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BOUNDS FOR ENERGY OF BINARY LABELED GRAPH

SABITHA D’SOUZA, GOWTHAM H. J.*, AND PRADEEP G. BHAT

ABSTRACT. Let G be a graph with vertex set V(G) and edge set X(G) and
consider the set A = {0,1}. A mapping [ : V(G) — A is called binary vertex
labeling of G and [(v) is called the label of the vertex v under I. The label
energy of G is the sum of the absolute values of the label eigenvalues. In this
paper, we establish bounds for label energy, largest label eigenvalue and label
spectral radius.

1. Introduction

Let G(V, X) be a connected graph with n vertices and m edges and let A = A(G)
be its adjacency matrix. The eigenvalues of the adjacency matrix A are denoted
by A1, A2, ..., A, assumed in non increasing order. The energy of graph G was first
n

introduced by Ivan Gutman [6] in 1978 as E(G) = Y |\;|. For details on energy
i=1

of graph refer [1, 2, 3, 5, 7, 8,9, 11, 10, 12, 13, 14, 15].

P. G. Bhat and S. D’Souza in [4] have introduced label matrix denoted as
Ai(G) = [l;;] of order n, whose entries [;; are defined as follows:

a, if v;v; € X and I(v;) = l(v;) =0,
b, ifv;v; € X and I(v;) = l(v;) =1,

¢, ifvv; € X and I(v;) =0, l(vj) =1 or vice-versa,
0, otherwise.

lij =

where a, b, c are distinct nonzero real numbers.
The label eigenvalues A, Az, ..., A\, of G are assumed in non increasing order.

The label energy of a graph G is defined as E;(G) = Y |\;|. Since A;(G) is a real

1=
symmetric matrix with zero trace, these eigenvalues of binary labeled graph are
real with sum equal to zero. Some well known properties of graph label eigenvalues
are

n

> Ai=0

=1
zn: N =2Q (1.1)
i=1
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where Q = nia? + ngb? + nac? and ny, no, n3 denote number of edges of G whose
end vertex labels are (0,0), (1,1) and (0, 1) respectively.
And
det(A) = [ M. (1.2)
i=1
This paper is organized as follows. In Section 2, we present some bounds for

spectral radius and label energy. Bounds for largest label eigenvalue are estab-
lished.

2. Bounds for energy of binary labeled graph

Proposition 2.1. Let G(my,n) and H(mz,n) be two labeled graphs with n ver-
tices. If Ay > Aoy > -+ > A\, and )\,1 > /\; > 0> /\;I are label eigenvalues of G
and H respectively, then

n
Z )\i)\; < 2\/(n1a2 + nob? + nzc?)(nya? + nyb? + nyc?),

=1

where nll, n;, n;, denote number of edges of H whose end vertex labels are (0,0),
(1,1) and (0,1) respectively. Equality holds if G or H is K,.

Proof. By Cauchy-Schwarz inequality, we have

(£0) < (&) (89)

Setting a; = A\; and b; = )\; in the above inequality, we get

(E) = () ()

=4QQ', where Q = na® + nyb? + nyc?.

Hence,

(ﬁj%) <2V/QQ".
i=1

Therefore,

n
Z )\i)\; < 2\/(n1a2 + nob? + nzc?)(nya? + nyb? + nyc?).

=1

Equality holds, when G or H = K,,, we have m; or my = 0 thus F;(G) or
E/(H) = 0. ]

Theorem 2.2. [4] Let G be a labeled graph with n vertices, m edges. Then

\/2(n1a2 + nob? + ngc?) + n(n — pr < Ei(G) < v/2n(nia? + nab? + nac?).

In [4], the upper and lower bounds for E;(G) are attained. Using Theorem 2.2,
we find the following bounds for E;(G).
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Theorem 2.3. Let G be a connected labeled graph with n vertices and m edges.
Then

2\/n1a2 + ngb? + n3c? < E(G) < 2\/m(n1a2 + nab? + nzc?)
with left equality holding if G is Ko, K,,, Sy, complete bipartite graph and right
equality holding if and only if G is 5 K2, K.

Proof. Let A1, A, ..., A, be the label eigenvalues of G. Since,

=1

and

we have

>N =-Q. (2.1)

Now consider

[E(G)]* = (Zl/\z|>

ZIM2+2 Yol

1<i<j<n

Z)\\2+2|Z)\)\|

i i<j
> 2@ 2@Q) using equations (1.1) and (2.1).

