < ta, we have

E[(Fxu)(t2) = (Fau)(t1) "
< 107 | e(e2,0) - €0, 060"
+E|| (1 (t2,0) — ¥(t1,0)) [x0 — k1 (0, $(0), ¢) ] ||”
LB / " ety ) — €(t1,5)] s (5, (o), )|

p

+FE /Zg(tg,s)hl(s,u(s),us)ds

p

+E /1 [¥(t2, s) — w(tl,s)]Bw’\(s,u(s),us)ds

p

ta
+F / Y(ta, s)Bw/\ (s, u(s), us)ds
t

p

W / [tz ) — b(ta, 8)] ha (s, u(s), ) ds

P

+E /zw(tg,s)hg(s,u(s),us)ds

p

+E U(ta, s) = (tr, s)| ha (s, uls), us)dv(s)

]
Using assumptions (H1), (H2) and Holder’s inequality, we get
B|[(Faxu)(ts) = (Fyu)(t)]”

ﬁ
:—\H

‘B / "Gty s)ha (s, uls), us) du(s)

< 1op1[E||[£(t2 0) — &(t1,0)] &( OH”
+E||[1h(t2,0) — ¥(t1, 0)] [xo — 71 (0, 6(0), 9)][|”
+tf/0 E||[£(t2, ) — &(t1, 8)] ha (s, u(s), us) ||"ds

Ot =) [ Bl (5,00, s
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vt [ Bl[btt2) — 0001, B0 o, 0, ) s

+Mp(t2—t1)%/ E||Bu’ (s, u(s), us) | "ds
ty

7 /0 B|| (k2. ) — 0(t2, )] ha (s u(s), us) s

ta
+MP(ts —tl)g/ Eth(s,u(s),us)HPds
t1 "
+Ln, / E||[4(t2, 8) = w(t1, ) hs (s, u(s), us) | "ds
0

t
MLy, / "B (s, u(s), us) |"ds|
t

1
By using strong continuity of £(¢, s), ¥ (¢, s) and Lebesgue’ s dominated convergence
theorem, we conclude that E|[(Fau)(t2) — (FAu)(tl)Hp — 0 as ty — ¢, which
implies that Fyu is continuous on [0, Tp].
Step 2: We show that F(Cs) C Cs.

E||(Fau) (1),

< @’ﬂz?EMaﬁwmmp+WPEwwmnm—hmmwmwﬂW

+sup/ E||&(t, s)ha (s, u(s), us)|[ds
teJo JO

+sup/E||1/1tst (Su )H ds
teJo JO

t
+m/ﬂme@mwM%
teJo JO

t
s [ Bt o u(oh ) s
teJo JO

< ot QP B + 28] [xo - 0.60), )] |

(M W, To (1 + [l + el )

MPM{”KQT()(
22280 P b )
A+ U7 lullc, + llud,

MM, T (14l + el
R (]

Above inequality implies that [|Fyull, < co. Since Fyu is continuous [0, Tg], we
have F)\(CQ) C Cs.
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Step 3: We show that for each fixed A, there exists n € N such that FY is a
contraction on Cy. To prove this, let uy,us € Co and t € [0, Tp], we have

B[ (Fxur) () = (Pauz) (O

p

< g4rt [E /0 (t, 8) [ha (s, ur(s), (w1)s) — ha(s,u2(s), (uz)s)]ds

p

+E /0 (e, s)B[w)‘ (s,u1(s), (u1)s) — w? (s5,u2(s), (u2)s)]ds

p

+FE /0 P(t,s) [hg (s,ul(s), (ul)s) — ho (s,uQ(s)7 (uz)s)]ds

+E /0 U(t, s)[hs(s,ui(s), (u1)s) — ha(s,ua(s), (u2)s)]dv(s)

]
Using (H1)-(H5) and Lemma 3.1, we get

B[ (Fxur) () = (Pauz) O

B » 2 K P
< QU M+ QUM e M M 4 0L

X /Ot (EHul(s) —uz(s)|” + Bl (u1)s — (uz)sH;e)ds

~

IN

P 2l K bl
7| OO Mo, + 1T s 4 MO M+ M7

X/O (14 N)E||u1(s) — uz(s)||"ds
K
(1Al + 1)

IN

417—1(1 + N)TO |:(M/)pTOth1 + (MM1)pT0E
+MPTy My, + MpthMhs} [[ur — “2”22'

Using successive iterations, we get

E||(Ffu) () = (Ffusg) ()]
K
(A + 1)

n

+MPT My, + MP Ly My, | s — ua?,.

