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Abstract. In this paper, we introduce the notion of a matrix seminearring

(abbr. Mn(S)) over an arbitrary seminearring S. A (right) seminearring is
a generalization of a semiring and a nearring, wherein (S,+) and (S, ·) are

semigroups; with only one distributive law is assumed. We prove various

properties of matrix maps over a seminearring and obtain a one-one cor-
respondence between the ideals of a seminearring and that of full ideals of

matrix seminearring. Furthermore, we introduce prime ideal in matrix sem-

inearring and prove that the ideal P ∗, induced by a prime ideal P in S is
prime in Mn(S).

1. Introduction and preliminaries

Nearrings are generalized rings where the addition need not be abelian and only
one distributive property is assumed. Rings can be viewed as algebraic systems of
‘linear’ functions on groups, while nearrings describe the general non-linear case [3,
9]. Matrix nearrings over arbitrary nearrings were introduced by Meldrum & Van
der Walt [10], wherein the correspondence between the two-sided ideals in nearring
N and those of matrix nearring Mn(N) were obtained. Some developments in
matrix nearrings over arbitrary nearrings were due to Meyer [11], Booth, and
Groenewald [2]. Juglal et.al (see, [6]) studied different prime N -ideals and prime
relations between generalized matrix nearring and multiplication modules over a
nearring. Furthermore, Juglal and Groenewald [7] studied the class of strongly
prime nearring modules and shown that it forms a τ -special class. For more
literature on matrix nearrings, we refer to [5, 4, 12, 13, 15, 14].

We introduce the notion of matrix seminearring Mn(S) over a seminearring S
with 1. We prove various properties of matrix maps over a seminearring and obtain
a one-one correspondence between the ideals of a seminearring and that of a matrix
seminearring. Furthermore, we introduce prime ideal in matrix seminearring and
prove that the ideal P ∗, induced by a prime ideal P in S is prime in Mn(S).

Definition 1.1. [8] A set S together with two binary operations + and · is called
a (right) seminearring if

(1) (S,+) and (S, ·) are semigroups;
(2) (p+ q)r = pr + qr, for every p, q, r ∈ S;
(3) There exists 0 ∈ S such that 0 + s = s+ 0 = s for every s ∈ S.
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(4) 0 · s = 0 for every s ∈ S.

Moreover, a right seminearring is said to be zero-symmetric if p0 = 0 for all p ∈ S.

Example 1.2. Let (S,+) be a semigroup. Then the set of maps from S to S with
respect to usual addition and substitution of maps becomes a seminearring (we
denote it by (M(S),+, ◦)), which is not a nearring.

Definition 1.3. [1] A subset I of a seminearring S is called a right (left) s-ideal
if

(1) p+ q ∈ I, and
(2) rp (pr) ∈ I,

for all p, q ∈ I and r ∈ S.

Definition 1.4. A subset I of a seminearring S is called a right (left) invariant if
IS ⊆ I (SI ⊆ I).

Throughout, S denote a right seminearring having an absorbing zero.

Analogous to the notion given in [3], for any u ∈ S, the ideal generated by u

is denoted by 〈u〉 and defined as, 〈u〉 =

∞⋃
i=1

Si+1, where Si+1 = S0
i ∪ S

+
i ∪ S

†
i

with S0 = {u}, and S0
i = {p + q : p, q ∈ Si}, S+

i = {as : s ∈ S, a ∈ Si},
S†i = {sa : s ∈ S, a ∈ Si}.

2. Matrix Seminearring

For a right seminearring S with identity 1, let Sn will be the direct sum of n
copies of (S,+). The elements of Sn are written as (s1, · · · , sn) as column vectors.
The symbols ii and τj respectively, denote the ith coordinate injective and jth

coordinate projective maps.
For an element a ∈ S, ii(a) = (0, · · · , a︸︷︷︸

ith

, · · · , 0), and τj(a1, · · · , an) = aj , for

any (a1, · · · , an) ∈ Sn. The seminearring of n × n matrices over S, denoted by
Mn(S), is defined as Mn(S) = 〈{δrij : Sn → Sn | r ∈ S, 1 ≤ i, j ≤ n}〉, where
δrij (p1, · · · , pn) := (s1, s2, · · · , sn) with si = rpj and sk = 0 if k 6= i. Clearly,
δrij = iiδ

rτj , where δr(s) = rs, for all r, s ∈ S. Mn(S) is a subseminearring of
M(Sn). If S is a semiring, then δskl corresponds to the n × n-matrix with s in
position (k, l) and zeros elsewhere. We denote ei as 1 in the ith component and 0
elsewhere; and e = e1 + e2 + · · ·+ en.