Hence, E;(G) > 2\/Q.
From Theorem 2.2, we have E;(G) < +/2nQ. Since n < 2m,

we have
@) < 2¢/mQ
Thus,
Q < Ei(G) < 2¢/mQ.
Therefore,

2\/n1a2 + ngb? + n3c? < E(G) < 2\/m(n1a2 + n2b? + n3c?).
Left equality holds, when
(i) G = Ko, an edge whose end vertex labels are (0,0) or (0,1) or (1,1).
(i) G = K, and E;(G) = 0.
(iil)) G =S, either ny or ny = 0.
(iv) G = Ky m, each edge whose end vertex labels are (0, 0), (0,1) or (1,1), (0,1).
Right equality holds, when
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(i) G = § K>, each edge whose end vertex labels are (0,0) or (0,1) or (1,1).
(ii)) G fand E(G) =0.

1R

O

Now we give few bounds for label spectral radius and obtain bounds for label
energy.

Proposition 2.4. Let G be a labeled graph (n,m)- graph and p;(G) = max {INil}
be the label spectral radius of G. Then o
\/2(n1a2 + ngb? + nsc?)
n
with left equality holding if and only if G is § Ko, K,, and right equality holds if G
is K.
Proof. Consider

< pi(G) < V/2(n1a? + ngb? + nac?)

pi(G) = max {|\i[*}

1<i<n
<Zn)\2—2Q
j=1

p(G) <1/2Q. (2.2)

Next consider

‘We have

p(G) > \/? (2.3)

Combining expression (2.2) and (2.3)

2
V2 <o) < voa
Therefore,

\/2(n1a2 + ngb? + nzc?)
n
Left equality holds, when

(i) G = § K>, each edge whose end vertex labels are (0,0) or (0,1) or (1,1).

(i) G 2 K,.
Right equality holds, when G = K,,. O
Theorem 2.5. Let G be a labeled graph and A1, Az, ..., A, be the label eigenvalues

9 2 B2 2
of G. If n < 2(n1a® + nab® + n3c®) and Ay > (n1a” + nob” + nac ), then
n

<n(G) < \/2(n1a2 + n2b? + n3c?).

2(n1a2 + nab? + n302)

n

E(G) <

2 2 b2 24\ 2
+J (n—1) [2(n1a2 T nab? 4 nze?) — ( (n1a” 4+ nab” + nzc”) i
n
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Proof. We have
> AT =20 -\ (2.4)

i=2
By a special case of Cauchy-Schwarz inequality, we have

n 2 n
(Zm) <n )l
=1 i=1

Thus,

n 2 n
(Z /\i|> <(n-1) Z Xl

@w) <

Employing (2.4) in (2.5), we obtain
Ei(G) ~ M < /(n—1)[2Q M

and hence,

that is,

Ei(G) < A1 +1/(n - D)2Q - M)

Consider, the function

F(x) =z ++/(n—1)[2Q — z2].
Then,
/ x4/ (n—1)

F(w)zl—m.

We observe that, F'(z) is decreasing in the interval

%)

2
Since, n < 2Q) and —Q < A1, we have
n

\/?<§§Algm.

Last inequality follows from Proposition 2.4.

Hence,
56 <24 -1 |20 - (22)]
Therefore,
PG < 2(n1a? + n;zﬂ + nac?) +J P [2(ma2 - ngb? 4+ mae?) — (2(n1a2 + n;b2 + n3c2)>2:| .

]
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As the proof of the following theorem is similar to that of Theorem 2.5 we omit
the proof.

Theorem 2.6. ]fn < 2Q and \/2(n1a2+n2b2+n3c2) < (@) < 2(n1a® + nab? + nzc?)

n n
then

2 2 b2 2 2 2 B2 24\ 2
E(G) > (n1a® 4+ nab® + nac )+J(n_1) [2(n1a2+n2b2+n302)—< (n1a® 4+ n2b® + nzc )) _

n n

s

Now we prove the following theorem which is useful to obtain bounds for the
largest label eigenvalue of a graph G.