< (AL N)M(To)" [(MVPTy My, + (MMy)PT

Taking supremum over [0, Tp], we get
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[(Fru) = (Ffuz)|le,

R P B K
<@ N T | (MYPTY My, + (MMPTY s

n

+MPT My, + MPLy, My, | [Jur — us ¢,

where n is sufficiently large such that

. P 2 K
4p—1 n(q NYY(TH)"™ M/ PTa N MM quil
(4P7)" (L + N)™(To)" | (M)PT My, + (M My) O (A[+ 1)

n

+MPTOEMh2+MpLh3Mh3 <1

Thus, FY is a contraction mapping. Therefore, by Banach contraction principle,
F), has a unique fixed point uy € Cz which is a mild solution of (1.1). O

4. Approximate Controllability

Theorem 4.1. Let the assumptions (H1)-(H6) hold and the functions h; : Jy X
Z X By — Z, where i = 1,2,3 be uniformly bounded. Then the system (1.1) is
approximately controllable on [0, Tp).

Proof. From Theorem 3.2, Fhu has a fixed point u)y in C5 which is a mild solution
for the control function:

w)‘(t, u)\) = B*z/;*(To,t)()\IJr F(;‘Fo)ilp(uk),
where
pur) = Bug, — £(t,0)6(0) — (t,0)[xo — b (0,6(0),6)] + / X(s)do(s)

- / E(To, 5)r (5, ua(s), (un)s)ds — / (T, 5)ha (5, ux(s), (r)s) ds
0 0
—/O U(To, s)hs (s, ux(s), (ur)s)dv(s).
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Further, we have

ur(To) = &(To,0)6(0) + ¢ (To, 0) [xo — 71 (0,6(0), 6)]
+ OTO &(To, $)hy (s,ux(s), (un)s)ds
+ OTU $(Ty, ) B (s, ux(s), (ux)s)ds
. OT"w(To,smz(s?uA(s),(uns)ds
. OT° (To, $)hs (5, ux(5), (1) )du(s)
= EBugp + OTOX(S)dv(S)—p(ux)+F0T°(/\I+F0T°)_1p(“*)
= Bugp + OTOX(S)dv(S) = AR(N, Fo™)p(u)-

Since the functions h; : Jy X Z x By — Z where ¢ = 1,2, 3 are uniformly bounded.
It follows that h; (s, u(s),us) are bounded in L?(Jo, Z). Thus, there exist subse-
quences h; (s, ux(s), (un)s) converges to h;(s).

We define
a = Fugp + OTO X(s)dv(s) — &(Tp,0)¢(0) — ¥ (T, 0) [xo — h1(0,$(0), ¢)]
[ e amas [ o antas [ e nisnts)
We have,

E||p(ux) — al”
< @0 [ B9 (51709, (0).) = b (9] P s
0
To
4—3][’71/0 E|[¢(To, 5)[ha (s, ux(s), (un)s) = ha(s)][|” ds
+3”_1/0 LB (T 5) [ha (s ur(5), (un)s) — ha(s)]||” do(s)
To
< i / E || (s,un(s), (un)s) = hu(s)|” ds
0
+3r- A / B [Jha(s,un(s), (wn).) — ha(s)||” ds
0

To
+3ﬂf’*1w’/0 B ||ha(s,ua(s), (un)s) — ha(s)|| du(s) = 0

as A— 0T,

131



A. RAHEEM*, A. AFREEN, AND A. KHATOON

Again,
To
uy — Bur, — X (s)dv(s)
0

P
B

E H)\R(A, FOTO)p(uA)Hp

IN

E|RO F) (@)

+8 [ AR F) [p(us) — a]|| = 0
as A — 07,

This completes the proof.

5. Optimal Controllability

In order to discuss the optimal controllability, we define the performance index

F(w) = E{/ a(, u(t)7ut,w(t))dt}, (5.1)
0
where G is a functional defined on Jo X Z X Z x Wyq, where W, 4 denotes the set

of all admissible control and consequently is closed and convex in L?(.Jo, W).

Theorem 5.1. If all the conditions of Theorem 3.2 hold, then there exists an
optimal control of the problem (1.1) provided that

MM+ MP(MP, + Ly, ME )| To(1+ N) < 1.
Proof. Tt is sufficient to prove that there exists w® € W,; which minimize I (w).

If inf I(w)= oo, then result is trivially true.
weWaq

If iII}If/’ I(w) = €y < oo, then we can find a sequence {w"} in W,q such that
weWaq

I(w") — €. As W,q is a closed and convex subset of L?(Jy, W), the sequence
{w"} has a weakly convergent subsequence {w™} converging to w® € W,4. Using
Theorem 3.2, for each w™ € W,q4, there exists a mild solution u™ of (1.1) such
that:

u™(t) = &(t0)6(0) +¥(t,0) [xo — h1(0,6(0),6)]
—1—/0 f(t7s)h1(s7um(s),u;")ds+/0 P(t, s)Bw™(s)ds

—|—/0 1/1(t,s)h2(s,um(s),uf)ds+/0 U(t, $)hs(s,u™(s), ul")dv(s).