Definition 2.1. For 1 ≤ i, j ≤ n, δ1ij are defined as the matrix units.

Definition 2.2. For the identity matrix I is defined as I = δ111 + δ122 + · · ·+ δ1nn.

Definition 2.3. The ith row of matrix A is the function τiA : Sn → S. It is
denoted by A(i).

Definition 2.4. The product of a scalar s ∈ S and a given matrix A is sA, defined

as

n∑
i=1

iiδ
sA(i).
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Definition 2.5. Scalar multiplication on the right of a matrix A by an element
s ∈ S is defined by

As = A(δs11 + δs22 + · · ·+ δsnn)

For any matrix B ∈ Mn(S), we use w(B) to denote minimum number of δskl
therein.

Proposition 2.6. If S is zero-symmetric, then sδ1ij = δsij, for all s ∈ S.

Proof. Take s ∈ S. Then,

sδ1ij(a1, a2, · · · , an) = s(0, · · · , aj︸︷︷︸
ith

, · · · , 0)

= (s0, · · · , saj , · · · , s0)

= (0, · · · , saj , · · · , 0)

= δsij(a1, a2, · · · , an)

�

The following properties of matrix nearrings (see, [10]) are generalized to matrix
seminearrings. However, we provide the proofs for completeness.

Lemma 2.7. (1) δrij + δskl =

{
δr+s
ij , if i = k, j = l;

δskl + δrij , if i 6= k.

(2) δrijδ
s
kl =

{
δrsil , if j = k;
δr0il , if j 6= k;

(3) δ1ijδ
1
kl =

{
δ1il, if j = k;
0, if j 6= k;

(4) δrij(δ
r1
1k1

+ · · ·+ δrnnkn
) = δ

rrj
ikj

;

where r, s ∈ S, 1 ≤ i, j, k, l ≤ n.

Proof. (1) Let (a1, a2, · · · , an) ∈ Sn. Then

(δrij + δskl)(a1, a2, · · · , an)

= δrij(a1, a2, · · · , an) + δsij(a1, a2, · · · , an)

= δrij(a1, a2, · · · , an) + δsij(a1, a2, · · · , an)

= (0, · · · , raj︸︷︷︸
ith

, · · · , 0) + (0, · · · , saj︸︷︷︸
kth

, · · · , 0)

Case (i): If i = k and j = l, then we get

(δrij + δskl)(a1, a2, · · · , an) = (0, · · · , raj + saj︸ ︷︷ ︸
ith

, · · · , 0)

= (0, · · · , (r + s)aj︸ ︷︷ ︸
ith

, · · · , 0)

= δr+s
ij (a1, a2, · · · , an)

125 



KUNCHAM S.P., TAPATEE S., RAJANI S., KEDUKODI B.S., AND HARIKRISHNAN P.K.

Case (ii): If i 6= k, then without loss of generality take i < k. Then we
get

(δrij + δskl)(a1, a2, · · · , an) = (0, · · · , raj︸︷︷︸
ith

, · · · , sal︸︷︷︸
kth

, · · · , 0).

Similarly, we can verify that

(δskl + δrij)(a1, a2, · · · , an) = (0, · · · , raj︸︷︷︸
ith

, · · · , sal︸︷︷︸
kth

, · · · , 0).

Therefore, δrij + δskl = δskl + δrij , if i 6= k.
(2) Suppose j = k. Now

(δrijδ
s
kl)(a1, · · · , an) = δrij(δ

s
kl(a1, · · · , an))

= δrij(0, · · · , sal︸︷︷︸
kth

, · · · , 0)

= δrij(0, · · · , sal︸︷︷︸
jth

, · · · , 0) (since j = k)

= (0, · · · , rsal︸︷︷︸
ith

, · · · , 0)

= (0, · · · , (rs)al︸ ︷︷ ︸
ith

, · · · , 0)

= δrsil (a1, · · · , an).

Suppose j 6= k. Now

(δrijδ
s
kl)(a1, · · · , an) = δrij(δ

s
kl(a1, · · · , an))

= δrij(0, · · · , sal︸︷︷︸
kth

, · · · , 0)

= (0, · · · , r0︸︷︷︸
ith

, · · · , 0) (since j 6= k)

= δr0il (a1, · · · , an).

