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ON TIME-HOMOGENEOUS PIECEWISE DETERMINISTIC
MARKOV PROCESSES

NIKITA RATANOV

ABSTRACT. In this note, we present some observations related to piecewise
deterministic Markov processes. We also give some explicit representations
for invariant and first-crossing time distributions.

1. Introduction

This paper is motivated by the simple idea of studying known examples of
stochastic equations when a Markov process with finite variation and with a finite
number of patterns switching at random times is used instead of white noise. The
solution of the stochastic equation modified in this way can be considered as a
Markov-modulated piecewise deterministic process.

The simplest example of a piecewise deterministic Markov process is the tele-
graph process, =(t) = (I['(¢),e(t)), t > 0, with values in (—oo, 00) x {0,1} and with
infinitesimal generator

d
—Xo + gl Ao

L=
d
A —A —
1 1+ 1z
introduces by M.Kac [6]. Here, A\g, A1 > 0 denote the intensities of switching
between two states {0,1}, and vp,y1 are the alternating velocities of a particle

moving on a line,

t
0

The marginal distributions of the integrated telegraph process I' = I'(¢) can be
described by the (generalised) probability density function

pr(t’x) = (pO(tvx)apl(tax))v pi(tax)dx = ]P{F(t) €dx | 6(0) = i}v i€ {0’ 1}
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In what follows, we will need explicit formulae for p' (¢, ),
po(t, z)dx = ef’\(’tcs%t(dm)
+9(t, $) {)\0[0 (2\/)\0)\150@7 .’Iﬁ)fl (t, .’L‘))

gO(tv 1‘)
€1 (t7 .T)

(1.1)

+ 1/ oM

I (2\/A0A1§0(t,x)gl(t,x))] du,

pat,x)dz = ™16, 4 (dx)

+0(t, x) [)\110 <2\/)\0)\1§0(t,x)§1(t,x)>

51(t7x)
+ MH (2\//\0/\150(@90)51(75733))] de,

where &o(t,2) = (z — 11t)/(v0 — 1), &t x) =1 = &o(t, z) = (ot — 2) /(0 — 1),
0(t,x) = exp(—XAo&o(t, ) — A& (t,x))/(vo — 1) and Iy, I are the modified Bessel
functions, see, e.g., [8]; d,(dx) denotes the Dirac d-function.

The class of non-diffusion stochastic models based on piecewise deterministic
Markov processes was introduced into scientific use by Davis [2]. Many authors,
guided by various fields of application, have studied these processes from the point
of view of martingale and ergodicity. Since a continuous telegraph process is not a
martingale, for the purposes of financial modelling, various versions of a telegraph
process equipped with jumps, [11, 8], or Markov modulated diffusion, [12, 13]
are considered. The study of some ergodic properties and invariant distributions
for these processes was stimulated by the modelling of neuronal activity, [10, 15],
models of bacterial chemotaxis, [4]. See also an extensive and detailed review on
this subject in [3].

Recently, the so-called Poisson Stochastic Index processes have also been intro-
duced, studied, and fruitfully used for similar purposes, [19].

In this project, we will focus on a special case of piecewise deterministic pro-
cesses defined by a stochastic equation of the form

(1.2)

Xt)== —l—/o Ge(s)(s, X (5))dI'(s), t>0. (1.3)

An important example of such a process, defined by the linear equation

t
X(t) =T+ / [ae(s) + VE(S)X(S)] dsa t Z 07 (14)
0

has recently been studied, [14, 15, 17] Since, with an appropriate scaling, the
telegraph process converges to the diffusion process W, and equation (1.4) takes
the form

X(t) :x+at+bW(t)+7/tX(s)ds,
0

which is the Langevin equation in the classic form, then this example (1.4) can be
thought of as a generalised Ornstein-Uhlenbeck process.

