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NON-LOCAL PROBLEM FOR A LOADED
PARABOLIC-HYPERBOLIC EQUATION INVOLVING CAPUTO
AND ERDELYI-KOBER OPERATORS

OBIDJON ABDULLAEV

ABSTRACT. This research work devoted to the formulation and the study
of non-local boundary value problem with integral gluing condition for the
loaded parabolic-hyperbolic equation with Caputo fractional derivatives.

Loaded terms of a considering equation are Erdelyi-Kober integrals, which
involves a trace of solution on the line of changing type (i.e. u(z,0)). Formu-
lated problem is investigates, considering to cases related with the coefficients
of a non-local condition. Unique solvability of the investigated problem, is
proved reducing to the second kind Volterra type integral equations.

1. Introduction

In recent years the theory of fractional differential equation (FDE)s has been
significant development, thanks to the monographs of A. A. Kilbas, H. M. Srivas-
tava, J. J. Trujillo [1], K. S. Miller and B. Ross [2], I. Podlubny [3], S. G. Samko,
A. A. Kilbas, O. I. Marichev [4] and the references therein. It’s related with the
applications of FDEs to the various phenomena in physics, like diffusion in a disor-
dered or fractal medium, image analysis, risk management and others. In general,
there exists no method that yields an exact solution for these equations. Indeed,
we can find numerous applications in viscoelasticity, neurons, electrochemistry,
control, porous media, electromagnetism, etc., (for details, see [5], [6], [7], [8], [9]).
In research papers [10], [11] the authors considered some classes of initial value
problems for fractional differential equations involving Riemann-Liouville and Ca-
puto derivatives of fractional order. Boundary value problem(BVP)s for the mixed
type equations involving the Caputo and the Riemann-Liouville fractional differ-
ential operators were investigated by many authors (see [12], [13], [14],[15],[16] and
references therein).

On the other hand the theory of loaded functional, differential and integral-
differential equations has been advanced, also. These equations describe problems
in optimal control, regulation of the layer of soil water and ground moisture, un-
derground fluid and gas dynamics, mathematical biology, economics, ecology, and
pure mathematics [19], [20],[21],]22]. BVPs for integral-differential and differential
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equations with non-local boundary conditions arise in various fields of mechan-
ics, physics, biology, biotechnology, chemical engineering, medical science, finance
and others (see [23], [24],[25]). Local and non-local BVPs with continuously and
integral gluing conditions for the loaded parabolic-hyperbolic equations involving
Caputo, Riemann-Liouville and other integral-differential operators were inves-
tigated in works [17],[18],[26]. We would like to note that, BVPs for the loaded
parabolic-hyperbolic equations involving Caputo and Erdelyi-Kober operators was
investigated in case, without smaller terms (see [27],[28] and others).

2. Preliminaries

2.1. Integral and differential operators fractional order. Definition 1.
Let f(x) be an absolutely continuous function over(a,b). Then the left and right
Riemann-Liouville fractional integrals order o (o € R™) (respectively) are (see

[1].p.69)

(Ig.f)= /f Yz —t)*'dt, z>a (2.1)

(1°,f) « /f t(t—=z)*dt, z<b. (2.2)

The Riemann-Liouville fractional derlvatlves D2, f and D, f of order a(a € R)
are defined by (see [1].p.26):

PR S S A L N
(Damf)x_l—‘(nia) <dl‘> a/(x_t)anJrldt’ [ ]+17 > a; (23)

b
w1 (AN [ o) o
(Dayf)w = I'(n—a) ( dz) m/ (t —a)* "t % lo} 1. <b @24

respectively, where [a] is the integer part of a.
In particular, for « = N U {0} we have

(Doaf)w = f(z), (Dhf)z=f(a), (Dif)z=f"(x);
(D f) e = (=1)"f"(z), neN.
where f(™)(z) is the usual derivative of f(x)of order n.

