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SINGULAR STOCHASTIC LEONTIEFF TYPE EQUATIONS
WITH DEPENDING ON TIME DIFFUSION COEFFICIENTS

E.YU. MASHKOV

ABSTRACT. By a singular stochastic Leontief type equation we mean a spe-
cial class of stochastic differential equations in the Ito form, in which the left
and right hand sides have rectangular numerical matrices that form a singu-
lar pencil. Also in the right hand side there is a deterministic term, which
depends only on time. It is assumed that the diffusion coefficient of the given
system is given by a matrix that depends only on time. To study the equa-
tions under consideration, it is required to consider derivatives of sufficiently
high orders from the free terms, including the Wiener process. In connection
with this, to differentiate the Wiener process, we apply the machinery of the
Nelson mean derivatives of random processes, which allows us to avoid using
the theory of generalized functions to the study of the equation. As a result,
physically meaningful formulas are obtained for solving the equation in terms
of mean derivatives of random processes.

Introduction

By a singular stochastic Leontief type equation, we mean a system of stochastic
differential equations in R™ of the form

ig(t)zM/O §(s)ds+/0 f(s)ds+/0 P(s)dw(s), 0<t<T,

where AL+ M is a singular pencil of constant n X m matrices such that in the case
of square matrices L is degenerate, the diffusion coefficient P(t) is a smooth enough
n x m matrix, f(¢) is a smooth enough deterministic vector-function depending
on time, w(t) is a Wiener process, £(t) is a process that we are looking for. These
systems arise in applications for the mathematical modeling of technical systems
[1]. Here, the white noise process dqflgt) describes the interference in the system.
The systems under consideration with constant diffusion coefficient were studied
in [2, 3, 4].

To study this class of equations, it is required to consider higher-order deriva-
tives of free terms — in this case, the deterministic term and the Wiener process or
white noise. It is known that the derivatives of the Wiener process exist only in
the sense of generalized functions, which are extremely difficult to use in specific
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equations. This circumstance makes a direct investigation of our system compli-
cated.

Following [2, 3, 4], we use the machinery of Nelson’s mean derivatives of ran-
dom processes to study the solutions of the equations under consideration, for the
description of which generalized functions are not involved. Namely, we apply the
symmetric mean derivatives (the current velocities) of the Wiener process. Cur-
rent velocities, according to the general ideology of mean derivatives, are natural
analogues of the physical velocity of deterministic processes. As a result, for the
system under consideration, we obtain physically sensible analytical formulas for
solutions in terms of symmetric mean derivatives in the mean of random processes.

1. Mean derivatives

Consider the stochastic process £(t) in R, t € [0,T], defined on some proba-
bility space (Q, F,P) and such that £(¢) is L a random variable for all ¢. It is
known that such a process generates a family of o -subalgebras of o -algebra F,
" present” ./\/f (it is the minimal o-subalgebra that includes the preimages of all
Borel sets in R"™ under the mapping £(t)), which we assume to be complete, that
is, it is completed by all sets of probability zero.

For convenience, we denote the conditional mathematical expectation F (|./\/f)
relative to the "present” N} for £(t) by the symbol Ef. The usual ("uncondi-
tional”) mathematical expectation is denoted by the symbol E.

Generally speaking, almost all sample trajectories of the process £(t) are not
differentiable, so that its derivatives exist only in the sense of generalized functions.
To avoid using generalized functions, according to Nelson [5, 6, 7] we give the
following definition:

Definition 1.1. (i) The forward mean derivative D{(t) of the process £(t) at the
time instant ¢ is a Li-random variable of the form

e(t) = Jim , BTG

where the limit is assumed to exist in L1 (2, F,P) and At — +0 means that At
tends to 0 and At > 0.

(ii) The backward mean derivative D, wi(t) of the process £(t) at time instant
t is Ly - random variable

_ g g S - AY
D.£(t) = Algnw Bl Nt )
where (as in (i)) the limit is assumed to exist in Li(Q, F, sfP) and At to+ 0
means that At tends to 0 and At > 0.