In the case of the process X defined by equation (1.4), the distributions of
the first crossing times with applications to neural modelling was analysed in
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[14, 15]. This analysis was continued in [17] by studying invariant distributions
and distributions of exponential functionals.
In this paper, we study the time-homogeneous case of equation (1.3):

X(t) = m+/0tG(X(s))d1“(s)7 t>0, (1.5)

where the profile G = G(x) is specified by a continuous positive function.
The Markov process (X (t), €(¢)), t > 0, (1.5), is determined by an infinitesimal
generator

d
—Ao +70G(33)£ Ao
L= . (1.6)

d
Ao —A1+ 'YIG(x)a

An important examples with G(x) = p+|z| and G(z) = p+|z|?/B, p > 0,8 > 0,
are examined explicitly below, see Example 3.7.

2. Time-homogeneous piecewise deterministic processes: invariant
distributions and first crossing times

Let G = G(z) be a positive smooth function and € = (¢t) € {0, 1} be a two-state
Markov process switching at random times 7,, n > 1, 79 = 0.

Let us define two deterministic flows ¢g = ¢o(t, z) and ¢1 = ¢1(¢,z), t > 0, on
the line as solutions of the Cauchy problems for first-order differential equations,

with the initial condition ¢;(0,2) = x, € (—00, 00).

By definition, the continuous piecewise deterministic process X = X (t) defined
by (1.5) sequentially follows the patterns ¢g and ¢, alternating at switching times
Tn, that is,

X() =Y e, (t = Tn, X(1)Lir,ctarnn},  En=6(m),  t>0. (22)
n>0

The distribution PX (¢, dy | 2) = (Py(t,dy | ), Pi(t,dy | 2)) of X (¢),
Pi(t,dy | z) = P{X(t) € dy | £(0) =i, X(0) =2},  i€{0,1},

follows the coupled integral equations, ¢ > 0,

t

Po(t,dy | x) :e_A°t5¢0(t,I)(dy) +/ )\oe_)‘OTPl(t —7,dy | ¢o(7,z))dr,
° (2.3)

Pl(t»dy | 1') :ei/\lt(s%(t,x)(dy) +/ )‘1ei>\1‘rp0(tL —7,dy ‘ ¢1(T’ x))dT’
0

where A\g, A\; > 0 are switching intensities.
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To describe an invariant distribution, we need the Lo(K)-adjoint operator L£*
to the generator £, (1.6). For any measurable set K C R, we have

(7:9), e = [ (= 20ho(@) + 0C@ @)X @) )o(a)da
+ [ (Mho) = Ml 6@ @) pa(os
= [WG@) fo(@)e0(@) + nG(@) (@)1 ()| lrcox
+ [ (@) = Aagal) + Mgr(2) - 5 (GuGl)go(o) o

+ [ 1@ [oso(e) = hiea(o) = £ 016@s (o) o

Therefore, the (generalised) probability density function 7 = (mo(z), m1(x)),
mi(z) = P{X(t) € dz, €(0) = i}/dz, i € {0,1}, of an invariant distribution
of E = E(t) supported on K satisfies the equation

L7 (z) =0, z e K, (2.4)

supplied with the boundary conditions 7o (z)|zcox = m1(z)|zcox = 0, where

(@) ~ 05 (G(@)g0(a)) + s (2)
L @)(x) = ; : (2.5)
Aowo(w) — Arepr () — N (G(@)p1(2))

Rewriting (2.4)-(2.5) in scalar form, we obtain the equivalent system

Yoz G0 (@)] = = domo(a) + A (o),

T (G )] “omo(e) — im (@),

z e K. (2.6)

Our next task is to describe the first crossing probabilities.
Let T'(x,y) be the moment when the process X (t) reaches the threshold y for
the first time, starting from the point x:

T(x,y) =inf{t >0 | X(¢t) =y, X(0) = z}.