(3) If j = k, by (2), we get δ1ijδ
1
kl = δ1il.

Suppose j 6= k. Then

δ1ijδ
1
kl(a1, a2, · · · , an) = δ1ij(δ

1
kl(a1, · · · , an))

= δ1ij(0, · · · , al︸︷︷︸
kth

, · · · , 0)

= (0, · · · , 0︸︷︷︸
ith

, · · · , 0) (since j 6= k)

= δ0il(a1, · · · , an).

= 0(a1, · · · , an).
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(4)

δrij(δ
r1
1k1

+ · · ·+ δrnnkn
)(a1, a2, · · · , an)

= δrij

(
δr11k1

(a1, a2, · · · , an) + · · ·+ δrnnkn
(a1, a2, · · · , an)

)
= δrij

(
(r1ak1 , 0, · · · , 0) + · · ·+ (0, 0, · · · , rnakn)

)
= δrij

(
(r1ak1 , r2ak2 , · · · , rnakn)

)
=
(

0, · · · , rrjakj︸ ︷︷ ︸
ith

, · · · , 0
)

= δ
rrj
ikj

(a1, · · · , an).

�

Lemma 2.8. For any A ∈ Mn(S) and x, y, · · · , z ∈ S, there are a, b, · · · , c ∈ S
such that

A(δx1k + δy2k + · · ·+ δznk) = δa1k + δb2k + · · ·+ δcnk,

for any 1 ≤ k ≤ n.

Proof. We prove this result by induction on w(A). Suppose w(A) = 1. Then A =
δsij for some 1 ≤ i, j ≤ n and s ∈ S. Now δsij(δ

x
1k + δy2k + · · ·+ δznk)(x1, x2, · · ·xn) =

δrij(xxk, yyk, · · · , zzk) = (δ01k + · · ·+ δ
rrj
ik + · · ·+ δ0nk)(x1, x2, · · · , xn). Assume that

the result is true when w(A) < n. Suppose w(A) = n. Then A = B + C or
A = BC for some B,C ∈Mn(S) with w(B), w(C) < n.
Case 1: A = B + C.
A(δx1k + δy2k + · · · + δznk) = (B + C)(δx1k + δy2k + · · · + δznk) = B(δx1k + δy2k + · · · +
δznk) +C(δx1k + δy2k + · · ·+ δznk) = (δb11k + δb22k + · · ·+ δbnnk) + (δc11k + δc22k + · · ·+ δcnnk) =

(δb1+c1
1k + δb2+c2

2k + · · ·+ δbn+cn
nk ).

Case 2: A = BC
A(δx1k + δy2k + · · · + δznk) = (BC)(δx1k + δy2k + · · · + δznk) = B(C(δx1k + δy2k + · · · +
δznk)) = B(δc11k + δc22k + · · · + δcnnk) (Since w(C) < n). Since w(B) < n, we get

A(δx1k + δy2k + · · ·+ δznk) = δb11k + δb22k + · · ·+ δbnnk. �

Lemma 2.9. Let K ∈Mn(S), x ∈ S and ρ ∈ Sn. Then (Kρ)(xe) = K(ρ(xe)).

Proof. We prove this by induction on w(K). Suppose w(K) = 1, then K = δaij for
some 1 ≤ i, j ≤ n, a ∈ S. Now

(Kρ)(xe) = (δaijρ)(x(1, 1, · · · , 1))

= (0, · · · , axj︸︷︷︸
ith

, · · · , 0)(x, x, · · · , x)

= (0, · · · , axjx︸ ︷︷ ︸
ith

, · · · , 0)

= δaij((x1, x2, · · · , xn)x(1, 1, · · · , 1)

= δaij(ρxe)
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Assume that the result is true when w(K) < n. Suppose w(K) = n. Then
K = B + C or K = BC for some B,C ∈Mn(S) with w(B), w(C) < n.
Case 1: K = B + C
(Kρ)(xe) = ((B+C)ρ)(xe) = (Bρ+Cρ)(xe) = (Bρ)(xe)+(Cρ)(xe) = B(ρ(xe))+
C(ρ(xe)), (by induction) = (B + C)(ρ(xe)) = K(ρ(xe)).
Case 2: K = BC.
(Kρ)(xe) = ((BC)ρ)(xe) = B((Cρ)(xe)) = (BC)(ρ(xe)) = K(ρ(xe)). �

Corollary 2.10. For any ρ ∈ Sn, there exists X ∈Mn(S) such that ρ = Xe1.

