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FRACTIONAL STOCHASTIC EVOLUTION EQUATIONS WITH
BALAKRISHNAN’S WHITE NOISE

MAMADSHO ILOLOV, SUKHROB LASHKARBEKOV, AND JAMSHED SH. RAHMATOV

ABSTRACT. For a fractional stochastic differential equation in a Hilbert space
with white noise of the Balakrishnan type, existence and uniqueness theorems
for solutions are established. The correlation operator of the stochastic solu-
tion is calculated. The results obtained are used in digital signal processing
in space communication systems and in the analysis of the profitability of
securities.

1. Introduction

A difficult problem in the theory of measure and integral is the analysis of
the relationship between finitely additive and countably additive measures. The
first fundamental results on this problem are due to A. Aleksandrov [1] and K.
Yosida, E. Hewitt [2]. These papers consider real-valued measures that have the
property of finite additivity but not necessarily countable additivity. The current
state of the problem is detailed in Duanmu and Weiss [3]. In the introduction
to the cited work, it was noted that, in contrast to the theorems of Prokhorov
[4] and Vitali-Khan-Sachs [5], in which it was established that under regularity
conditions a sequence of countably additive measures converges to a countably
additive measure, we can prove that for every finitely additive probability measure
P on a totally bounded separable metric space there is a sequence of countably
additive probability measures { P, },cn such that

/ fdp, = / fdp

for every bounded uniformly continuous real-valued function f. Further, in [3]
it was noted that, on the other hand, in contrast to the Portmanteau theorem
[6], such convergence does not take place for simply bounded continuous func-
tions. This means that the assumptions of Portmanteau’s fundamental theorem
are sharp. In the case of infinite-dimensional phase spaces, other mathematical
difficulties arise. A. Balakrishnan’s monograph [7] describes the structure of mea-
surable sets of Hilbert spaces, consistent with its topology. It is important that
the theory of measure in a Hilbert space differs from the classical one in that the
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measure defined on the algebra of cylindrical sets turns out to be only finitely
additive.

This article is devoted to the solvability of stochastic differential equations in
a Hilbert space with a finitely additive probability measure and with a fractional
order of the derivative. In the second section of the work, results are presented
related to the finitely additive probability measure on a Hilbert space. A Gaussian
measure is constructed to illustrate the singularity of the infinite-dimensional case.
The concept of a stochastic integral based on a finitely additive probability measure
on an abstract space is also discussed and its relationship with the It integral
is explained. In the third section, we study a deterministic fractional evolution
equation in a Hilbert space. The results obtained in [8] for a homogeneous equation
on the solvability and representation of a solution are brought to the case of an
nonhomogeneous equation. In the fourth section, the concept of Balakrishnan’s
white noise is introduced and its properties are studied. In Section 5, on the basis
of the concept of an elementary random variable or a physical random variable, the
concept of a weak solution of a fractional stochastic evolution equation is given.
Theorems on the existence and uniqueness of a weak random solution of fractional
evolution equations are established. The results obtained are a generalization and
strengthening of a number of works [9-11]. Next, a probabilistic characteristic is
found - a correlation operator corresponding to a stochastic solution.

2. Finitely additive Gauss measures in a Hilbert space

It is well known that the classical measure theory in finite-dimensional spaces
originated in the works of A. Lebesgue on the theory of integration and found its
application in probability theory, mathematical physics, functional analysis and
other branches of mathematics [12]. In particular, A. Kolmogorov’s interpretation
[13] of the probability of an event as a measure of a set significantly influenced the
further development of probability theory. The theory of measure in an infinite-
dimensional Hilbert space differs from the classical one in that a measure defined
on the algebra of cylindrical sets turns out to be only finitely additive. A.V.
Balakrishnan [14] gave a canonical example in the form of a Gaussian measure
illustrating this feature of probability measures on infinite-dimensional spaces.

2.1. Algebra of cylindrical sets. Let H-separable real Hilbert space. We
choose n elements x1,x2, ..., x, in it and let it be a B-Borel set on the Euclidean
n-dimensional space R™. We call a cylindrical set the set of elements y € H such
that the n-dimensional vector {[y,x;},i = 1,2, ...,n belongs to B. Denote by H,
the finite-dimensional space spanned by the elements 1, zo,...,x,. The dimen-
sion of the space H, can be less than n. If P, is the projection operator from
H onto H,, then together with each element y the cylindrical set also contains
P,y+ (I — P,)H. This explains the name ”cylindrical set”.

