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A NOTE ON TYPE 2 POLYEXPONENTIAL EULER
POLYNOMIALS AND NUMBERS

WASEEM A. KHAN* AND SUNIL K. SHARMA

ABSTRACT. In this paper, we construct the type 2 polyexponential Euler
polynomials and numbers, are called the type 2 polyexponential Euler poly-
nomials and numbers by using polyexponential functions and derive several
properties on the type 2 polyexponential Euler polynomials and numbers.
Then, we introduce type 2 unipoly-Euler polynomials by using polyexpo-
nential functions and investigate some properties of them. Furthermore, we
derive some new explicit expressions and identities of type 2 unipoly-Euler
polynomials and related to special numbers and polynomials.

1. Introduction

Special polynomials have their origin in the solution of the differential equations
(or partial differential equations) under some conditions. Special polynomials can
be defined in a various ways such as by generating functions, by recurrence rela-
tions, by p-adic integrals in the sense of the fermionic and bosonic, by degenerate
versions, etc.

The aim of this paper is to study the type 2 Euler polynomials and numbers by
using polyexponential functions, namely type 2 polyexponential Euler polynomials
and numbers, in the spirit of [1]. They were recently introduced by Kim-Kim [13].
We derive their explicit expressions and some identities involving them. Further,
we introduce the type 2 unipoly-Euler polynomials and numbers. Again, we de-
duce their explicit expressions and some identities related to them.

As is well known, the type 2 Bernoulli polynomials B,,(z), (n > 0) and the type
2 Euler polynomials E, (x), (n > 0) are, respectively, defined by

e’”tE cschE = f et = iB (ﬂc)i (1.1)
2 2 ez(t)—e2(t) =l
and
e sec hE = #e“ = iE (x)ﬁ (see [3, 14]). (1.2)
2 e tei(t) o nl
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For z = 0, B,(0) := B, (or E,(0) := E,) are called the type 2 Bernoulli (or
type 2 Euler) numbers.

For k € Z, the polylogaritm function is defined by

Lij(z) = %k (| z |< 1), (see [5). (1.3)
Note that
Lij (z) = % = —log(1 — z). (1.4)
n=1

For k € Z, Kim-Kim considered the polyexponential function, as an inverse to
the polylogarithm function to be

o0 n

. x
Elk(x) = nEZI m, (See [13]). (1.5)
It is notice that
1 > "
e(x,1/k) = 7E1k, Eij (z g —' =e -1 (1.6)

In [1], Dolgy-Jang introduced the poly—Genocchl polynomials arising from poly-
exponential function as

2Ei;, (log(1 +t))

z k
1 Z G (2)=, (k € Z). (1.7)

In the case when x = 0, G%k)(()) = G£Z“) are called the poly-Genocchi numbers.
Note that G%l)(x) = Gy (x) are called the ordinary Genocchi polynomials.

Yoshinori [2] introduced the poly-Euler polynomials and numbers are defined
by

2Lip(1—e™") tn
T Z;)E,(f)(x)a. (1.8)

In the case when z = 0, ET(Lk)(O) = E,(Lk) are called the poly-Euler numbers. In
particular, for k =1, Eg)(x) = E,(x) are called the ordinary Euler numbers.

The Dachee polynomials are defined by

log(1+1t)

(1) ZD (see [12, 17, 19]). (1.9)

When = =0, D, (0) = D, are called the Dachee numbers.
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For n > 0, the Stirling numbers of the first kind are defined by

iSl (see [4-8]), (1.10)

where (z)g =1, and (2), =z(x —1)---(x —n+1),(n > 1). From (1.10), it is
easily to see that

k'(log (141)) Z Sy (n, k (k > 0), (see [9-12]). (1.11)

In the inverse expression to (1.10)7 the Stirling numbers of the second kind are

defined by
= Sa(n,1)(x). (1.12)

=0
From (1.12), we see that

1 (ef —1)* ZSQ n, z (see [1-19]). (1.13)

2. Type 2 polyexponential-Euler polynomials and numbers

In this section, we introduce the type 2 poly-Euler polynomials and numbers
employing the polyexponential functions and represent the usual type 2 Euler
numbers (more precisely, the value of type 2 Euler polynomials at 1) when k = 1.
At the same time, we give explicit expressions and identities involving those poly-
nomials.