Theorem 2.11. An element r ∈ S is distributive if and only if δrij is distributive
in Mn(S).

Proof. Suppose r is distributive in S. Then r(s+ t) = rs+ rt for all s, t ∈ S. Let
A,B ∈Mn(S) and X ∈ Sn.

δrij(A+B)(X) = δrij(AX +BX)

= (iiδ
rτj)(AX +BX)

= (iiδ
r)τj(AX +BX)

= iiδ
r(τjAX + τjBX)

= ii(r(τjAX + τjBX))

= ii(rτjAX + rτjBX), (since r is distributive in S)

= iiδ
rτjAX + iiδ

rτjBX

= δrij(AX) + δrij(BX) = (δrijA)X + (δrijB)X = (δrijA+ δrijB)X.

Conversely, suppose δrij is distributive over Mn(S). Let s, t ∈ S. Then

δrij(δ
s
ji + δtji)(1, 1, · · · , 1) = δrij(δ

s
ji(1, 1, · · · , 1) + δrijδ

t
ji(1, 1, · · · , 1))

= δrij((0, · · · , s︸︷︷︸
jth

, · · · , 0) + (0, · · · , t︸︷︷︸
jth

, · · · , 0))

= (0, 0, · · · , r(s+ t)︸ ︷︷ ︸
ith

, · · · 0).

On the other hand,

(δrijδ
s
ji + δrijδ

t
ji)(1, 1 · · · , 1) = δrijδ

s
ji(1, 1 · · · , 1) + δrijδ

t
ji(1, 1 · · · , 1)

= (0, · · · , rs︸︷︷︸
ith

, · · · , 0) + (0, · · · , rt︸︷︷︸
ith

, · · · , 0)

= (0, · · · , rs+ rt︸ ︷︷ ︸
ith

, · · · , 0).

Since δrij is distributive, we get (0, 0, · · · , r(s+ t)︸ ︷︷ ︸
ith

, · · · 0) = (0, · · · , rs+ rt︸ ︷︷ ︸
ith

, · · · , 0).

Therefore r(s+ t) = rs+ rt. �

Theorem 2.12. An element r ∈ S is constant if and only if δrij is constant in
Mn(S).
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Proof. Suppose r is constant in S. Let X = (x1, x2, · · · , xn). Consider δrij0(X) =
δrij(0(X)) = δrij(0, · · · , 0) = (0, · · · , r0︸︷︷︸

ith

, · · · , 0) = (0, · · · , rxj︸︷︷︸
ith

, · · · , 0), where

xj = τj(X). Since r is constant, we get δrij0(X) = (0, · · · , r︸︷︷︸
ith

, · · · , 0) = δrijX.

Therefore, δrij is constant.
Conversely, suppose δrij is constant in Mn(S). Consider (δrij0)(1, 1, · · · , 1) =
δrij(0, 0, · · · , 0) = (0, · · · , r0︸︷︷︸

ith

, · · · , 0).

On the other hand, δrij(1, 1, · · · , 1) = (0, · · · , r︸︷︷︸
ith

, · · · , 0). Since δrij is constant,

we have (δrij0) = δrij . That is,
(0, · · · , r0︸︷︷︸

ith

, · · · , 0) = (0, · · · , r︸︷︷︸
ith

, · · · , 0). Therefore, r0 = r. �

We consider a zero symmetric matrix seminearring and 1 ∈ S.

3. s-ideals in Mn(S)

Definition 3.1. A subset Q of Mn(S) is a right (left) s-ideal if

(1) A+B ∈ Q, and
(2) AX (XA) ∈ Q,

for all A,B ∈ Q, X ∈Mn(S).
Moreover, an s-ideal A of Mn(S) is said to be a full s-ideal if A = K∗ for some
s-ideal K of S.

Definition 3.2. A subset Q of Mn(S) is a right (left) invariant if QMn(S) ⊆ Q
(Mn(S)Q ⊆ Q).

Remark 3.3. Every right s-ideal of Mn(S) is right invariant.

Lemma 3.4. If Q ⊆Mn(S) is right invariant, then QSn = Qe1.