This set can be defined differently from more general positions. Consider a
finite-dimensional space H,, in H. Let B be a Borel set in H.

A cylindrical set is a set that can be represented as the sum of a Borel set B
and an orthogonal complement to H,,. The Borel set B is then called the base of
the cylinder, and H,, is called its basis space.

54



FRACTIONAL EQUATIONS WITH BALAKRISHNAN’S WHITE NOISE

The main properties of cylindrical sets were established in [B], namely

1) the set-theoretic complement of a cylindrical set is also a cylindrical set;

2) the intersection and union of cylindrical sets is also a cylindrical set;

3) two cylindrical sets with bases By in H; By in Hj coincides if and only if
By = Bs.

Properties 1)-3) show that the class of cylindrical sets € forms an algebra. The
space H can be represented as the union of a countable number of cylindrical sets.
The space H itself and the empty set are cylindrical sets. On the other hand, it is
obvious that the union of a countable number from € does not necessarily belong
to . The smallest o-algebra of sets containing open (or closed) sets in H is called
the Borel g-algebra of the space H, and the sets belonging to it are called Borel
sets. Denote the class of Borel sets by B.

There is an assertion.

Lemma 2.1. ([7]) The class of Borel sets B coincides with the smallest o-algebra
containing all cylindrical sets.

It follows from Lemma 2.1 that the B it least is an o-algebra containing all
closed balls (or, equivalently, all open balls).

So, we have described two objects out of three forming a probability space:
the phase (selective) space H and the Borel o - algebra B of its subsets. The
next subsection is devoted to Gaussian probability measures on finite-dimensional
spaces.

2.2. Gauss measure on R"™. We begin by studying the Gaussian probability
measure on the Euclidean space R™ (see [15], [16] for example).

Let n € N and let Bp(R™) denote the complete Borel o-algebra on R™. Let
A" 2 Bp(R™) — [0,00)) denote the usual n-dimensional Lebesgue measure. Then
the standard Gaussian measure v : B(R™) — [0, 1] is defined by the formula

" _ ex flxz "(x .
MA)WA/ (- 3llel, )an o (2.)

for any measurable set A € By(R™).
In terms of the Radon-Nikodym derivative, equalities (2.1) can be rewritten as

dv™(x) 1 ( 1. 9 )
= exp | — =|zllgn |-
) = e (- gl

In a more general case, the Gaussian measure with mean p € R™ and variation
0%, 0 >0, is given as follows

1 1
" (A = —— — ||z — pl|En )dA"(2).
o) = Z ex ( grlle ~ X" (2)

The Gaussian measure with mean p > 0 is called the centered Gaussian mea-
sure.

The Dirac measure J,, is a weak limit of 73702 for 0 — 0 d is considered as a
degenerate Gaussian measure. On the contrary, a Gaussian measure with finite
nonzero variation is called a degenerate Gaussian measure.
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The standard Gaussian measure 7" on R" is a probability measure associated
with a normal (Gaussian) probability distribution, that is, if

z~ N(u, 02)
then
P(ze A) = Vyio2 (4).

2.3. Gauss measure on cylindrical sets in H. Let be a Z-cylindrical set with
base B and basis space H,,. Then by definition:

(1) u(Z) = xm(B)-countably additive probability measure on the o-algebra of
Borel subsets in H,,. In particular, if {Z;}-polarly disjoint cylindrical sets with
common base space H,, and corresponding bases {Bj} oo, then

M(sz) =Y wZk) =D xm(Br)-
k=1 k=1 k=1

(2) Consistency conditions. In order for the measure p to be correctly defined,
it is necessary that the following condition be satisfied: if

z=B+H,, =B+ H,+ (H,+ H,)",

where H,-subset, orthogonal to H,,, then

Xm(B) = X77L+P(B + Hp)’
where ) 4p-Borel measure on H,, + H,.
Since X, is a countably additive measure on Borel subsets of the finite-dimen-
sional space H,,, it follows that

Xm(B) = Z'anm(G'L
where G is an arbitrary open set in H,, containing B.

Next, we give an example of a cylindrical finitely additive measure. Let R
be a self-adjoint non-negative definite operator mapping H into H. We define a
measure x on Borel sets of a finite-dimensional space H,, as follows. We choose
an orthonormal {ej,...,e,;,} in H,,. Borel sets in H,, can be assigned one-to-one
correspondence with Borel sets in the ”coordinate” space

x4+ {[x,e]:i=1,..,m}.