In view of (1.7) and using the polyexponential functions, we define the type 2
polyexponential Euler polynomials by

2Ei (log(1 + EW (z)=, (k € Z). (2.1)
t ( 2 (1) + 6‘5( ) Z

In the case when = = 0, E,gk)(()) = E,(Lk) are called the type 2 polyexponential
Euler numbers.

For k = 1, by using (1.2) and (2.1), we see that

28is (log(1+1)) o0 _ 2 B Z ~

tet) +e i) ex(t)+e i (1)

where E, (z) are called the type 2 Euler polynomials.

By (2.1) and (2.2), we get
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Theorem 2.1. For k € Z and n > 0, we have

n l
1 Sil+1,m+1)
EW) — " 1 ’ E, |
S 31 () prm . (LSS PR

=0 m=0

Proof. From (2.1), we note that

o0

2Bix (log(1 +1)) _ 2 Si(l,m
t(e%(t)—&-e—%(t)) e%(t)Jre_%(t)mz::o m+1 5%11 (e l'

oo

ex(t) +e3(t) A= m—|—1 bt l+1 l!

e T 1 Sl(l+1,m+1)tl
=2 By (m + 1)k-1 1+1 o

0 " /n 1 Sil+1,m+1 m
:Z< <l) Z (m+1)k-1 1 —;Jrl * )Enl> rl (2.3)

=0 m=
Therefore, by (2.1) and (2.3), we complete the proof.

Corollary 2.1. For n > 0, we have

n

l
n Sil+1,m+1)
=Y () X 2 e

=0 m=0
Theorem 2.2. For k € Z and n > 0, we have

B = 3 (1) B am = 3 (1)
0

m=0
Proof. From (2.1), we note that

oo

ZEr(zk) (.’L‘)ﬁ o 2Eik (log(l + t)) ext

= nty (e%(t) + e—%(t))

— o0 n n (k) - ﬁ
or = Z% <§_;0 <m>E v ) a5 (2.4)

Therefore, by (2.1) and (2.4), we obtain the result. O
Theorem 2.3. Let n >0, and k € Z, we have

d
—E®(z) =nEW, ().
JpEn (@) = nEy 2 (2)
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Proof. By using Theorem 2.2, we observe that

d d <& n
Ay & B _m
S0 =5 (1) e

m=0
n n n—1 n
=3 (1) Bt = X () B+ e
m m+1
m=1 m=0
=n 'f &E(k) e —— ) (2). (2.5))
f=omln—m—1) """ nom
Therefore, by comparing on both sides of t” in (2.5), we get the result. O

For the next theorem, we need the following well known identity, (see [1, 17])

t I o0 tn
1441 = B(nfrJrl) v
(arp) (0 =B @

where B7(l") is the Bernoulli numbers of order n at = 0.

Theorem 2.4. Forn € N and k € Z, we have
B () S ()
m=0 m mi—+-+mp_1=m M, Mk—1
BV BEPO) B
mi+1 mi+me+1 mi+-+mp_1+1
Proof. First, we note that

d . d <= (log(1 4 x))™
g (g1 +0) = 2 ) o
_ 1 o (log(1 +2))" 1 .
(1 +2)log(1 +x) Z::l =1 () loglra) k1 Ueel +2).
(2.6)
Thus, by (2.6), for k > 2, we get
. v 1 ,
Eix(log(1 +z)) = /O 0 Tog(t 1) k-1 (loa(1 + £))dt
v 1 t 1 t 1
:/o m/) ”'(1+t)log(1+t)/0 A+ logdr ™ 4
(k—2)—times
xEiy (log(1 + t))dt - - - dt
v 1 t 1 t 1
:/o m/o (1 t)log(1+1) /o (1+t)log(1+t)dt"'dt'
(k—2)—times
(2.7)
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From (2.1) and (2.7), we get
oo Eﬁﬁ)x—” _ 2B (log(1+2)) 2
nZ:o e (et@ e t@) (@) rei@)