We set T'(x,y) = +oo if the threshold y is never reached. Similarly to (2.3) one
can find that the distribution FX (dt,y | x) = (Fo(dt,y | x), Fi(dt,y | z)),

Fi(dt,y | #) =P{T(z,y) € dt [ £(0) =4, X(0) ==},  i€{0,1},
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satisfies the system
Fo(dt,y | z) = e roto@w)s, o (dt)

to(z,y)At
+/ )\oe_)‘”TFl(—T—i—dt,y | ¢o(T,x))dr,
0

Fl(dt7y | {E) = ei)\ltl(w}y)(sh(:c,y)(dt)

t1(z,y)At
+/ )xle_AlTFo(—T—i—dt,y | ¢1(7, x))dr.
0

Here, to(z,y) and t1(z, y) denote the time to reach the threshold y without switch-
ing states.

For the simplest case of the telegraph process, the distributions FI'(dt,y | x) =
(Fo(dt,y | x), Fi(dt,y | x)), are well studied, see e.g. [8, 9]. For the sake of
completeness, we write down the explicit formulae below.

For the case of v9 > 0 > v, and = < v,

Fo(dt,y | x) :ei)\(]ta(y—w)/"/o (dt)
Ao (y — z)0(t, )

\//\0)\1&) (t,z)&1(t, @)

Fi(dy |« A 9 Lo) [x10<2\/A0A150<t,a:)&(a:v))

I1(2y/ MoAiéo(t, )61 (¢t 2))dt,

(2.7)

v : 12V AoM&o(t )€ (1 2)) | dt.

3. Time-homogeneous dynamics: marginal and invariant distributions.
Blow-up probabilities

Consider the piecewise deterministic process X, defined by (2.2) with a positive
continuous profile G = G(z). In differential form, equation (1.5) is equivalent to
the initial value problem for the autonomous stochastic equation

dX(t) = G(X(¢))dI'(¢), t>0, (3.1)
with initial condition X (0) = z.
Let : g
— 9y
O(x) = G (3.2)

The mapping x — ®(x) can be considered as a rectifying diffeomorphism to the
initial value problem (3.1), see [1].
Therefore, the solution X = X (¢) of equation (3.1) can be explicitly expressed
by means of the underlying telegraph process I :
X(t) =@ (®(x) +T(t), t>0. (3.3)
Note that the representation (3.3) is invariant under the transform ® — k® + q,
k #0.

Theorem 3.1. Let X = X(t) be defined by (1.5) or, equivalently, by (3.1). Let
the wvelocities yo,v1 of the underlying telegraph process I'(t) have opposite signs.
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a) If at least one of the integrals converges,

0 0o
dy / dy
—— < 00 or —— < 00, (3.4)
/m G(y) o Gy
then process X goes to infinity a.s. in a finite time (blow-up);
b) If both integrals diverge,
T dy

0
dy
—— =00 and = 00, (3.5)

—00 G(y) o Gy)
then process X is well-defined for allt > 0. In this case, the distribution of
the random variable X (t), t > 0, is supported on the interval I , ending
in the points ¢o(t, x) and ¢1(t,x) and determined by the probability density
function pX(t,- | ) = (po(t,- | z), pi(t,- | z)) of the form:
do(y
S (1 20) - 2l (35

Y

y 1s between ¢o(t,x) and ¢1(t, x),

where ® is defined by (3.2), and p' (t, 2) is the probability density function
of the telegraph process T'(t), (1.1)-(1.2).

pY(ty | z)=

Proof. In case a), (3.4), the function ®(x) is bounded (at least on one side), and
the inverse function ®~! is defined on a bounded (at least on one side) interval

A= (A_, A,), where A_ := —ffoo %, Ay = 0+°° %. Therefore, X () goes
to infinity when the telegraph process ®(z) + I'(t) leaves the interval A, which
happens a.s. within a finite time 7, see, for example, [8].

Otherwise, (3.5), both functions, ®(z) = [ dy/G(y) and ®~', are monotonic
and are defined on the whole line. Therefore (3.6) follows from the representation
(3.3). Detailed comments on this issue can be found in [18].