We now introduce a Gaussian measure on Borel sets with a matrix of second
moments {r;; }, where r;; = [Re;, ¢;], and R is a given operator.

Obviously, this measure does not depend on the chosen basis. Note that the
(m x m) matrix {r;;} can be degenerate. It is easy to see that the introduced
measure satisfies the consistency condition. We denote this cylindrical measure by
-

Let Ny denote the null space of the operator R and H,, a subspace of Ng.
Then the measure p of any cylindrical set with base in H,, is equal to 1 or 0,
depending on whether this set contains a zero element or not.
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The following property of the measure under consideration plays a very import-
ant role. Let {y;} be a complete orthonormal system in the set of values of the
operator R. Denote by F,, the cylindrical set:

n

E, = {QL' : Z[:’Cv(pZP < M2}7/J“ > 0.
i=1

Since
En - ﬂ{l‘ : [ma(pi]Q S MQ}?
i=1
then
w(En) < (R(M) /)",

where

®(z) = i/ez e

V2 ) b 2
and
X2 = min (Bp, )
o€Hn [p, ]

where H,, is the space spanned by the vectors 1, ..., ©,.
But in this case

%ZO.‘]U(En) < log®(A/An)
and hence .
tim —logu(En) < log®(p/X),
where L
A = limA,.

In particular, pu(E,) — 0, if A > 0.

Let S(0,M) be a ball of radius M centered at the origin. Then S(0,M) C E,
for every n. This proves that there is no countably additive measure on the class
of Borel sets B that coincides with the measure p on cylindrical sets. Indeed, if P
is such a countably additive measure, then

P(5(0, M)) < P(Ey)
as well as P(E,) = u(E,), P(S(0,M)) =0 for all M. But

H=|]JS(0,n),n=12,..

and that’s why
1= lim P(S(0,n)),

n— o0
and we come to a contradiction.
Thus, if an R-positive definite self-adjoint operator for which

[Rz,z] > m[z,x],m > 0,
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then the cylindrical measure induced by it cannot be extended in such a way that
it becomes countably additive on B, provided that H is infinite-dimensional. And
since the prototypes of non-degenerate Gaussian distributions are positive-definite
operators, we are forced to restrict ourselves to finitely additive measures.

3. The Cauchy problem for a fractional differential equation in a
Hilbert space: a deterministic case

Our goal in this section is to define a weak solution to a class of fractional
abstract differential equations. In this case, the fractional derivatives in the equa-
tion will be Caputo derivatives. Results will be established for weak and strong
solutions of homogeneous and nonhomogeneous equations.

3.1. Operators in fractional Sobolev vector spaces. Let H be a real Hilbert
space with inner product < -,- > and norm || - ||. Let A be a linear self-adjoint
positive operator on H with dense domain ®(A). The operator A satisfies the
inequalities

< Az,x >> a|z||® Vo € D(A) (3.1)

for some a > 0. Suppose that the spectrum of A consists of a sequence of positive
eigenvalues {\,, }nen such that A, — oo for n — oo. Moreover, all ), are isolated
numbers, and the proper space generated by each prime )\, has dimension one.
Moreover, the eigenfunctions e, of the operator A (Ae, = A\ e,) form an or-
thonormal basis of the space H.
The fractional powers of A% are defined for § > 0 (see, for example, [8]). The
domain D(A?) of the operator A? consists of those u € H for which

(o)
Z)\fﬂ <u,ep > |2 < 00
n=1

and
APy = Z)\fl <u e, > en,u € D(AY).
n=1

It is easy to establish that ©(A?) is a Hilbert space with the following norm

0 1/2
[ullo(aey = A%l = (Z/\fﬂ <u,en > |2> ,u € D(A%), (3.2)
n=1

and for any 0 < 61 < 03 we have

D(A%) c D(A%M).
In particular, the norm of the space D (v/A) is defined as follows

o] 1/2
2
lulloya = IVAu| = (Z)\i‘g‘ <u,en > | ) ,u € D(VA). (3.3)

n=1

If we denote the spaces dual to H by H’, then we have
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FRACTIONAL EQUATIONS WITH BALAKRISHNAN’S WHITE NOISE