Definition 2. Caputo fractional derivatives ¢ DG, f and ¢ DS fof order o > 0
(aw ¢ N U{0}) are defined by (see [1].p.92):

o _ 1 () _ .
(cDgpf)z = Tn—a) / PP dt, n=la]+1, z>a; (2.5)
P
(cDgpf) ® T(n—a) / f = n_Hdt n=la]l+1, z<b (2.6)

respectively.
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From (2.1)-(2.6), as a conclusion we will have:
(D2, f)x = sign®(z — a) (Ig‘;kf(k)) z, k—1<a<k, ke N;
consequently, while for & € N U {0} we have
(eD%f)x = f(x), (cDyf)x=fx), (eDif)z=f"(x);

(cDpf) e = (=1)"f"(x), neN.
Definition 3.The right- and left-hand sided Erdelyi-Kober fractional integrals
of the orders § and «, respectively, are defined by [29]

x

_ 6—1 _
(13°7) (@) = —Fﬁ o Br+6) / (xf —t%)° T PO f(1)dt, 5,8 0,7 € R,
0

©
(2.7)
o _ B s i B a)@~—B(y+a—1)-1
(Jﬂ f) (x)—mx (t - ) t f®)dt, a,8>0,v€R,
(2.8)
where 0 < B,7v,0 <1, 0<~v+d<1.
2.2. Bessel functions and their properties. Definition 4. v*" order first
kind Bessel function has a form [30]:
00 ( )271+u
2.9
an—l—l) T(v+n+1) (29)
where v is an arbitrary real number. From (2.9), easy to spot, that
%) 2n
1 (5)
Jo(z) =) T Jo(0) =1
n=0
00 2n+1
=D"(3)
i) = 2 J1(0) = 0.
— (n)(n+1)!
d
. (27 Ty (2)] = =27V Jypa (), (2.10)

2.3. Integral operators with the Bessel functions. We enter following des-
ignations [31]

s o

_m) gt Jo [/ =m0 at,  (2.11)

_ 920 {“ (t—m)(f—x)} dt, (2.12)

OOt ()] = sign(e —m) 3 - 1(@) +11 [ Lk lue =) par, (213
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Lemma 2.1. If f(z) € Cla,b], then for all m € [a,b] and x € (a,b) takes place
following equality [31]:
AEABRE f (@]} = f(z), By {AGE [f(@)]} = ().

Lemma 2.2. If f(x) € Cla,b], then for all m € [a,b] and = € (a,b) takes place
following equality [31]:

A% / BL [f(x)] § = / F(t) Tolps( — p)dt.

Lemma 2.3. Let f(x) be a function, which f(z) € Cla,b] N C(a,b), f'(z) €
Li[a,b] and f(a) = 0. Then a solution of the integral equation

x

[ s hlute -~ v)dt = (@)

is exists, unique and represents as [31],

Ji[p(z —t)]

e

o(x) = f(@) + 422 / £(t)

a

3. Problem formulation

Main goal of this work is an investigation of unequivocal solvability of a non-
local problem with an integral gluing condition, for equation

Uz —c D%u — p3u(z,t) + p1(z,t) (Igll"slu> (x,0) t>0

0= , " (3.1)
Uge — Ugr — pau(x, t) + pa(z,t) (Iﬁz’ u) (x—1t,0), t<O0
with operators (see (2.5) and (2.7)):
R ER)
UL,

D& u= dt 3.2

i == | =t 32
0
K tB(y+1)—1

790 g BB / Lt 0)dt .

(5 u)m Ok (xﬂ—tﬂ)1—5u( ,0) (3.3)
0

Let © be a domain, bounded with segments: A1 4, = {(z,t): z =1, 0 <t <
h}, B1By = {(z,t): =0, 0 <t <h}, ByAd, ={(z,t): t=h, 0<z <} at
t > 0, and characteristics: A1C : z —t =1, BiC : x+t=0of (3.1) at t < 0,
where A; (1;0), Ay (I;h), By (0;0), B, (0;h), and C (;5).

We enter designations: ;3 = QN (¢t >0), Q% =0Nt<0),I={z: 0<z<I}.

Problem NL, To find a solution u(z,t) of equation (3.1) from the class of
functions: W = {u(z,t) : u(z,t) € C(Q) N C*(D2); Upa, cDGu € C (1) ;

u, € Oy \Ang)} satisfies, boundary:

aru(l,t) + agug (1, t) = p1(t), b1u(0,t) + baus(0,t) = a(t), 0 <t <h; (3.4)
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anby [u(5.-5)] + ettt [u (S5 E50)] + cautwn0) = (o), w € T