Formulae (3.6) follow from the representation (3.3). O
The case of both positive velocities is similar to Theorem 3.1.

Corollary 3.2. Let vy,v1 > 0.

a) If A= fooo G(y)~'dy < oo, then the process X = X(t) goes to +00 a.s.
in finite time.

b) If fooo G(y)~tdy = oo, then the process X = X (t) is a subordinator, and
its distribution is given by (3.6).

The case of both negative velocities is symmetric.

The blow-up scenario requires more detail. For example, we need to know the
probability of a process going to —oo versus to +oo. Let T, be the time instant
when the process X leaving the interval A.

By virtue of representation (3.3), the following auxiliary result will be very
useful.

Lemma 3.3. Let a <0 < b and a stopping time T+ (a;x) (respectively, T (b;z))
be the time when the process © +T'(t) first crosses the threshold a (respectively, b).
Let u(z) = P{TYV(b;z) < T (a;z) | €(0) = 0},a < b,a <x <b.
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Function u(x) has the form:

a1 — agexp(Aa - (z —a))

a1 — Q) eXp(Aa . (b _ a)) , Qo 7& aq,

u= (3.7)
lta(@—a) o
1+ab—a)’ 0=01 = a,

where ap = )\0/")/07 o] = )\1/"}/1, and Ao = ap — Q1.

Proof. Let ug(z) = u(z) = P{T (b;z) < T (a;z) | €(0) = 0} and ui(z) =
P{TT(b;x) < T'(a;x) | €(0) = 1}. These functions follow the system of coupled
equations

uh () =ag (uo(z) — ur(x
?( ) =ao(uo(@) 1(#), a<x<b, (3.8)
uy (z) =ou (uo(z) — ui(2)),
supplied with the boundary conditions uo(b) ui(a) =0, cf [7, pp.192-193].
By virtue of (3.8), ajuf(x) = apuf(x) an (uo—ul) (x) = (ao—al)(uo—ul)(x).
Therefore,

uo(x) = Agexp ((avg — 1) (z — a))+B, ui(x) = Ay exp ((g — a1)(z — a))+B,
such that

apgAi = a1 Ay, A+ B =0, Aoe(ao_al)(b_a) +B=1,
which give (3.7) for ay # aq. The case oy = «; is analysed similarly. O

Theorem 3.4. Let vo > 0 > 1 and both integrals in (3.4) converge.
Therefore, if the process starts at point x, A_ < ®(x) < Ay, with positive
velocity o, then

PLX(7;) = 400 | £(0) = 0} =1 - P{X(Tz) = —o0 [ £(0) = 0}

01— apexp(Ba- (@) = A))
a; —agexp(Aa- (AL —A)) if ap # an,

(3.9)

I+a-(P(x)—A_)
1+Oé‘(A+*A_) ’

Here A_ = — ffoo Gly)~'dy, Ay = [;° G(y) " dy.

if g = a1 = a.

Proof. First, note that X (7,) = 400 occurs if and only if the underlying telegraph
process ®(x) 4+ I'(t) leaves the interval A = [A_, A4] on the right (through the
point Ay ). Therefore, formula (3.9) follows from (3.7), Lemma 3.3. O

In view of applications, the description of invariant distributions is of special
interest.

Since the mapping ® is monotonically increasing, the process X = X(¢) is a
subordinator when both velocities of I' are positive (the same is true for —X if
both velocities are negative). Thus, there is no invariant measure in this case.

The following theorem shows how to describe the invariant distribution when
telegraphic velocities are of opposite signs.
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Theorem 3.5. Let function G = G(x) be continuous, positive,G(xz) > 0V, and
even, G(—z) = G(x). Let X = X(t) be defined by (3.1) with the telegraph process
having velocities of opposite signs, vo - v1 < 0, such that g + a3 > 0, where no
blow-up occurs, (3.5).