D(A™") = (D(A)) (3-4)
whose elements are linear bounded functionals over D (A?).
If u € D(A7%) and p € D(A?) then the value u(y) is determined by the formula

<u, 0 >_g,0=u(p). (3.5)
In addition, ®(A~?) is a Hilbert space with norm

[} 1/2
mmue>=(§jM%w<MQ>eﬁf) weDAT),  (36)

n=1

and for any 0 < 6; < 65 we have D(A~%) C D(A7%). We also recall that

<u, 0 >_gp=(u,¢) u€ H peDA). (3.7)

We now give the definition of a fractional Sobolev vector space. For [ €

(0,1),T > 0 and a Hilbert space H equipped with the norm || - ||z by H?(0,T, H)
we denote the spaces of all and u € L?(0,T, H) such that

I 1 u(t) - u(n)]

u

[U]Hﬂ(o,T,H) = (// leﬂﬂ H> < 400, (3.8)
0 O

Then H?(0,T, H) with norm

I zso,r5my = I - 220,130y + [ ms 0,10
is a Hilbert space.
The following assertion holds.

Theorem 3.1. (see [8]). Let H be a separable Hilbert space.
1. Riemann-Liouville operator
1% L*(0,T;H) — L*(0,T; H),0 < < 1

is injective and its range R(I®) is determined by the formula

HP(0,T,H), 0<B<1/2
R(IP) = {p e HY2(0,T; H) : ft*1|v(t)|2dt <oo}, B=1/2 (3.9)
0
HJ(0,T, H), 1/2<p<1,

where HY (0, T, H) = {u € H?(0,T; H) : u(0) = 0}.
2. For the Riemann - Liouville operator I® and the inverse I=P, the equivalence
of the following norms are true

117 (u )||Hﬁ 0,T;H) HUHL2 (0,T;H), U € L*(0,T: H),

3.10
M2 ncoantty ~ lollmstogortyou € R(P). (3.10)
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3.2. Fractional derivatives and Mittag-Leffler functions.

Definition 3.2. For any o > 0, we define the Riemann-Liouville integral operator
of order a by the formula
t

L /(t —8)* L f(s)ds, f € L'(0,T) for a.e. t € (0,T),

I*(f)(t) = T(a)
0

where T' > 0 and

oo

Do) = /tafleftdt —

0
Euler’s gamma function.

The fractional Caputo derivative of order o € (1,2) is given by

/ 2
‘Dyf(t) = 7F(21— ) /(t - s)lfa%(s)ds.
0

The Caputo derivative can be expressed in terms of the Riemann-Liouville in-
tegral operator

vt -1 (L) o

If f/ is absolutely continuous, then

d —Q
‘DY f(t) = ﬁfz (f" = £1(0))(®).
For arbitrary constants «, 8 > 0, the Mittag-Leffler function is introduced

00
Zk

Eqop(z) = Z m,z eC.

k=0
The function E, g(z) is an entire function z € C.
Note that E,1(0) = 1.
Next, we introduce the Laplace transform of the function f(t) in the form

S B)(z) = / & f(t)dt, z € C.
0

Lemma 3.3. Let a € (1,2) and B > 0. Then for any p € R such that ma/2 <
< m there exists a constant C = C(a, B, p) such that what

|Ea,p(2)| < T |Z|,z €C,u<|arg(z)| <m. (3.11)
Lemma 3.4. For o, 5, A > 0 we have
a—f
B—1 a _ 1/2
P E, 5(—AtY)](2) = T Rez > A /2, (3.12)
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Lemma 3.5. If a, A > 0, then we have
d

aEa,l(fAt“) = - XMVE, o (M)t >0 (3.13)

d
il FBaki1(=MY) = t" 1B, (= Xt%),k € N,t >0 (3.14)

d
ﬁ(to‘_lEa’a(—)\t“) = - AM*"?Ey 0 1(=MY),t > 0. (3.15)
Lemma 3.6. For any 0 < 8 < 1, the function x — % reaches its mazrimum on

[0, +00] at the point lbft; and the mazimum value as

- g g e (0,1 3.16
maxg - =8 AE0.1) (3.16)

3.3. Weak solutions of a homogeneous fractional equation. Let o € (1,2)
and T > 0.

Definition 3.7. The function u(t) is called a weak solution of the abstract fractio-
nal equation