></o (1+t)log(1+t)/0 (1+t)log(1+t)"'/0 (1+t)log(1+t)dt"'dt-

(k—2)—times
(2.8)
-y ()
N 3 -1 my, - ,Mk—-1
x (62 (l') +e 2 (:]C)) m=0mi+--+mr_1=m
Ba(0) B () Biyo) e
mi+1 my+mg+1 my+---+mp_1+1n!
S0 X () B
n=0m=0 m mi+-Fmr_1=m M, - ME—1
BY(0) BRI (0) B Yo)  an
X — 2 = Pl (2.9)

mi+1 mi+my+1  myte+me+1nl
Therefore, by comparing the coefficients of ¢ in (2.9), we arrive the desired

result. O

Corollary 2.2. For n > 0, we have
g =y (M) Bea0p
" m) m+1
m=0
Theorem 2.5. Forn € N and k € Z, we have

n n
n—1 1 k m k 1
n Z ( ) W |:ET(L—)1—HL + (_1) E’I(L—)l—'ln,:| = Z Wsl(nﬂm)
m=1 m=1

m

Proof. From (2.1), we note that

= n!
_t<22mm!+z 2 >Z o
m=0 m=0 n—0
- - 1 thrl
- ZO <Z (TZ) o [Eflk_)m - (1)mEfl’“_)m}> —
n= =
- ; <m§_:1 < . )2m [Enflfm +(=1) EnlmD T (2.10)
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On the other hand,

oo

(log(1+t))
2Eij, (log(1+1¢)) =2
1k ( Og + Z:l — 1 'mk
.y > log (1+1)) = 1 (log(1+t)™
221 'm’C m' 2_:1 mk—1 m)!

_gzmk - Zsl n,m) :22(2 1(n,m)> %n' (2.11)

m=

Therefore, by (2.10) and (2.11), we obtain the result. O

By (2.1), we have

2Eiy, (log(1 + 1)) E(k)f (k€ Z) (2.12).
t ( 2(t) ez ( ) Z

Theorem 2.6. For n € N, we have

zn: E®) S, (n,m) = Z Z Z ( )( )Eq152<Q2aQ1)Bj—Q2M'

m=0 j=0g2=0¢1=0

Proof. Replacing t by e! — 1 in (2.12), we get

= 20 (et —1)™ 2Fi, ()
Z m m! T 1., i
m=0 (et — 1) (ez(e —1)+e2(e —1))
2E1k(t) o 2 t Elk(t)
ex(et—1)+e z(et —1) ez(et—1)4e 2(et—1)et—1 t
> 1 N tn
= Z E(h (et - 1)q1 Bj-i Z | k
= ! = ! —n (n+1)
S 51 030 b ol A1 (A EACA PRV NS S et
= 1 P2\492, q1 i~ 7 k| o1 .
n=0 \ j=0g2=0¢1=0 (Tl J + 1) n!
On the other hand,
& t m e e n
w e =™ (k) t
m=0

_ Z (Z EW Sy(n,m ) % (2.14)

By comparing the coefficients of ¢ in (2.13) and (2.14), we obtain the result. [
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3. Type 2 unipoly-Euler polynomials and numbers

In this section, we introduce type 2 unipoly-Euler polynomials attached to p
and derive several properties and explicit expressions of these polynomials.

Let p be any arithmetic function which is a real or complex valued function
defined on the set of positive integers N. Then Kim-Kim [13] defined the unipoly
function attached to p by

ur(zlp) = Z ,(ke). (3.1)
It is well known that
0o 2" .
ug(z[1) = Z E = Lig (), (see [5]). (3.2)
n=1

In view of (3.1), we define the type 2 unipoly-Euler polynomials attached to p
by

oo

2uy, (log(1 + t)] )
t ( + 675 ) n=0

In the case when z = 0, Eflkz),(()) = Ef”); are called the type 2 unipoly-Euler
numbers attached to p.