The invariant measure for X ezists and is defined by the probability density

functions
Lag+ a; 1 v dy
mo(x) = = co(z)G(x) " exp [ —(ap + 1) —1,
1 oo + o 1 < /93 dy ’) .
=—-— G — (oo + - |
Wl(w 2% —m Cl(x) (x) P (ao al) 0 G(y)
where

_ )7, > 07 _ ) 7o, T > Oa
co(x) = () =
Yo, x <0, -7 <0

Proof. The linear system (2.6) considered on the whole line (—oo,00) has the
following solution: for z € (0, 400) by direct substitution into (2.6) one can verify
that

mo(x) = —Cyy 'G(z) ' exp (—(ao + 1) /Ox G(y)_ldy) ,

) = O3 6(0) exp (ot an) [ Gy )

which can be extended to (—o0,0) by symmetry. The indefinite constant C' can
be found from the normalisation condition,

/OO (mo(x) + m(x))dx = 1.

—00

Corollary 3.6. In the symmetric case, that is, if 79 = —vy1 = 7, then

I G(y)‘ldy]) ,

mo(z) = m1(2) = + (0 + 0)G(x) " exp (—<ao o)

o0 < T <Oo0.
Let us take a few more examples.

Example 3.7. Let G(z) = p+ |z|, p > 0. In this case, the rectifying diffeomor-
phism @ for the stochastic equation

dX(t) = (p+ [X())dL(D), (3.11)

is given by ®(z) = sign(z) - In(1 + |z|/p) which is odd and strictly increasing
function on the line (—oo, 00), so that

() = (el — )sign(y)

is also strictly increasing.
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Notice that the alternating patterns ¢q(t,x), ¢1(t,x) that form the process
X = X (t) depend on the value of the corresponding velocity . In this case, if
v > 0, then ¢(t,z) = (p+ x)e?* — p with z > 0, and for z < 0,

5
P

1-x/p

P(t,z) = p—(p—mx)e ", for small t,such that t < t, = L1In(1—x/p),
&)= e’ —p, for large t, t > t,.
If v < 0, then the formulae are symmetric.

Let o - v1 < 0. By virtue of (3.10), the invariant probability density functions
for X (t) defined by (3.11) have the form:

1loag+ oy 4 “1—(ao+a1)
TolxX) = = co(x p(X[) (051 p+ T QoT0 ,
(@) = 5 22 @)™ (o + fa)
1
7T1($ B 7040 + ay 01(x)pcm+a1 (P“r |£C|)_1_(a0+a1)7

_2’70*%

This example can be easily generalised. Instead of (3.11), consider the initial
value problem,

dX(t) = (p—i— |X(ﬂt)|ﬂ> dr(s), t>0,
X(0) =z,

where p > 0 and 8 > 0.
Let & = ®(z), z € (—o0,00) be an odd and strictly increasing function which
is defined so that for z > 0

z 5 . z? v—1+1/8
d(z) = / +u”/B) du= —dv

@ =] (o+u/) e
By virtue of [5, 3.194.5],

O(z)=axp L oF(1,1/6;1+1/3; -2 /(Bp)), x>0, (3.12)

with odd extension to x < 0. Here oF} is the Gauss hypergeometric function. If
0 < B < 1, there is no blow-up, (3.5), and one can obtain an invariant distribution,
as in the previous case.

If 8 > 1, then

24 :/ _ Y
—eo LA ylP/B

that is, the blow-up condition (3.4) holds. Therefore, the inverse function ®~! is
only defined on the interval (—A, A), and the process X = ®~1(®(z) + I'(t)) goes
to infinity in a.s. finite time 7, where

Te=sup{t>0] —A—®(z) <T(t) < A—d(x)},

where ®(x) is defined by (3.12). The form of distribution of T, follows from (2.7)
and Theorem 3.4 . See also [16].
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