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ABSTRACT. In this paper we consider an inverse problem for determining
the source function in fractional equation with Riemann-Liouville derivative.
Using the classical Fourier method, we prove the uniqueness and the existence
theorem for this inverse problem.

1. Introduction

In recent years, due to the application of fractional equations in physics, biol-
ogy and engineering, there is a significant interest in studying them. Fractional
equations have been studied by numerous mathematicians. More data about that
can be found in the works ([1] - [9]).

In this work the existence and inverse problems are studied for the equation of
fractional order by time and the elliptical part with an abstract operator.

Let H be a separable Hilbert space with the scalar product (-,-) and the norm
|||l and A : H — H be an arbitrary unbounded positive selfadjoint operator in H.
Suppose that A has a complete in H system of orthonormal eigenfunctions {vy}
and a countable set of nonnegative eigenvalues A\;. It is convenient to assume that
the eigenvalues do not decrease as their number increases, i.e. 0 < Ay < Ag -+ —
+00.

Using the definitions of a strong integral and a strong derivative, fractional ana-
logues of integrals and derivatives can be determined for vector-valued functions
(or simply functions) h : Ry — H, while the well-known formulae and properties
are preserved (see, for example, [1]). Recall that the fractional integration of order
o < 0 of the function h(¢) defined on [0, c0) has the form

N I 10
o h(t)—F(_U)O/(t_f)aHdg, t>0, (1.1)

provided the right-hand side exists. Here I'(¢) is Euler’s gamma function. Using
this definition one can define the Riemann - Liouville fractional derivative of order
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p, m—1<p<m,as
am .,
Note that if p = m, then fractional derivatives coincides with the ordinary
classical derivative of the m order.
Let p € (m —1,m) be a fixed number and let C((a,b); H) stand for a set of
continuous functions u(t) of t € (a,b) with values in H.

Let 7 be an arbitrary real number. We introduce the power of operator A,
acting in H according to the rule

ATh =" Aphgug,
k=1
where hy, is the Fourier coefficients of a function h € H: hy, = (h,vy). Obviously,
the domain of this operator has the form

o0
D(AT) ={h € H: Y N7|h|* < oo}
k=1
For elements of D(A™) we introduce the norm

1Al =D AR 1hel* = ||A7RI1%,
k=1
and together with this norm D(A7™) turns into a Hilbert space.

For p and an arbitrary complex number pu, by E, ,(z) we denote the Mittag-
Leffler function with two parameters:

e n
z
E,.(z)= B am—— (1.2)
s n;) T'(pn + p)
If the parameter = 1, then we have the classical Mittag-Leffler function: E,(z) =

E 1(2)

P,

We also need some estimates for the Mittag-Lefler function. For sufficiently
large ¢ one has the asymptotic estimate (see, examples, [4], p. 13, [2], p. 75)

Eypa1(—t) = 1<1+0<1)>, >, (1.3)

and for any complex number p one has

C
0<|E,  (-t) < ——, t>0. 1.4
< |Epu( )‘_1_’_ta > (1.4)
Proposition 1.1. Let m —1 < p <m and A > 0. Then for all positive t one has
8f_j (tijp,p_jH()\tp)) =E,(-Mt*), j=12,..,m. (1.5)

Proof. If j =1,2,...,m — 1 the equation (1.5) follows from the formula (4.10.14)
in ([2]). if j = m by definition of the fractional integration (1.1) we have
¢

1 §p_mEp,pfm+1(_>\§p>d _
<mp>0/ -gormit

o (tp_mEp,ﬂmH(_)‘tp)) T
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‘ L m+pk

o0
ZFpk+p m+1)) t—¢ pmﬂg_
)is o

1 S (=N)* k/ - —pm—
= tP sPmmArk(] _ gymetm—lgg,
F(m—p)kzzol"(pk—i—p—m—kl) / ( )

On the other hand, using the properties of Euler’s beta function B(a, b), we obtain
1
/sp_m+pk(1 — )" ds = B(p—m+ pk +1,m — p) =
0