‘Diu+ Au=0 (3.17)
if u e C([0,T];D(VA)),u € L*(0,T; H)(C([0, T); ®(A— B)) for some 3 € (0,1),
and for any v € D(v/A) there is

< I*7*(u' — ' (0))(t),v > C*([0,T])

and

% <P = (0))(t),v > + < VAu(t), VAv >=0,t € (0,T). (3.18)

Remark 3.8. For a weak solution u(t) of equation (3.11) we have
°D} € H'7%(0,T; H), 3 € (0,1),

where the Caputo derivative of order 8 € (0,1) is given by
t

1
CDﬁutzi/t—s_ﬂu'sds:fl_ﬁu' t). 3.19
fult) = e [ €= 9 W), (319)
0
In fact, since ' € L2(0,T; H) we can apply Theorem 3.1 to get I'=# (/) €
H'-P(0,T;H), so “D’u e H'-(0,T; H).
In particular, for 8 = a/2 and =1 — a/2 we have

ey e H'=/2(0,T; H)u

cp} =%y e HY2(0,T; H).

Recall (see, for example, [17]) that the Laplace transform is used to solve scalar
fractional differential equations.
There is an assertion
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Lemma 3.9. for any A > 0 and z,y € R the solution to the problem
‘Diu(t) + Au(t) =0, t>0
looks like
u(t) = 2Eq 1 (— M%) + ytEq o (—Mt%).

Theorem 3.10. Let ug € D(vA)u and uy € H, then the function
u(t) =Y [ <uo,en > Ean(=Mnt®)+ < ur,en > tEqo(—Ant®)]en  (3.20)
n=1
is the only weak solution (3.17) satisfying the initial conditions
w(0) = ug,u’(0) = uy. (3.21)

The proof of the theorem follows the following scheme. First, we need to make
sure that the representation of solutions in the form of a series (3.20) is correct.
To do this, we will look for a solution in the form

o0
u(t) = uu(t)en (3.22)
n=1
where the functions u,(f) =< u(t),e, > are unknown. It is easy to see that,
taking into account the initial conditions (3.21), u,(t) will be a solution to the
problem

D un (t) + Apun(t) =0, t>0 (3.23)
un(0) =< ug, e, >, ul, (0) =< ug, e, > '
and, further, with the help of Lemma 3.9 we obtain
Up, =< Up, €y > Eo1(—AntY)+ < up, ey > tEq 2(—Apt®),t > 0. (3.24)

Now, taking ug € ®(v/A),u; € H, we show that series (3.22) with u, () given
in form (3.23) is a weak solution of (3.17) and satisfies conditions (1.13).
First, note that for any ¢ € [0, T] we have u(t) € D(v/A). Indeed, since

IVAu)[> =" Anlun () <2 An| < uo,en > Eaa(—Ant®)|+

n=1 n=1

423 Ml < unen > tEq p(—Ant®)||?

n=1

then thanks to (3.18) we get
/\n| < ug,en > Ea,l(f)‘nta)‘Z < C>\n‘u0aen|27

An| <ui,en > ang(—)\nto‘)|2 < Ct2_a|u1,en|2><
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)"ﬂta 2—« 2

and, therefore, given o < 2, we get

IV Au®)|* < CIIVAuo|* + CT*= Jua |1, (3.25)
So, for any n € N we have

IVAD ur(t)exl* < C Y Ml < ug,en > [P+
k=u k=n

—I—CTQ_a Z | < up,ep > |2

k=n
and in addition,

lim sup VA wug(t)ep]| =0
n—oo tE[O,T] k;l
As a result, the series (3.22) converges uniformly in [0, 7] in ®(vA) to u €

C([0, T D(VA)).

o0
Moreover, u(0) = Y. < ug, e, > e, = Up.
n=1

3.4. Weak and strong solutions of an nonhomogeneous equation. Recall
(see [17]) that to find a solution to a scalar fractional inhomogeneous equation, one
can use the Laplace integral transform of the Mittag-Leffler functions and their
derivatives indicated in formulas (3.11) - (3.15).

Lemma 3.11. Let f(t) be defined on the semiazis Ry. Foranya,1 <a <2, >0
and z,y € R, the solution to the problem
°Difu(t) + Au(t) = f(t),t >0
u(0) = z,u'(0) =y
presented in the form
t

u(t) = /(t — s)o‘_lEa’a(—)\(t — )" f(s)ds + xEq 1 (=A%) + yTE, 2(—At7).
0

Let us now consider an nonhomogeneous equation in the space H in the form

‘Diu(t) + Au(t) = f(t),t >0 (3.26)
with initial conditions

u(0) = ug, u'(0) = uy, (3.27)
where A is a self-adjoint positively homogeneous operator on H such that ’D(_A) =
H.