Theorem 2.7. Let G be a labeled graph with n vertices and m edges and H be a
(n,mq)-graph. If \y > Ay > -+ > A\, are label eigenvalues of G and )\'1 > )\'2 >
R /\/n are eigenvalues of H then

Z )\i)\; < 2\/(n1a2 + n2b? 4+ nzc?)my.

i=1
Equality holds if G or H is K,,.

Proof. By Cauchy-Schwartz inequality, we have

(Z w) < (ZA) ( ) Af) (26)

n

noo2
From equation (1.1), we know that Y A\? = 2Q. It is well-known that Y \;” =
i=1 i=1
2m;. Using these in expression (2.6) we obtain

<zn: )\z)\;> S 2\/ le
i=1

Therefore,

<Z AM;) < 2\/(n1a2 + ngb? + nzc?)my
i=1
Equality holds when G or H = K,,, we have m = 0 or m; = 0 and E;(G) =0. O

If we know the spectrum of a graph H with n vertices and m; edges, then we
can find an upper bound for the largest label eigenvalue of the labeled graph G
with n vertices.

Using Theorem 2.7 we establish bounds for the largest label eigenvalue.

Proposition 2.8. If G is a labeled (n,m)-graph and Ay > Ay > -+ > X\, are label
etgenvalues of G, then

1 P
M S o | Ve el s plp =T+ Ay
1=2

where p is any integer, 1 < p < n.
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Proof. Let H = K,UK,,_,. Then the Spectrum of H is ((pI 1 n gp p_—11>'
Then by Theorem 2.7 we have
M (0= 1) X204 A5(0) 4+ Aup1(0) 4 Anpra(—1) 4 An(-1) < 20/ @=L,
Thus,
(=DM < V2Qp(p —1) + i)‘n—p-&-i-
Hence, -
M < p;fl[yﬂﬂgpQU——1>4—j§;Anp+% .
Therefore, -
A1 < ﬁ [\/2(n1a2 + n2b? + nsc)p(p — 1) + i)\n_pﬂ} .

Remark 2.9. If p = n in the above proposition, then

A < \/2(n1a2 + nab® + nc?) (n — 1)
n

Remark 2.10. If p = 2 in the above proposition, then
A=A, < 2\/2(n1a2 + nob? 4+ nzc?).

Proposition 2.11. If G is a labeled (n,m)-graph and \y > Ay > -+ > A\, are
label eigenvalues of G, then

zk: A < \/2(n1a2 +ngb? + n3ct)k(p — 1)
‘ p
1=1

where p is any integer 1 < p <n and k = %.

Proof. Let H be a graph with n vertices and k& components, each is a complete
graph K,. Then n = pk and H has % edges. Thus spectrum of H is

-1 -1
( L kp—1)) Then by Theorem 2.7 we have

Qkp(p —1)

(P—DA+@—Dda+-+ (= DA+ (=D A1+ -+ (=1)A, <2 5

Thus,
k n
PY Xi— > A </2Qkp(p—1)
=1 =1

and

i 2Qk(p — 1)
N < e
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Therefore,

zk: A < \/2(n1a2 + nob? + n3ct)k(p — 1)
, p
=1

Remark 2.12. If k = 1 in the above proposition, then

A < \/2(n1a2 + ngb? +n3c?)(p — 1)
b

Proposition 2.13. If G is a labeled (n,m)-graph and \y > Ao > --- > X\, are
label eigenvalues of G, then

k k
[Z Ai — Z)\n—k+i‘| < 2v/(n1a? 4 nyb? + nsc?)k,

i=1 i=1

where 1 < k <n and k|n.

Proof. Let H be a graph with n vertices and k& components, each is a complete
bipartite graph K, ,. Then n = k(p + ¢) and H has kpq edges.

. (/P4 0 —/Pq
Thus, the spectrum of H is ( ko k(p+q—2) A . Then, by Theorem 2.7

we have
VP F -+ PgAE + () Ak + -+ (0 Akth(prg—2) T (=VPDAk(prg—1)+1+
c A (/PO An < 24/ QEpg.

Thus,
k k
i=1 i=1
and
k k
[Z A=Y An_kﬂ-] < 2V/Qk.
i=1 i=1
Therefore,

k k
[Z i — Z )\n—k+i‘| < 2\/(711&2 + ngb? + 71362)]{1.
=1 =1

Remark 2.14. If k = 1 in the above proposition, then

A=\, < 2\/n1a2 + nob? 4+ nsc2.
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