Similarly, corresponding to w®, there exists a mild solution u° of (1.1) such that:
t
u’(t) = &(0)6(0) +¥(t,0) [xo — h1(0,6(0), ¢)] + / E(t, s)ha (s, u(s), ul)ds
0
t t
Jr/ 1/)(t,s)Bw0(5)ds +/ Y(t, $)hs (S’UO(S),ug)ds
0 0

+ /Ot ¥(t, s)hs (s, u’(s), ug)dv(s).
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We have
P
Eljum(t) — u®(t)]|

p
< 4 g

/ E(t, s)[ha(s,u™(s),ul) — hi(s,u’(s),ul)]ds

p

+4P71E /z/Jts ) [Bw™(s) — Buw®(s)]ds

p

+4P~'E /0 P(t, 5)[ha(s,u™(s),ul) — ha(s,u’(s),ul)]ds

p

+4P71E /Ow(t,s)[hg(s,um(s),ugn)—hg(s,uo(s),ug)]dv(s)

Using (H1), (H3)-(H5), Lemma 2.5 and Holder’s inequality, we obtain
Ellum(t) —u’(t)]|
< atarmaig, [ () — G+ Bl - o8, Jas
wa=aent? [ Bns) - (o) P
4P M MY /Ot [Bllu(s) = ()" + Bl|uz (s) = ul(s) [, | ds

¢
—|—4p*1MpM,’fSLh3/O [EHum(s) — uO(S)Hp + EHuT(s) — ug(s)Hp%st

IN

AP MM+ MP (M, + Ly, ME )| To(1 + N) E|[u™(s) — u®(s)||”
H4PT I MP MY T E||w™ (s) — w'(s) ||

Since 47~1 [M'P ME +MP (M} +Ly, ME )| To(1+N) < 1 and E|jw™(t)—u®(t)||” —
0, we conclude that u™ — u°.
Applying Balder’s theorem [6] , we get

e = lim E{/OTOé(t,um(t),u;",wm(t))dt}.

m—0o0
Ty
< E{ / G(t,UO(t),ug,wO(t))dt}
0
= f(wo) Z €0.
This shows that f(wo) = €y, i.e. I attains its minimum value at w® € W,. O
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6. Application

Consider the following example:

z\x, 2
;ﬁ(a (8t t)> (l’ t)aag (x,t)+%h1(t,2(1’,t),z(m7t75))
+Bw(z,t) + he (t7 2(x,t), 2(z,t — 5))
+hy(t, (1), 2(2,t — 5))d2it),
ze0,1], tel0,Tp,

(6.1)

z(x, t —6) = ¢z, t —6), §>0,
4 (xv 0) = Xo,

where ¢(x, t) is uniformly Holder continuous i.e. there exist K > 0 and & € (0,1)
such that

l|c(z,t1) — ez, ta)|| < Kty — t2],
d(x,t — &) € By, and xo € Z.
Define the functions
ha(t, z(2,t), 2(z,t — 6)) = 3t* cos (2 + [z(z, )| + |2(z,t — 5)|),

ho(t, z(z,t), 2(z,t — 0)) =sin (7t + |2(x, )] + |2(z, ¢ — §)|),
and

hs(t,z(z,t),2(z,t — 6)) = sin (1 + [z(z, 1) + [2(z, t = 5)]).

2¢t
1+et
Functions hy, he and hg satisfy the assumptions (H3), (H4) and (H5), respec-
tively. wv(t) is defined on a filtered probability space (Q, T, Q). To write system
(6.1) into abstract form, let Z = L?[0,1], H = R and define the operator A(t) by
02
A(t)z(xa t) = —C(.’E, t)ﬁz(xi)
with
D(A(t)) = {z € Z|z, 7 are absolutely continuous z” € Z and 2(0) = 2(1) = 0},
which is independent of ¢.
A(t) generates an analytic compact semigroup defined by

Yn(2) = \/Z sin(n)

are eigen functions corresponding to the eigenvalues \,, = —n?, where n € N.
Define an infinite dimensional space

) 0 00 1/2
W = {w tw =Y wuyn(z)| 3wk < oo} with the norm |Jw|| = < > w%) .

n=2 n=2 n=2

where

Define the operator B : W — Z by Bw(t) = 2wa(t)y1(z) + Z n(t)yn (),
where B € L(W,Z) .
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Clearly, the problem (6.1) satisfies all the conditions of Theorem 4.1. Therefore,
the system (6.1) is approximately controllable on [0, Tp].

7. Conclusion

The main focus of this paper is to establish some sufficient conditions for the
controllability of the second-order non-autonomous stochastic delay differential
equation. Initially, we studied the existence and uniqueness of the mild solution
of (1.1) and then, we examined the approximate and optimal controllability of
the system. We used the semigroup theory, stochastic analysis techniques, and
Banach contraction principle to obtain the results. An example is also included to
show the efficacy of the result. In future, we will study fractional order semilinear
stochastic differential equation having several delays in control.
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