It should be noted that, in general, DE(t) # D 45:£(t), but if, for example, £(t)
almost surely has smooth sample paths, these derivatives obviously coincide.

From the properties of conditional expectation (see [9]), it follows that D&(t)
and D,{(t) can be represented as superpositions of £(¢) and Borel vector fields
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(regressions)
§(t+ At) —&(t)
At—+0 VAN

I R )
Yo(te) = Jim B

£(t) = =)
£(t) = =)

on R™, that is, DE(t) = YO(t,£(¢)) and D.E(t) = YO (t,£(¢)).

Definition 1.2 ([8]). The derivative Dg = (D + D,.) is called symmetric mean
derivative. The derivative Dy = %(D — D,) is called antisymmetric mean deriva-
tive.

Consider vector fields
1
vi(t, ) = S (VO (t2) + Y (1, 2))

and
ué(t) = S(V°(t,2) Y21, )

Definition 1.3 ([8]). v*(t) = v(t,£(t)) = Ds&(t) is called current velocity of €(t);
ub(t) = us(t,&(t)) = Da&(t) is called osmatic velocity of £(t).

The current velocity is a direct analog of the usual physical velocity of deter-
ministic processes for random processes (see [8]). Osmotic velocity measures how
fast accrues "randomness” of the process.

The Wiener process plays a decisive role in our constructions. The Wiener
process is denotet by the symbol w(t). The following proposition takes place:

Lemma 1.4 ([10]). Let w(t) be a n-dimensional Wiener process, P(t) be a suffi-

ciently smooth k x n-matriz, t € (0,1). Then for any t we have the formula

Dy /O P(s)duw(s) :P(t)%f).

Lemma 1.5 ([2, 11]). Fort € (0,1), the following equalities hold

Duw(t) = 0, Dyw(t) = @ Dew(t) = %f)
For integer k > 2
k=1
nei-u o
Dfuw(t) = (-1 = o gk

2. The main result

As already mentioned above, we study the system of stochastic differential
equations in R™ of the form

zg(t)z/o Mg(s)ds+/o f(s)ds+/0 P(s)dw(s), 0<t<T,  (21)
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where M + AL is a singular pencil of n x m matrices, £(t) is the process that we
are looking for, w(t) is a Wiener process in R™, P(t) is a smooth enough n x m
matrix, f(t) is a smooth enough n-dimensional vector-function. For simplicity we
suppose that the columns and rows of the pencil M + AL are not connected by
linear dependences with constant coefficients.

For the singular pencil of matrices M + AL there is the Kronecker-Weierstrass
transformation (described by a pair of non-degenerate matrices P, and Pr of
sizes n X n and m X m, respectively), for which the matrix P MPr + AP, LPg is
quasi-diagonal (see, e.g., [12]). Then equation (2.1) is transformed as follows

PLLPRP;(t) = / PN PR P €(s)ds + / Puf(s)ds + / PLP(s)dw(s)
0 0 0

With the corresponding numbering of the basis vectors, the following types of
blocks in L = Py LPg along the main diagonal stand in the following order: N
— Jordan cells with zeros along the main diagonal, E is the identity matrix, A
and G are rectangular matrices of the form indicated below (singular cells). In
M = P; M Ppg in the rows, corresponding to the blocks in L, the following blocks
stand in the indicated order: F is the identity matrix, K is some square matrix,
B and H are rectangular matrices of the form indicated below (singular cells). We
introduce the natation n(t) = Pr'€(t), C(t) = PLP(t). In the new notation, (2.1)
takes the form

Ln(t):/(J Mn(s)ds—k/o PLf(s)ds—F/O C(s)dw(s), (2.2)

from which it is clear that (for simplicity) the initial condition for the solution
of (2.2) is assumed to be n(0) = 0. We say at once that this condition is not
satisfied for the solutions constructed below. Therefore, we approximate solutions
by processes that satisfy this initial condition, but they become solutions only
from a certain (arbitrarily small) time moment ¢y > 0 (see below).