2" 2 2 2
(3.5)
and integral gluing conditions:
tliI-Ii-IO cDgtu(xa t) = /\1(!13)7.Lt(33’, *O) + )\2(1’)11,1(1‘, *0)4»
s (@)u(, 0) + As(z) / F()ut, 0)dt + As (), 0 < 2 < I (3.6)
0
where a;, b;, ¢;,c5 = const, ¥(x), p;(t) (i = 1,2) and A\p(z) (kK = 1,5) are given

4
functions, besides af + a3 # 0, b3 +b3 #0, ¢} +c3 #0 and > \i(z) # 0.
k=1

3.1. Main functional relations. Notice, that a solution of the Cauchy problem
for equation (3.1) in Qo with the initial dates u(x,0) = 7(z) and u(x, —0) = v~ (),
has a form:

u(z,t) = %T(l’ +1t)+ %T(l’ —t) — % / v (2)Jo |:[L2 (x — 2)2 — t2} dz—
-+t

o | O e
x4+t
1 x—t
_= 72,62 §+n &—-n — A2 _ (+ _ 2
1 [ oy o o (S35 o [/ - ]
T+t x+t
(3.7)
Using by (3.7),owing to (2.12), easy to spot, that
u(® x)=1ﬂ®+3””[(ﬂ—lj3“”[ﬂmdF
27 2 2 2 0 2 0z
0

L) [T OE - D) de 69

\
W=
O\R
~
3
$
\‘
~—
—
3
O\s
3
V]
Y
|+

l
x4+l x—1 1 1 o, 1 1, _
(T I = g B ] - g [ B o) de-

l l
1 [ (o) wan [ (S50 E57) o im0 0 -9 e
z n

(3.9)

57



OBIDJON ABDULLAEV

Applying operators A(l);c”Q and Ai’l‘,"2 to the equalities (3.8) and (3.9), respec-
tively, based on the Lemma 1. and Lemma 2., we receive

A5t [u(5.-3)] = 570 luas] + 57(@) = 5 [ v @ nate — 1) -
0
Ay { / (£3277) (yan / m (5555 «
o |2/ (€ — 11— ) de }. (3.10)
l l l
—5 [ O luae o) a - pa { [ (o) oan [ o (52557 =
xJo |2/ Te =n = €U+ 18| de}. (3.11)

Considering (3.10) and (3.11), from the non-local condition (3.5), we have:
(c1+ 2+ 2¢3)71(x) + c17(0)Jg [pex] + cot (1) Jo [u2(l — )] —

— AL { / (137) ()

0

[ (Ekn e=nY 1 el
x0/p2< o L A )}df}

2 2

l
—ay { [ (15:%r) tanx

T

></p2 <£+n H) Jo [/«Lz\/(ff—n—«f)(Hn—&)} d&}—

2 72
T l

o / v () [a  — 1)) dt — 3 / v (0o lia(t — 2)] db = 20(x),  (3.12)
0 x
To find a main functional relation between 7(z) and v~ (x), we consider following
two cases:
i1)ca=0,c1#0,c1+cs#0and ii) ¢ =0, ca #0, ca + c3 # 0.
In cases i) and i) from (3.12), we get

x

$(0)o [n2] — AT { [ (1) anx

0

C1
C1 + C3

(c1 4 2¢3)1(x) +
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) /nm <§J2r77§;n> Jo [W\/(’H‘f)(f—n—x)} dg} _

—c1 / v (t)Jo [u2(x — )] dt = 2¢(x), (3.13)
0
1
7(0) = Y- ng(o)’ (3.14)

and

(c2 + 2¢3)1(2) +

l
B0 o 2l = 2)] = T AL { [ (13:%r) tan

x

2
Cco + C3

1
X/pz (6—;”75;”) Jo [/lz\/(f_n—f)(l+77—f)} df}—
n

l
ey / v (8)Jo [t — 2)] dt = 2(x), (3.15)
() = (), (3.16)

respectively.
Based on the Lemma 3, taking (2.13) into account, from (3.13) and (3.15), we
find

_ c1+2c3 2C1 + 2c3 ] Ji[pe(z — 1))
= - _ t)————=dt
v (.’17) 1 T (CL‘) + 1253 e T( ) HJQ(I' . t) +

Czﬂf)cg Cot2 {Jo [poa]} — icg;w {Aé;j“ [Al(x)]} - %cg;;z W(z)], (3.17)
l
+Cj) J(rl)c?) C {Jo [zl — )]} — ic;;ﬂz {Ast2 14s(@)]} - %c;;“z [(2)], (3.18)

respectively, where

x

o) = [ (o) oian [ o (552 550) o oo/ G+ €~ )
0

0

(3.19)

l
As(o) = [ (1327 ()
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l

< [ (55250 ) o [T OG- de. G20)

