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Abstract. In this paper, we study smooth Lie algebra bundles of finite

Type. We discuss tangent bundle and Lie algebra bundle induced by Lie
group bundle of finite type. Finite type property of top space bundles and

RMS bundle for are also examined.

1. Introduction

For the notions and basic terminologies of fiber bundles and vector bundles, we
follow [2], [3] and [6]. When a vector bundle ζ = (ζ, p,X) attains a morphism
∗ : ζ × ζ → ζ, where ∗ induces a Lie algebra structure on every fiber ζx, we
call ζ as a weak Lie algebra bundle. In the way of achieving a correspondence
between, finitely generated projective modules over the ring of continuous real
valued functions on the base space and algebraic vector bundle over an affine
variety (See [4, 10, 11]), L. N. Vaserstein properly defined vector bundles of finite
type in 1986 [12]. Later Ranjitha Kumar et al. [8] defined Lie algebra bundles of
finite type as follows: A Lie algebra bundle ζ is said to be of finite type if there
exists a finite partition of unity A on X (that is, A is a finite set of non-negative
continuous functions on X whose sum equals 1) such that ζ restricted to the set
{x ∈ X |α(x) ̸= 0} is a trivial Lie algebra bundle for each α ∈ A. Any Lie
algebra bundle over a compact space is a trivial example of a Lie algebra bundle of
finite type. Here we consider that all underlying vector spaces are real and finite
dimensional.

2. Smooth Lie Algebra Bundles of Finite Type

We begin this section by following definitions:

Definition 2.1. A vector bundle ζ = (ζ, p,M) where each fiber is a Lie algebra is
called a locally trivial smooth Lie algebra bundle, if it is a smooth vector bundle
in which for every x in M we have a diffeomorphism Φ : N × L → p−1(N),
where x ∈ N is an open set in M , L is a Lie algebra and corresponding map
Φm : {m} × L → p−1(m) is an isomorphism of Lie algebras, ∀m ∈ N .
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Definition 2.2. Consider ζ, η, smooth Lie algebra bundles over the same base
space M . A map f : ζ → η which is a smooth morphism between vector bundles
ξ and η where for each m in M fm : ζm → ηm is a Lie algebra homomorphism,
will be called as a smooth Lie algebra bundle morphism.

Definition 2.3. If p : ζ → X is a Lie algebra bundle, then s : X → ζ where
p ◦ s = idM is called a section on ζ and we denote the set of all sections by Γ(ζ).

Following the methods of [7, Existence theorem], one can get the existence of a
smooth Lie algebra bundles of finite type. By eliminating compactness condition,
we are able to extract some conclusions for sections of a Lie algebra bundle of
finite type using the results for sections of a vector bundle in [11]. Also, we can
find a necessary and sufficient condition for a section to be smooth.

Lemma 2.4. Suppose X is any arbitrary topological space and U is a neighbour-
hood of x in X. If s is section of a Lie algebra bundle ξ of finite type over X, then
there exists a section s′ of ξ over X such that s′ = s in some neighbourhood of x.

Proof. Let {f1, f2, . . . , fn} be a finite partition of unity on X. We have s is a

section of ξ over U in X. Define s′(a) =

(
n∑

i=1

fi(a)

)
s(a) if a ∈ U and s′(a) = 0 if

a /∈ U , which will satisfy the requirements. □

Corollary 2.5. [11, Corollary 1] Let ξ be a finite type Lie algebra bundle over X.
For any x ∈ X, there are elements s1, s2, ..., sk ∈ Γ(ξ) which form a local base at
x.

Proof. Let {f1, f2, ..., fn} be a partition of unity and Ui = {y ∈ X | fi(y) ̸= 0}. We
have ξ|Ui

is trivial. Since {Ui}ni=1 covers X, for any x ∈ X let x ∈ U1, U2, . . . Uk.
Then by above lemma, we have s1, s2, . . . sk ∈ Γ(ξ) such that s = si, i = 1, . . . k.
Then {s1, s2, . . . sk} span s at x and linear independency follows from local trivi-
ality of the bundle over Ui’s. □

Corollary 2.6. Let ξ and η be two Lie algebra bundles of finite type over X. If
f, g : ζ → η and Γ(f) = Γ(g) : Γ(ζ) → Γ(η), then f = g.

Proof. Proof follows from Lemma 2.4 and Corollary 2 of [11]. □

Proposition 2.7. Let π : ζ → M be a Lie algebra bundle of finite type over a
smooth manifold M . Then the sections s1, . . . , sk which form a local base at x for
any x ∈ M are smooth.

Proof. Since ζ is a Lie algebra bundle of finite type, there exists finite partition
of unity {fi}ni=1 such that ζ|Ui

is trivial, where Ui = {x ∈ M/fi(x) ̸= 0}. Let
ϕi : Ui × Li → π−1(Ui) = ζ|Ui

be the the isomorphism. If x ∈ M , x ∈ Ui for
some i. Then s1, . . . , sk forms a local base at x. We observe that each section
sj : Ui → ζ|Ui , sj(x) 7→ ϕi(x, Li) is smooth (since ϕi is a trivialization). □

Remark 2.8. A bundle section s : M → ζ is smooth, where ζ is of finite type,
if and only if for every open subset U of M and a k-tuple of smooth sections
s1, ..., sk : U → ζ|U such that {si(x)}i is a basis at x, for all x ∈ U , the coefficient
functions, c1, c2, ..., ck : U → R, (s(x) = c1(x)s1(x) + ... + ck(x)sk(x),∀x ∈ U) are
smooth.
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Let us denote the bundle of tangent vectors in a smooth manifold M by TM .
Then TM =

⋃
x∈M

TxM , where TxM is the space of tangents to M at the point x.