Remark 2.1. As it is already mentioned in the introduction, to study equation
(2.1), and, hence, equation (2.2), it is required to consider derivatives of higher
orders from the Wiener process. In this paper, to calculate higher-order symmetric
derivatives, we use the o-algebra of the “real” Wiener process. Note that in order
to calculate the mean derivatives, one can also use some other o-algebras, but then
the formulas for calculating symmetric derivatives of higher orders of the Wiener
process will be changed.

Translate the matrices A and B, G and H to the general explicit form:

01 0 0 0 1 0 ... 00O
0 0 1 0 0 01 0 0 O
A= : | B= I
0 0 O 1 0 0 0 1 0 0
0 0 O 0 1 0 0 01 0
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00 ...00 10 ...00
1 .00 01 ... 00
01 ... 00 . o

G = .=
00 ... 10
00 ... 10 00 ..01
00 ...0°1 00 ...00

It is not difficult to see, taking into account the quasi-diagonal structure of the
matrices L and M, that the system (2.2) splits into several independent systems
of equations of four types (a certain type of equation corresponds to each pair
of corresponding blocks in L and M). We denote by ¢(t), 9(t), n(t), 6(¢t) the
components of the vector 7n(t) corresponding to the pairs of blocks N and E, F
and K, A and B, G, and H, respectively. We also denote by u(t),v(t), g(t), z(t),
the corresponding components of the vector Prf(t), and by Cpi1(t), we denote
the corresponding blocks of the matrix C(t) by Cyy1(t), Ci(t), Crt1(t). Let us
investigate each type of equations.

The pair of matrices N and F of size (p+1) X (p+1) corresponds to the system
of type

Neto) = | o(s)ds + / u(s)ds + / G (s)du(s).

In coordinates this equation takes the form

01 0 0\ / <'(1) fé(<1(8)+u1(8))d8
0 0 1 0 G2(t) Jo (6%(s) + u?(s))ds
Al | = s +
00 0 1 sP(t) [5(sP(s) + uP(s))ds
000 0/ \¢"*(t) fot(cpﬂ(s)-i-up“(s))ds
ci(s)  c(s)

1 O Cm(9) w(s)
ci(s)  Blt) ... cuals) (s w

+/Ot : S : S : - (23)

ci(s)  ch(s) 1(s) A (s) w1 (s)
AT ) BTHs) . i(s) () w™(s)

From the last equation of system (2.3) we obtain that
t mo .
[t e artionis ==Y [ & s)ui(s)
0 — Jo
j=1

Since the current velocity (symmetric mean derivative) corresponds to the physical
velocity, for 0 < t < T we derive from this equation that

) = —uPt(t) — Emj cg?“(t)%. (2.4)
j=1
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From the last equation of system (2.3) we obtain that

P+l = tps uP(s))ds - tzssz
<+<t>—/0<<<>+ <>>d+j§_31/005<>d (s)

from which, after the arguments analogous to given above, for 0 < t < T we derive
m t
(t) = —uP(t) + DE () — DE Y / & (s)dw (5)
— Jo

On substituting the expression for ¢?*1(¢) from (2.4) and applying Lemma 1.4, for
0 <t < T we obtain

dup-‘rl

dt ; dt 2t+;l+ 442 Zl2t (2:5)

gp(t) — _

‘We also obtain

+1 n 1 1 n 3
Y T Y e YA
dt2 2t o dt A2 Logs

dc? _
_Z dctl Z)t Z l4t2 Z ! 1w7 (2:6)

By complete analogy, for 1 < i < p and 0 < t < T we obtain the recursion
formula

' (t) = D¥H(t) Dwz / s)dw (s) — u'. (2.7)

Using Lemma 1.4 and 1.5 and using formula (2.7) for 0 < ¢ < T, we obtain the
explicit expression for any ¢*(t)