7
Further, from the equation (3.1) at ¢ — +0 considering (3.2), (3.3) and (3.6) we
obtain:

r(t)T(t)dt+

() — M (@) (@) — Aa(@)7 (@) — As(a)

o\

+37() + pi(2,0) (17) () =0, 0<z <L (3.21)

Now, we will investigate the Problem NL, in case i). Substituting (3.17) into
equation (3.21), we get

T

() = (coh (@) + A2 (2)) 7' (x) = (Ns(2) — p])7 (@) — Aa(2) /T(t)T(t)dt—

0
ol )O/ O e =1
M@0 { AL A @]} 4 i, 0) (137 () =
- cjpiO)cSAl(x)Cgiw {Jo lpaal} - %Al(x)c&“z ()], (3.22)
01+203

where ¢y = o
Taking the class W and (3.14), (3.16) into account, from the boundary condi-
tions (3.4), we get

bar!(0) = —2—5(0) - 61 0), (3.23)
a7 (1) = (1) — 6a(0) (3.24)

Hence, to find a unknown function 7(z) we receive initial problem for the integral-
differential equation (3.22) with the initial dates (3.14) and (3.23) ( or (3.16) and
(3.24)).

Investigation of the formulated problem, be reduced to the unequivocal solv-
ability of the second kind Volterra type integral equation with respected to 7(z), in
case 7). Second kind Volterra type integral equations, follows from the Eq. (3.22),
considering conditions (3.14), (3.23).

Now, we will investigate Cj;/*> {Aé’x"2 [Al(x)]} . Considering (2.13), from (3.19),
we have:
CO 2 {A(l);uz [ 1 } di
d [ 17M2 Ji[pe(z — 1))
—|—,u2£ / {AOt } r—t
0

AR (@) | +
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A R [0 o Jiliz(e = 1)
= Al(z) — — | A(t)==Jo |po/z(x — )| dt + po | Ay(t) 2ERE A gp
/ 0 [M } tu 0/

dx x Ot (x —1)
0
J1[ —t)]
—M/ 2 (x dt/A1 t(t—z)}dz.
(x —t)
0
Further, considering hn% Nlz) 1 and (2.10), we get:

x

e {ab (@)} = A1) - R @)+ [ m@Kama (329

4
0
where
Dl =8t [ Az -2 [uz z2(z — t)]
frle = 2RO 5/ (z —2) z(z —t) -
—mk [uz x(x — t)] : (3.26)

Considering definition of the Erdelyi-Kober operator (see (3.3)), from (3.19),
we receive

x

Bs / _ 7 77—/32(72-‘1-52)
A = P22+ =17(3 dt/—P d

1(1.) F(52) T( ) (7]52 — t52)1_62 2(95777) m,
0

and

T Ba(yat1)—1
Al(z) = 762]32(33,1‘) x_ﬂ2(72+52)/tﬂ2(72 : 7(t) dt+

I'(02) (%ﬂ2 B tg)kciz

+52/”L2 /tﬁz(’Yerl)flT(t)dt/ n*ﬂz(’y2+52) 8P2(:L'777) d77
(nfe —tB2)' %2 Oz ’

where Py(x,n) =

C—s3 o

Do (“?", %) Jo {,ug\/(S +n)(€—n-— x)} d¢. Hence, taking
(3.25) and (3.3) into account, equation (3.22), we rewrite as follows:

() = (cohi(z) + A2 ()7 (2) = (M () — p)7 (@)~

7)\4(1')/7”(t)7_(t)dt7/T(t)KQ(l',t)dt: (), (3.27)
0 0
where
_ J1 [/142(55 _ t)] b1 = Bi(m+o1)fr(n+1)-1
Ko (z,t) = Aa(2) + pacor (z) po— +F(51)P1($>0) @ — By +
ﬂ2 m-ﬁ2(’y2+52)tﬁ2("/2+1)—1
P
+4F(52))\1(x) 2 (x, x) P 1) +
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[ Ba(r2+82)
ﬁZ,UQ )\1(%)(4 _ x)t’62(72+1)71/ Ui Pz(%??)d7)+