EX)(x ) (3.3)

If we take p(n) = ﬁ Then, we have

o " ,
T;)E k)%; t (e%(t) + e*%(t)) . (log(l " mF)

o CLE e—%(t))
Thus, by (3.4), we obtain
B =B, (n>0). (3.5)

Theorem 3.1. Forn >0 and k € Z, we have

U p(m+ 1) (m+ 1) S (1 +1,m+ 1)
:ZZ(> (m + 1)k S

=0 m=0
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In particular,
n 1
(k) Sl(l—l—l,m—f—l)
2 =303 () e 2,

Proof. From (3.5), we have

p(m)(log(1 +t))™

En A T 1 1
Z A pl t (ef(t) + e_i(t)> mz=1 mk

n=0

2. p(m + 1)(log(1 +t))™+!
Z (m+ 1)k

2 o P(m +1)(m +1)
2 (m + 1) l§1511m+1)l'

Si(l+1,m+1)t

— p(m+1)(m+1)! &
2 (m+ 1)k l;ﬂ 141 o

pm~+1)(m+ 1) S1(I+1,m+1)

=<§:Entn> (ii (m+ 1)k I+1 )715?

i (z": ZZ: <n)p(m—|—1)(m+ DS+ Lm+1) ) ¢
= n—I1 .
o\ e\ (m+ 1)k I+1 n!
On comparing the coefficients of t, we get the result. |
Theorem 3.2. Forn >0 and k € Z, we have
n l
n k
£ =3 (1) C@nsatm B,
=0 m=0
Proof. Using equations (3.3) and (1.13), we obtain
N 2 -
S BB @) = —— w(10g(1 + 1) p)e
=0 NI C IO I0)
2 . .
= - - u(log(1+t)|p) (e —1+1)
t(ett) +e i)
2uy, (log(1 =
_ 2w (og(L+0)p) (Z (x) (o 1)m>
t (ea(t) + efa(t)) = \m
l
k "
_ Z (Z ( ) Z(m)mSg(m,l)Erg)l’p> o (3.6)
n=0 m=0 ’
O

Thus, we complete the proof of the theorem.
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Theorem 3.3. Forn >0 and k € Z, we have

S o G [ L

=0 m=0 j=0

Proof. Using equations (1.2), (1.9) and (3.5), we see that
— (k" 2 p(m log 1+t))
D B = ) Z

_ 2 — p(m + 1)(log(1 +t))™*+!
N Z (m+ 1)k

_ 2log(1+1) = p(m + 1)m! Sy(l.m ﬁ
t(e%(t)+e*%(t)) mz:: 1) 2 Sillmyg

_ 2log(1+1t) > p(m + 1)m! t!
t (e%(t) + e*%(t)) ;mz::o (m+ 1)

_ log(1+1) 2

t o ez(t)+ez(t) ;
> m + 1)m! th
(ZD ) ZE . (;;}pimil))k sl(z,m>“>.

On comparing the coefﬁ(nents of t, we obtain the result. ([l

4. Conclusion

In this article, we introduced type 2 polyexponential Euler polynomials by aris-
ing from polyexponential functions and derived several properties of these polyno-
mials. Specially, we obtained various expressions of type 2 polyexponential Euler
polynomials in terms of Euler, Bernoulli polynomials and Stirling numbers of the
first kind and second kind in Theorem 2.1 to 2.6. Finally, we considered type 2
unipoly-Euler polynomials attached to p by using polyexponential functions and
investigated some identities of for those polynomials. Besides, we obtained some
identities relating between type 2 Euler numbers, Daehee numbers and Stirling
numbers of the first and second kind in Theorem 3.1 to 3.3.
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