. p dh—it1yk+1 Z dC;H
ST a2
m
gs—it1 S+1 w
z+1
2 g P PEA T
s=i+1 =1
s— l+1
4 s+1( l)sfz#lH (2J B 1) ( )
9s—i+2 ts 42
s—1i ds— i+1—k S+1 H (2] m ,w
k kilj=1
+ZCS L gps—it1- k (1) 9k+1 tk+1 Z Lo’ (2:8)
k=1 =1
. 77,1!
1<i<p—-1, Ch = — L ___
== ™ T (g — k)

212



SINGULAR STOCHASTIC LEONTIEFF TYPE EQUATIONS

For the pair of matrices F and K of sizes (¢+1) X (¢+ 1), we obtain the system
in RI™L of the type

¢ t t
It) =K / ¥(s)ds +/ v(s)ds —|—/ Cy+1(s)dw(s). (2.9)
0 0 0
For equation (2.9), the analytical formula for solutions is known (see [13])
t t
00 = [ Tumar [ N0, (o).
0 0

Considering the pair of matrices A and B of size [ x (I+1), we obtain the system
of the form

An(t) = /Ot Bn(s)ds + /Otg(s)ds + /Ot Ci(s)dw(s).

In coordinates this equation takes the form

01 0 ... 00 n(t) 1 0 0 0 0 nt(s)
001 ... 00 n?(t) . 1 0 0 0 n?(s)

Do Do : = : Do : ds
00 0 1 o] | 7 1o o 10 0] ns)
000 0 1/ \n'ti(t) 0 0 0 1 0/ \n'*ti(s)
. g*(s . Ci(s C (¢ ¢ (s w*(s

+/ ds+/ : : d :

) Tl A A ] e
g'(s) d(s)  &l(s) &n(s) w™(s)

(2.10)

i.e.,

(1) = /( (s)+9'(s d8+Z/ s)duw (s

(t) = /<<>+g ds+2/ dwi (s

10 = [0+ enas+ Y [ dau )

This means that as 7't we can take an arbitrary random process on [0, T that
takes a zero value for ¢ = 0 and for which on 0 < ¢t < T one can calculate the
symmetric derivative of order [, and then recursively obtain all other components
of the process 1. This is possible because in the system the number of unknowns
is one more than the number of equations, that is, the system is underdetermined.
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Analogously to the case of the first independent system, the following formulas
hold:

= Dupi+! VAL t), 0<t<T; 2.11
( Z G 2t ’ ? ( )
t
nl(t)=/(nl Hs) g d8+2/ s)dw’ (s);
0
modit i Il wi dd
-1 2 1+1 J 1 -1 g -1
=D _ = — _ T - L 2.12
n(®) s < dt2t+=094t2 ,zcﬂ o a0 (2.12)
0<t<T

By complete analogy, for 1 <i <[ and 0 <t < T we obtain
ni(t) = Dyt — DY Z / s)dw’ (s) — g'(t). (2.13)

Using Lemma 1.4 and 1.5 and using formula (2.13) for 0 < ¢ < T, we obtain the
explicit expression for any n'(t)

k—i+1 k+1 m v1+1
i g de

n:_; dtk—i+1 Q‘Z dt 2t

— mo 5= z+1vs+1 j

g 4t2 Z Z{ dts— z+1 %+

s=i+1 j=1
+v9+1( )s i+1 l_[\S H_l( 2r — 1) wi(t)
95— i+2 ts i+2
s—1 s—i+1—kxs+1 m
+ Z C.éc—i-ﬁ—l i dt,S*’L-Jrlij}C ( )k Hr ;ii': — 1 Q:IZJrl } Z V; g + Dl+1 177“'_1
. (2.14)
1<i<l -2

Finally, for matrices G and H of size (k+ 1) X k we have the system of the type

= /Ot HO(s)ds + /Ot z(s)ds + /Ot Crt1(s)dw(s).