Proof. Easy verification. �

Definition 3.5. If K ⊆ S, we define

K∗ = {A ∈Mn(S) : Aρ ∈ Kn, for all ρ ∈ S}.

Proposition 3.6. If K is a left s-ideal of S, then K∗ is a two-sided s-ideal of
Mn(S).

Proof. Let A,B ∈ K∗. Then Aρ,Bρ ∈ Kn for all ρ ∈ Sn. Now, (A+B)ρ = Aρ+
Bρ ∈ Kn. Therefore, A + B ∈ K∗. For any C ∈ Mn(S), (AC)ρ = A(Cρ) ∈ Kn,
since Cρ ∈ Sn. Therefore AC ∈ K∗. Also, (CA)ρ = C(Aρ) = Cρ1, where
ρ1 = Aρ ∈ Kn. Now we apply induction on the weight of C. Let w(C) = 1, say
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C = δsij , s ∈ S and ρ1 = (x1, · · · , xn) ∈ Kn. Then,

Cρ1 = δsij(x1, · · · , xn)

= (0, · · · , sxj︸︷︷︸
ith

, · · · , 0)

∈ Kn, since K is a left s-ideal.

Therefore, (CA)ρ ∈ Kn for all ρ ∈ Sn, and so CA ∈ K∗. Suppose that the result
in true for w(C)<n. Let w(C) = n. Then C = P +Q or C = PQ.
Case-(i): C = P +Q

Cρ1 = (P +Q)ρ1

= Pρ1 +Qρ1

∈ Kn +Kn

= Kn.

Therefore, (CA)ρ ∈ Kn for all ρ ∈ Sn, and so CA ∈ K∗.
Case-(ii): C = PQ

Cρ1 = (PQ)ρ1

= P (Qρ1)

= Pρ2, where ρ2 = Qρ1 ∈ Kn

∈ Kn.

Hence, (CA)ρ ∈ Kn for all ρ ∈ Sn, and so CA ∈ K∗. Therefore, K∗ is a two-sided
s-ideal of Mn(S). �

Definition 3.7. If K ⊆Mn(S), we define

K∗ = {t ∈ S : t ∈ Im(τjA) for some A ∈ K, 1 ≤ j ≤ n}.

Proposition 3.8. Let K is a two sided s-ideal of Mn(S). a ∈ K∗ if and only if
δa11 ∈ K.

Proof. Let a ∈ K∗. Then there exists A ∈ K, ρ ∈ Sn and 1 ≤ j ≤ n such that
τj(Aρ) = a. Since Aρ ∈ KSn, by Lemma 3.4, there exists X ∈ K such that
Aρ = Xe1. Now,

Xe1 = X(δ111 + δ021 + · · ·+ δ0n1)e1

= (δa1
11 + · · ·+ δan

n1 )e1, by Lemma 2.8

130 



MATRIX MAPS OVER SEMINEARRINGS

Therefore,

a = τj(Aρ)

= τj(Xe1)

= τj(δ
a1
11 + · · ·+ δan

n1 )e1

= τj(δ
a1
11e1 + · · ·+ δan

n1e1)

= τj(a1, · · · , an)

= aj .

Now, δ11jX(δ111 + δ021 · · ·+ δ0n1)(α1, · · · , αn)

= δ11j(δ
a1
11 + δa2

21 + · · ·+ δ
aj

j1 + · · ·+ δan
n1 )(α1, · · · , αn)

= δ
aj

11(α1, · · · , αn)
= (ajα1, 0, · · · , 0)
= (aα1, 0, · · · , 0)
= δa11(α1, · · · , αn), for all (α1, · · · , αn) ∈ Sn.

Therefore, δ11jX(δ111 + δ021 + · · ·+ δ0n1) = δa11 ∈ K.
Conversely, suppose that δa11 ∈ K. Then τ1δ

a
11(1, 0, · · · , 0) = τ1(a, 0, · · · , 0) = a.

Therefore, a ∈ K∗. �

Corollary 3.9. If K is a two sided s-ideal of Mn(S), then s ∈ K∗ if and only if
δsij ∈ K.

Proof. By Proposition 3.8, we have δs11 ∈ K. Since K is a s-ideal of Mn(S), we
have δsij = δ1i1δ

s
11δ

1
1j ∈ K. �

Proposition 3.10. If K is a two-sided s-ideal of Mn(S), then K∗ is a two-sided
s-ideal of S.