There is an assertion.
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Theorem 3.12. Assume that ug € D(VA) and uy € H, while the function f(t)
and taking values in H is strongly continuously differentiable on compact segments
[kT, (k+1)T] C Ry, k € Nv{0}. Then the function
t
u(t) = /(t — 8) By a(=An(t — 8)%) < f(5),en > ends+

0

+ > [ g en > Eao(—Ant®)+ < 1, e > tEo a(—Ant®)]e” (3.28)
n=1

is the only weak solution of equation (3.26) satisfying the initial conditions (3.27).
Additionally, we note that

t
u'( oz—l/t—so‘ 2Boa(=Au(t —8)%) < f(s),en > ends—
0
t
A / (t = 292 E, o (=An(t — 8)2) < F(5),n > endst
0

D A0 <ugsen >t B (< Ant®)+ < up,en > Eap(—Ant®)len  (3.29)
=1

n
and u' € C([0,T],D(AY)) for § € (2 2 e 1/2).
The proof of the theorem consists in the implementation of the Duhamel prin-
ciple for the class of fractional equations under consideration. The uniqueness of
the weak solution follows directly from Theorem 3.10.

Theorem 3.13. Let f(t) satisfy the conditions of theorem (3.17). For ug € D(A)
and uy € D(VA) the weak solution of Eq. (3.28) coincides with the strong solution
and has place equality
¢
‘Diu(t) = —)\n/(t —8)* N Eqa(~ At —5)%) < f(5),en > ends—
0

— Z[)\n < Ug, €y > Ea71(—/\nta) + Ay < up, e, > tEa)g(—/\nta)]en

n=1

The central place in the proof of this theorem is occupied by Lerch’s theorem
on the uniqueness of the inverse Laplace transform in the infinite-dimensional case
and the following equality

P —up)(t) = =Y An[< ug,en > tEqo(—Ant®)+

n=1
+ < up,en > 2B 3(—Ant®)]e” (3.30)
and that I?~(u' — u1)(t) € C([0,T], H).
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From (3.29) it follows that

d o . - o
%12 (u —uy)(t) = — ; An[< gy €n > tEq o(—Apt®)+
+ < up,en > 2By o(—Ant®)]e” (3.31)

4 2=y —uy)(t) € C([0,T), H).

4. Balakrishnan’s White Noise

Let (£2,B,p) be a probability triple. In the course of probability theory, a
random variable is understood as any function defined on €2 and measurable with
respect to the Borel o-algebra B.

Here we need finitely additive measures on algebras, since in this case we can
consider Gaussian random variables with non-nuclear correlation matrices. In the
monograph [7], developing the scheme of Dunford and Schwartz, a new approach
to the definition of a random variable is proposed.

So, let an Q-abstract space, a €-algebra (not necessarily a o-algebra) of subsets
in Q, a p-finitely additive probability measure defined on €. A function f(w)
mapping €2 into a Hilbert space is called a random variable in the weak sense if
for any finite set of elements ;,7 = 1,...,n, from the Hilbert space conditions are
met:

1) The set {w : {[f(w),¢:]} € B}, where B is a Borel set in Euclidean space,
belongs to € ;

2) The measure thus induced on Borel sets is countably additive for every n.

Here the set {[f(w), p;]} defines an ordinary random variable. Given a cylin-
drical probability measure on a Hilbert space, then one can construct the corre-
sponding random variable by setting: 2 = H, the €-class of cylindrical sets, and
f(w) = w. For example, if the cylindrical measure is a Gaussian measure u such
that its characteristic function is

. 2
/ez[w,ap]d’u: 6.’Ep<— ||902|| >
H

Then, for an arbitrary orthonormal basis {¢x} in H, the scalar products
[f(w),ws] define independent Gaussian random variables with mean zero and unit
variance. However, for all w

oo
S 1), @l = 17 @) < oo.
k=1
This statement contradicts the classical probability theory, according to which
a similar sum of squares of independent Gaussian random variables with unit
variance should increase infinitely with probability 1. One fundamental point
should be noted. In the classical theory, the space of all possible sequences is
taken as a phase space, and a certain countably additive measure is defined on
the Borel algebra of its subsets. Here we are talking only about finitely additive
measures, and they are defined on algebras. In fact, for the case of Gaussian
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random variables, the subspace of square summable sequences has measure zero.
Therefore, it is extremely important how the probability space is arranged.