16F((52) (7752 _ tﬂz)l—éz
t

Bopi 7 [ B2 (ate)
+ 2 Al(x)t62(72+1) 1 Kl (:L'7S>ds sz(x,n)dn, (328)
t t

AT(5,)
#@) = S @ (o laelt - EN@CE @] (329
Let by # 0. We integrate equation (3.27), using by conditions (3.14) and (3.23):
() — j K(z, O)7(t)dt = f1(z) (3.30)
o

K () = (2 = (e () + X00) ~ X)) — eoi(2) — dola) -

—r(t) f M(2) (@ — 2)dz — f Ko(z, 6)(w — 2)dz (3.31)
fi(z) = ](:c — ) f(t)dt + % (1 — z(coA1(0) + A2(0))) +

0

blI O . ¢1(O)I
(c1+ c3) by
Theorem 3.1. Let valid 0 < o, B;,7:,0; < 1, 0 < v+ 0; < 1(i = 1,2), and the
following conditions fulfilled:
pz(1‘7t) eC (QZ) N Ol (QZ) ) @1(0 eC [Oa h] N Cl(oa h)7 7/’(17) € C[Oa l] N 02 (07 l)
(3.33)
Me(z) € C0,1]NnCH(0,1), r(x) € Cl0,1]NCH0,1), (k=1,2,..,5)  (3.34)

then the Problem NL, has unique solution.

.32
i (3.32)

Proof. Considering the class of the given functions (3.33), (3.34) and taking (2.9),
J1 (IE)
x

[pi(z,t)] < pio, 0<t<a <1

< jro, for allz €0, (3.35)

into account, from (3.26), we infer

+

| K1 (z,t)] < jio+

= Al 1] | <

< j1o + const |t(x — t)| + const [t(2z — t)| < const, for all, 0 <t <z <I, (3.36)
where p;o, J1o = const > 0(i = 1,2).
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Considering (3.35), (3.36) and (3.28) we will estimate [ Ky(z,t)(z — 2)dz :
¢

By protfr(n 1)1 /”” Bt (5 2)

Ko(z,t)(x — 2)dz| <
[ e = < 40+ (e — )

dz| +

Bapaot™ (DL ] I G
— s 1

d
F(4§2) (252 _tﬁ2)1762 i
t
z
ﬂ2#2p20tﬁ2(72+1 / / g—PB2(v2+62)
A de | T g
* 16(52 1 l’ Z) * (352 _t52)1762 S|+

z

x
52M3p20t52(72+1)*1 / / g—B2(72+52)
+ T(15,) const | | M(z)(x — 2)(z — t)dz (a5 tﬂ2)1*52 ds

Further, based on the conditions of the theorem, we can conclude, that
/Kg(z,t)(x —z)dz| <const-t7%, 0<e<1. (3.37)

Similarly, taking (3.33), (3.34) and (3.35) into account, from (3.29), we have
|f(z)] < const, for all z € [0,]] (3.38)

Thus, based on the estimates (3.37), (3.38), owing to (3.31) and (3.32), we infer
that the equation (3.30) is an the second kind Volterra type integral equation, in-
volving continuous right-hand side and a kernel with weak feature. Hence, integral
equation (3.30) has unique solution in the class of continuous functions, and this

solution is presented as:
+ /R(m,t)fl(t)dt
0
besides, 7(z) € C[0,1] N C?(0,1).

After determining 7(x), from (3.17) we can find v~ (z) € C[0,1] N C(0,1), and
finally, unique solution of the investigated problem in the domain {29, we restore
as a solution of the Cauchy problem (see (3.7)). Further, using by a solution of the
second boundary problem for equation (3.1) in domain €21, we obtain an existence
of solution of the Problem NL,,. O

Remark 1. In case ii) The Problem NL,, is equivalent to the unequivocal solv-
ability of the problem (3.22),(3.16), (3.24). Notice, that the problem (3.22),(3.16),
(3.24), will be reduced to the second kind Volterra and Fredholm type integral equa-
tions with respected to T(x), at Ay(xz) =0 and Ag(x) # 0, respectively. Solvability
of the Volterra type integral equation is proved in a similar way.
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Remark 2.If c¢1,co # 0, then the Problem NL, will be reduced to the second

kind Fredholm type integral equation. Under certain conditions to the given func-
tions and to the constant . can be proved unequivocal solvability of a Fredholm type
integral equation.
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