In coordinates we obtain the system of the form

10 ... 0

o

1 1
10 0 0 328 01 ... 00 328
0 1 0 0 :
. —/ ds+
: g | |00 1o | | g
0 0 1 ot 0 0 0 1] %)
0 0 0 1 0 0 0 0
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() 4 A e ) ()
=20 @ & . E w?(s)
/ : d5+/ : : : d :
0 0 R . N
2#(s) Ao A e de | e
2+ (s) () At L))\ e
(2.15)
or
:/(9( +21( ds+Z/ s)du? (s
t
= [ (6%(s) + 2°( ds+Z/ s)duw (s
0
0F1(t) = 9’€ )+ 28 ( ds—i—Z/ s)dw (s
0
k t):/ Zk+1(8)d8—|—2/ é?Jrl(s)dwj(S)
0 J=1 0
Starting from the first equation, for 0 < ¢t < T we consequently obtain
01) = -1 - 02> [ d)dwi(s) = - =3 2.16
(1) ==2(t)=Dg Y _ | &(s)dw(s) = —= _ZJ 2 (2.16)
j=1 j=1
mo
02(t) = —2%(t) + D' — DY Z/ ¢i(s)dw’ (s) =
j=1
dz () =defwl I wI(t) = o wd (1)
_ .2 _ _ j W -1 _ )
=2 - — > o +ch e > e ot (2.17)
j=1 j=1 j
dzF=1(t dF12N(t)
YA TP _
0% (t) = —2"(t) p” =
m t m t m t
,DSZ/ ¢ (s)dw’ ( )—D%Z/ 5? L(s)dw’ (s) — 7D§Z/ &l (s)duw (s) =
j=1 j=1"0 =170
m w m k-1 w
_ Ak ik
S S )
j=1 j=1p=1
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Hence, for k > 3 we obtain

k—1 m . m Ak—1 .
dk_pzp wd dé” w?
)y == = N — i W
. a T Ly Z dt ot "
p=1 j=1 j=1
m ; m k—1 p/\k p
k 1’LUJ dPe¢
+j:1 7442 ;;{ dtp 2t
1 lAk 1
”Z A IIY | ERTC T VTV | T C T VY
dtp— l 9l+1 $H+1 J op+1 1
(2.18)

For 0 < t < T we also obtain the compatibility condition

/t 2L (s)ds + wh T (t) = 0% (¢).
0

If the components z* and w® do not satisfy this condition, the system has no
solutions. Here the number of equations is greater than the number of unknowns,
i.e., this subsystem is overdetermined. As above, for 2 <i <k and 0 <t < T the
following recurrence formula holds

0'(t) = —2'(t) + D¥6'' — D¥ Z / & (s)dw (s)

Now turn to the question of zero initial conditions for solutions of systems
(2.3), (2.10) and (2.15). Taking into account the definition of symmetric mean
derivatives, it is easy to see that they are well-posed only on the open intervals of
time since in their construction both time increments to the right and to the left
are used. Then from the formulas (2.4), (2.5), (2.6), (2.8), (2.11), (2.12), (2.14),
(2.16) , (2.17) and (2.18) we see that the solutions 7!(¢) are described as sums,

in which each summand contains a factor of the form w;,ﬁ“, k > 1. Hence, the
solutions tend to infinity as t — 0, i.e., the values of solutions for ¢ = 0 do not
exist. One of the possibilities for resolving this situation (as in [2]) is as follows.
Specify an arbitrarily small time instant ¢o € (0,1) and define the function #o(t)
by the formula

tg, 0 <1 <tp;
to(t) = 2.19
ot {t, N (2.19)

We replace the elements @O iy formulas (2.4), (2.5), (2.6), (2.8), (2.11), (2.12),

ik i
(2.14), (2.16), (2.17) and (2.18) by % The resulting processes at ¢t = 0
take zero values but they become the solutions only at ¢ty < t < T. Note that
for two different time instants tél) and t(()Q) for t > max(tél),tgf)) the values of

corresponding processes a.s. coincide.
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