Everywhere below we assume that Q0 = H, € is the class of cylindrical sets, and
B is a Borel algebra on H. Note that condition 1) of the definition of a random
variable implies that the preimages of Borel sets in E,, (n-fixed) belong to €. But
since the Borel sets in E,, form a o-algebra, their preimages also form a o-algebra.

Consequently, the measure p is also defined on the o-algebra B of Borel sets
in the space H. Therefore, we can slightly weaken the definition and call f(w) a
random variable in the weak sense if for any finite set n of elements ; from H
the set {w: {[f(w), ¢;]} € B}, where B is a Borel set in E,,, belongs to B, and the
measure u is defined and countably additive on the o-subalgebra of the preimage
algebra of Borel sets.

Let now (H, €, p)-probability space, where H-real separable Hilbert space, ¢-
class of cylindrical sets with finite-dimensional bases, and p-cylindrical measure.
For a given function f(-) mapping H into another Hilbert space H’, the preimages
of the Borel sets {w : f(w) € B,B € H} do not necessarily belong to the class €.
Therefore, in the general case, it will not be possible to determine the probability of
such an event. What class of functions do random variables belong to? To answer
this question, we will proceed by analogy with the procedure for completing spaces
with the help of Cauchy sequences. Denote by P the projection operator onto a
finite-dimensional space. Then the inverse images of the Borel sets of the function
f(Pw) (under the assumption that f(-) is Borel measurable) belong to the class
¢.

Therefore, for any Borel set C' from the space H' the formula

xX(C) = p{w: P(w) € C}
defines a countably additive measure on the o-algebra of Borel sets in H’. Thus
the function f(Pw) is a random variable. In what follows, each such function will
be called an elementary random variable (ESV). A random variable is an arbitrary
Cauchy sequence with respect to the measure of elementary random variables.
Let us give an extension of the concept of ESP.

Definition 4.1. Let f : H — beanH-measurable Borel map and let P, be a
sequence of finite-dimensional projections strongly convergent to the identity op-
erator. The mapping f(-) is called a physical random variable (PSV) if:

1) the sequence of tame functions { f (P,w)} is a Cauchy sequence in probability
for each {P,}.

2) a sequence of {v,} probability measures induced by f o P, and defined as

vp=po(foP,) !
converges strongly to the same probability measure on H' for every sequence P,.

Condition 2) is equivalent to the fact that there is a limit
C(w) = lim ei[fop"w’“/]du(h)

independent of P,.

66



FRACTIONAL EQUATIONS WITH BALAKRISHNAN’S WHITE NOISE

If fis a FSV, then p can always be extended to events of the form f~1(B’),
where B’ is a Borel set in H' using the equality

u(f~(B) = lim p((w € H|f o Po(w) € B)),
n— oo

where the limit exists by definition. The class of H'-valued FSWs is denoted as
L'(H, €, u, H)-adjoint to £(H, €, u, H') spaces.

To complete our constructions, we introduce the Balakrishnan’s noise model.
It is natural to assume that the Gaussian noise has a much larger bandwidth than
just the signal. This follows from the fact that the corresponding representation
is the identity mapping on H equipped with the Gaussian measure pug with the
unit correlation operator. Such a mapping is called Balakrishnan’s white noise.

Let’s give a description of the FSV. To achieve this goal, the following concept
of continuity is needed.

Definition 4.2. Let H, H' be real Hilbert spaces. A mapping F : H — H' is
continuous in x € H with respect to the S-topology if for any € > 0 there exists a
Hilbert-Schmidt operator L.(x) : H — H' such that from the inequality

[ Le(z)(z —2)|| < 1 (4.1)
follows that
|F(z) = F(2')|| <e. (4.2)

The mapping F' is S-continuous on U C H if the Hilbert-Schmidt operator from
(4.1) does not depend on =z € H.
Let us give a weaker notion of the following form.