Proof. Suppose that K is a two-sided s-ideal in Mn(S). To show K∗ is a two-sided

s-ideal in S. Let a, b ∈ K∗. This implies δa11, δ
b
11 ∈ K. Now δa+b

11 = δa11 + δb11 ∈ K.
Therefore, a + b ∈ K∗. Let a ∈ K∗ and s ∈ S. Now, δas11 = δa11δ

s
11 ∈ K, as K

is s-ideal in Mn(S). Also, δsa11 = δs11δ
a
11 ∈ K. Therefore, sa ∈ K∗. Hence K∗ is

two-sided s-ideal of S. �

Proposition 3.11. For two-sided s-ideal K of S and the corresponding two-sided
s-ideal K of Mn(S) the following are true.

(i) (K∗)∗ k K
(ii) (K∗)∗ = K

Proof. (i) Suppose that L ∈ K. Then τjLρ ∈ K∗, for every ρ ∈ Sn and
1 ≤ j ≤ n. This implies Lρ ∈ (K∗)n, for all ρ ∈ Sn. Therefore, L ∈ (K∗)∗.

(ii) x ∈ (K∗)∗ if and only if δx11 ∈ K∗ if and only if δx11ρ ∈ Kn, ∀ρ ∈ Sn

if and only if δx11e ∈ Kn if and only if (x, 0, · · · , 0) ∈ Kn if and only if
x ∈ K.

�
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Proposition 3.12. There is a bijection between the set of two-sided s-ideals of
S and the set of full s-ideals of Mn(S) given by K → K∗ and K → K∗ such that
(K∗)∗ = K and (K∗)∗ = K for a s-ideal K of S and a s-ideal K of Mn(S).

Definition 3.13. A ∈ Mn(S) is nilpotent if Ak = 0, for some k ∈ Z+; and if
there is no such element in Mn(S) except 0, then we call Mn(S) is reduced.

Definition 3.14. An s-ideal K in a seminearring S is said to fulfill the insertion
of factors property (IFP) if for every a, b, c ∈ S, ab ∈ K implies acb ∈ K.

Theorem 3.15. If Mn(S) is reduced, then S has IFP.

Proof. Suppose Mn(S) is reduced. Let a, b, n ∈ S such that ab = 0. Then, we have
δab11 = 0. Now, (δba11)2 = δba11δ

ba
11 = δbaba11 = δb0a11 = δb011 = 0, as S has absorbing zero.

Therefore, (δba11)2 = 0. Since Mn(S) is reduced, we have that δba11 = 0. This means,
δba11ρ = (0, 0, · · · , 0), for all ρ ∈ Sn. In particular, δba11(1, 1, · · · , 1) = (0, 0, · · · , 0).
This implies (ba, 0, · · · , 0) = (0, · · · , 0), and so ba = 0. Now, (δanb11 )2 = δanb11 δanb11 =
δanbanb11 = δan0nb11 = δ011. Therefore, (δanb11 )2 = 0. Since Mn(S) is reduced, we have
that δanb11 = 0. So, (δanb11 )(1, 1, · · · , 1) = 0. This is same as, (anb, 0, · · · , 0) =
(0, 0, · · · , 0). Therefore, anb = 0. Hence S has IFP.

�

Proposition 3.16. Let K be an s-ideal of Mn(S). If K has IFP, then K∗ has IFP
in S.

Proof. Suppose K has IFP. Let a, b, c ∈ S such that ab ∈ K∗. To show acb ∈ K∗.
Since ab ∈ K∗, we have δab11 ∈ K, and so δa11δ

b
11 ∈ K. Since K has IFP, we have

δa11Aδ
b
11 ∈ K, for all A ∈ Mn(S). Put A = δc11. Then δacb11 = δa11δ

c
11δ

b
11 ∈ K. Thus

δacb11 ∈ K, and so acb ∈ K∗. �

Definition 3.17. A s-ideal K of Mn(S) is said to be prime if PQ ⊆ K implies
P ⊆ K or Q ⊆ K, for all s-ideals P,Q of Mn(S).

Proposition 3.18. Let P be a prime s-ideal of S. Then P ∗ is a prime s-ideal of
Mn(S).