Theorem 2.9. Let ζ = (TM, π,M) be a tangent bundle of finite type over a
smooth manifold M . Then there exists a smooth weak Lie algebra bundle.

Proof. By [8], we know that all smooth sections Γ(ζ) of ζ can be identified as a
finitely generated projective module over C∞(M). Define a Lie algebra on Γ(ζ)
over C∞(M) by [., .] : Γ(ζ) × Γ(ζ) → Γ(ζ), (T1, T2) 7→ [T1, T2], where [T1, T2] =
T2T1 − T1T2. Then the result follows from Theorem 4.1 in [7]. □

A Lie group bundle π : G → M is a smooth bundle in which each fibre Gm

= π−1(m) is having a Lie group structure and there exists an atlas which gives
an isomorphism between G and the fiber type F . Let L(G) denote the tangent
bundle, where the fibers are the tangent space at the identity element em of each
fibre Gm. That is, L(G) =

⋃
m∈M

Tem(Gm). If G is locally trivial, L(G) is also locally

trivial, called as the Lie algebra bundle of the Lie group bundle G.

Proposition 2.10. If G is a Lie group bundle of finite type, then L(G) is a Lie
algebra bundle of finite type.

Proof. Since G is a Lie group bundle of finite type, there exists a finite partition
of unity {f1, f2, ..., fn} where the bundle G restricted to Ui = {x ∈ M/fi(x) ̸= 0}
is trivial. Let ϕi : Ui ×G → G|Ui be the isomorphism. Then

dϕi : Ui × TeG →
⋃

m∈Ui

Tem(Gm)

is also an isomorphism, where TeG is a Lie algebra and is the tangent space of G
at the identity element e. □

Definition 2.11 (Top space [1]). A non-empty smooth d-dimensional manifold I
is called a top space if there exists an action “ . ” on I such that p.q = pq ∈ I, for
every p, q ∈ I and satisfies the following conditions:

(1) (wp)q = w(pq), ∀w, p, q ∈ I.
(2) For each p ∈ I, there is a unique e(p) ∈ I such that pe(p) = e(p)p = p.
(3) ∀p, q ∈ I, e(pq) = e(p)e(q).
(4) For each p ∈ I, there exists an q ∈ I such that pq = qp = e(p), we denote

q by p−1.
(5) The mappings, m1 : I× I → I, (p, q) 7→ pq and m2 : I → I, p 7→ p−1 are

smooth.

Definition 2.12. A smooth fibre bundle T = (T , π,M) having a top space I as
standard fibre, is a top space bundle if there exists a smooth morphism T ⊕T → T
which induces a top space structure on each fibre.

Definition 2.13. Let  L, I be two topological bundles. let G be a topological
group bundle and P :  L ⊕ I → G be a bundle morphism. The corresponding Rees
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matrix Semigroup (RMS) bundle, M(G, I,  L, P ) is the topological bundle I⊕G⊕  L
with a morphism

⊙ : (I ⊕ G ⊕  L) ⊕ (I ⊕ G ⊕  L) → (I ⊕ G ⊕  L)

defined by

(i, a, λ).(j, b, µ) = (i, aP (λ, j)b, µ).

Theorem 2.14. Let  L, I be smooth bundles of finite type over a manifold M .
Let G be a Lie group bundle of finite type over M and P :  L ⊕ I → G be a smooth
bundle morphism. then the RMS bundle, M(G, I,  L, P ) is a top space bundle of
finite type.

Proof. Since Pm :  Lm × Im → Gm is smooth for each m ∈ M , we observe
that T = M(G, I,  L, P ) is a top space bundle. Without loss of generality, we
can assume that {fi}ni=1, {gi}ni=1 and {hi}ni=1 are partitions of unity such that
 L|Ui

, I|Vi
, G|Zi

are trivial, with standard fibres Λi, Ii and Gi respectively, where
Ui = {x ∈ X/fi(x) ̸= 0}, Vi = {x ∈ X/gi(x) ̸= 0} and Zi = {x ∈ X/hi(x) ̸= 0}.
Let ϕUi : Ui × Λi →  L|Ui , ϕVi : Vi × Ii → I|Vi , ϕZi : Zi × Gi → G|Zi be the
isomorphisms. Now we shall choose Wi = Ui ∩ Vi ∩ Zi. Define

ϕi : Wi × (Ii ×Gi × Λi) →
⋃

m∈Wi

Im × Gm ×  Lm

by

ϕi(m, a, g, λ) = (ϕVi(m, a), ϕZi(m, g), ϕUi(m,λ)),

which is an isomorphism (See Theorem 3.1 in [1]). □

Theorem 2.15. Let T be a top space bundle over M of finite type with |e(Tm)| <
∞ for each m ∈ M . Define

L(T ) =
⋃

m∈M

L(Tm),

where L(Tm) is the Lie algebra of left invariant vector fields on Tm. Then L(T ) is
a Lie algebra bundle of finite type. (We call L(T ), the Lie algebra bundle of the
top space bundle T ).

Proof. Let {fi}ni=1 be a partition of unity such that ξ|Ui
is trivial, where Ui =

{x ∈ X/fi(x) ̸= 0}. Let ϕi : Ui × Ti →
⋃

m∈Ui

Tm be the isomorphism, where Ti

is a Lie algebra. Then we observe that ϕiL : Ui × L(Ti) →
⋃

m∈Ui

L(Tm) is also an

isomorphism. This proves the result. □
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