Definition 4.3. A map F': H — H' is said to be uniformly S-continuous in a
neighborhood of the origin (USCNO) if F is uniformly S-continuous on the sets

U,={x€H:|Lyz|| <1}

where {L,,},>1 is a sequence of Hilbert-Schmidt operators such that

[ Lnllzs =0 | Un=H.

n=1

Obviously, a uniform S-continuous mapping is also a USCNO. In this case
L, = %L.
Now we have all the necessary tools to formulate the criteria for the FSF.

Theorem 4.4. A sufficient condition for the mapping F : H — H' to be FSF is
its USCNO-th.

A useful characterization of the USCNO-ness of a mapping is the following
assertion.

Theorem 4.5. A map F : H — H' is USCNO if and only if there exists a
Hilbert-Schmidt operator L : H — H' and a continuous map g : H — H' such that

F=golL.
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5. The Cauchy problem for a fractional differential equation in a
Hilbert space: the stochastic case

In this section, using families of special Mittag-Leffler functions and expansions
in eigenfunctions of a non-negative definite self-adjoint operator A with a dense
domain in the Hilbert space H, we obtain a generalization of linear states with a
finite-dimensional space to the infinite-dimensional case, in particular, it covers the
systems described by partial differential equations and fractional time derivatives
of order «,1 < ar < 2 together with Balakrishnan white noise as input.

To this end, at the very beginning, we define the function space W = Ly(0,T; H)
and 0 < T < oo. Let H,, be a separable Hilbert space and let W,, = Ly(0,T; H,,)
(here the letter n is an abbreviation for the word noise). Denote by A the operator
defined in Section 3 and by B the linear bounded operator acting from the space
H,, to H.

Consider the fractional stochastic differential equation

°Diu(t) + Au(t) = Bw(t),t > 0,1 < o < 2, (5.1)
along with initial conditions

w(0) = ug,u'(0) = uy. (5.2)

The results obtained in §3, §4 allow for each w € W, to rewrite problem (5.1),
(5.2) in integral form. Moreover, it can be argued that the integral equation
indicated below has a unique weak solution. Since we want to emphasize the
dependence of the solution on the input w, we will use the notation u(t,w) for
this.

Recall also that e, and A, denote the n-th eigenfunctions and eigenvalues of
the operator A, respectively.

The equation

<ult,w), e, >=< ug,e, >+ < up, e, >t—

t t
- /(t —8)* 7 <u(s,w), Ae, > ds + /(t —5)*t < Bw(s), e, > ds (5.3)
0 0
has a solution defined by the formula

t
u(t,w) = /(t —8)* 1 Eya(—An(t — 8)%) < Bw, e, > epds+
0

o0
+ 3 [< o, en > Bot(—Ant®)+ < ur, e > tEaa(—Ant®)]en,
n=1
and for each w this solution is unique in the class of weakly continuous functions
satisfying equation (5.3). Let us calculate the correlation operator corresponding
to the process u(t,w). The process u(t,w) is defined at each time ¢t. Assuming ug
and u; are given, we get
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E<{u(t,w) — Z[< U, €n > Eg 1(—=Apt®)+ < ui, e, > Ea’g(—Ant"‘)en] X

n=1

[u(s,w) — Z[< U, €n > Eq 1(—=Apt®)+ < uq, e, > Ea72(—)\nta):| en> =

n=1

]E(/Ot(t ) T B a(“Aalt — 8)%) < Bu,en > endsx
x /Os(s ) B (=M (s — 0)%) < Bu(o), en > enda> _
E(/Ot(t ) T B (<At — 5)%) < w(s), B*en > endsx
[ o Bl ) < ) B ) =
/ (1= 5" Basa(Anlt — 5))ds

/OS(S = 0)* " Ega(=An(s — 0)%)do - ||B*||}

Therefore, the correlation operator R(t, s) is defined by the formulas
t
R(t, s)ug = / (t = 8)* By a(=An(t — 5)%)ds-
0
S
/ (5 = 0)* L Eq1(=An(s — 0))updo.
0
¢
R(t, s)uy = / (t —8) By 0(=An(t — 5)*)dsx
0
X / (5 = 0)* ' Egpa(—An(s — 0)*)urdo.
0

6. Conclusion

Gaussian finitely additive white noise (Balakrishnan’s white noise) has a uni-
form power spectral density, is normally distributed, sums with the useful signal,
and is statistically independent of the signal. Most often, such measures are used
in digital signal processing in space communication systems and in the analysis of
the profitability of securities.
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