Proof. Let P be a prime s-ideal of S. We show P ∗ is a prime s-ideal of Mn(S).
Suppose thatA and B be two s-ideals ofMn(S) such thatAB ⊆ P ∗. On a contrary,
suppose that A * P ∗ and B * P ∗. Then there exist A ∈ A and B ∈ B such that
A /∈ P ∗ and B /∈ P ∗. This means that there exist ρ, δ ∈ Sn such that Aρ /∈ Pn

and Bδ /∈ Pn. That is, a = τk(Aρ) /∈ P , for some 1 ≤ k ≤ n. Since Aρ ∈ 〈A〉Sn

and 〈A〉 is a right s-ideal of Mn(S), by Lemma 3.4, there exists C ∈ 〈A〉 such that
Aρ = Ce1. This implies that

Ce1 = C[δ111 + δ021 + · · ·+ δ0n1]e1

= [δa1
11 + δa2

21 · · ·+ δan
n1 ]e1

= (c1, · · · , cn)
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Now, τk(Ce1) = ck = τk(Aρ) = a, implies ck = a /∈ P . This implies, δck11 /∈ P ∗.
Also,

δ11kC[δ111 + δ021 + · · ·+ δ0n1]

= δ11k[δc111 + δc221 · · ·+ δcnn1]

= δck11 ∈ 〈A〉.

So, δa11 ∈ 〈A〉 \ P ∗. Similarly, since Bδ /∈ Pn, there exists b /∈ P such that
δb11 ∈ 〈B〉 \ I∗. Since a /∈ P , b /∈ P , it follows that 〈a〉 * P and 〈b〉 * P . Again,
since 〈a〉〈b〉 * P , we get c ∈ 〈a〉 and d ∈ 〈b〉 such that cd /∈ P . Therefore,

δcd11 /∈ P ∗ · · · (1)

Now c ∈ 〈a〉. Write X = {a}. Referring to the notion of 〈a〉 =
⋃∞

i=0Xi, we prove
δc11 ∈ 〈δa11〉. Suppose c ∈ Xm and m = 0. Then c ∈ X0 = X = {a}. In this case,
δc11 = δa11 ∈ 〈δa11〉. Suppose m = 1. Then c = X1 = X0

0 ∪X+
0 ∪X∗0 .

If c ∈ X0
0 , then c = a + b. Now, δc11 = δa+b

11 = δa11 + δb11 ∈ 〈δa11〉. If c ∈ X+
0 ,

then c = as. Now δc11 = δas11 = δa11δ
s
11 ∈ 〈δa11〉. If c ∈ X∗0 , then c = sa. Now

δc11 = δsa11 = δs11δ
a
11 ∈ 〈δa11〉. Therefore, c ∈ 〈a〉. Thus, δc11 ∈ δa11 for m = 1.

Induction hypothesis: Suppose δc11 ∈ 〈δa11〉 for all c ∈ Xk−1. Suppose c = Xk =
Xk−1 ∪ X+

k−1 ∪ X∗k−1. If c ∈ X0
k−1, then c = x + y, for some x, y ∈ Xk−1. Now

δc11 = δx+y
11 = δx11 + δy11 ∈ 〈δa11〉. If c ∈ X+

k−1, then c = as, for some a ∈ Xk−1. Now
δc11 = δas11 = δa11δ

s
11 ∈ 〈δa11〉. If c ∈ X∗k−1, then c = sa, for some a ∈ Xk−1. Now

δc11 = δsa11 = δs11δ
a
11 ∈ 〈δa11〉. Therefore, c ∈ 〈a〉 implies δc11 ∈ 〈δa11〉 ⊆ 〈A〉. Similarly,

d ∈ 〈b〉 implies δd11 ∈ 〈δb11〉 ⊆ 〈B〉. Thus, δcd11 = δc11δ
d
11 ∈ 〈A〉〈B〉 ⊆ AB ⊆ P ∗.

Therefore,

δcd11 ∈ P ∗ · · · (2)

Therefore, from (1) and (2), we have a contradiction. Thus, A ⊆ P ∗ or B ⊆
P ∗. �

4. Conclusion

We have defined the notion of a matrix seminearring (abbr. Mn(S)) over an
arbitrary seminearring S. We proved various properties of matrix maps over a
seminearring to obtain a one-one correspondence between the ideals of a semin-
earring and that of full ideals of matrix seminearring. We can extend the study to
different classes of prime ideals in matrix seminearrings and corresponding radical
properties.
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