_ T(p—m+ pk+1)I'(m —p)

B T(pk +1)
By virtue of the definition of the Mittag-Leffler function FE,(z) this implies the
statement of the proposition. ([

Proposition 1.2. The Mittag-Leffler function of negative argument E,(—x) is
monotonically decreasing function for all 0 < p <1 and

0< Ey(—x) < 1. (1.6)
Consider the following problem
{ Ofu(t) + Au(t) = f, t>0;

i 1.
tlirr(l)@f Tut) =v;, j=1,2,...,m (1.7)

where functions f(t) € C((0,00); H) and ¢; € H. These problems are also called
the forward problems.

Definition 1.3. A function wu(t) € C((0,00); H) with the properties 07u(t),
Au(t) € C((0,00); H) and satisfying conditions (1.7) is called the solution of the
problem (1.7).

In the present paper we prove the existence and uniqueness theorems for solu-
tions of problems (1.7).

Theorem 1.4. Let functions ¢; and f € H. Then the problem (1.7) has a unique
solution and this solution has the following form

o0 m

ut) =Y D @it T Epp i1 (—Met?) + fi tPEppia (Met?) [ e (1.8)
k=1 | j=1

where are fi, @i — the Fourier coefficients of the functions f and ¢; respectively.

Proof. Existence. In the section we will prove existence and uniqueness solution
of problem (1.7). It is not hard to verify that the series (1.8) is a formal solution
to problem (1.7) (see, for example, [2], p. 173). In order to prove that function
(1.8) is actually a solution to the problem, it remains to substantiate this formal
statement, i.e. to show that the operators A and 9 can be applied term-by-term
to series (1.8).
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Let S, (t) be the partial sum of series (1.8). First, we prove that series (1.8) are
converges. Due to the Parseval equality we may write

2
1Sk (2 H2 Z Z @ikt’ 7 Epp—ji1(=At”) + fi tP Ep pi1(—Ait”)
k=1 |j=1
Then, we have
m n
I1Sn ()] < ZZ @ikt" 7 Ep pjir (= Aet?) P+
+Z e tPEp pir (—At?)]? 253” +52.
k=1
where
Snj = Z |03it? ™ Ep,p—ji1 (= Mit?) [,
Sh = Z | fi tpEp7p+1(_)\ktp)|2~
k=1
Using inequality (1.4) estimate each sum
sty < Y bt | 5] < i Sl
P 14 AptP _)\QtQJ !
and
1 PP 1L,
52 < t2° <=
Z|fk\ Tooe| = )\%;\fﬂ
If ¢;, f € H then sum (1. 8) is converges and u(t) € C((0,00); H).
Now let’s estimate Au(¢)
AS,(t) =" Z%kt Eppjt1(—Mt?) + fut? By i1 (—Mt?) | Agvg. (1.9)
=1

Due to the Parseval equality we may write

1AS, (0)|* = ZM Z%kt Epp—jt1(=Aet?) + fu t? Ep o1 (= Art”)

Then, we have

m n

1ASZ (DI <D Aleint” ™ Eppjia (= Aut”) P+

j=1k=1

+ Z M| fi tP B pir (= At?) 2 Z AS}; + AS2.
k=1
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Using inequality (1.4) estimate each sum
n
1 _ 21 5., 4P~ . P\ |2
ASnj = E )‘k|901kt Epm—y-l-l(_)\kt )<

2

2 2,2p—2 2
k=1 k=1
and
1 2 n
AS? = ZAi\fkt E, pi1(—=Mt?)? < ZAW 2420 | S > 1l
k=1 k=1 k=1

Hence, if ¢;, f € H we obtain Au(t) € C((0,00); H).
Further, from equation (1.7) one has 97S,,(t) = —AS,(t) + > fr(t)vk, t > 0.
k=1

Therefore, from the above reasoning, we have 97u(t) € C((0, oo)TH ).
Now, let’s estimate 0 7 u(t), j = 1,2, ...,m we use (1.5) to create the following
equation

n m
A OEDY Z%kE (= Mt?) + fotV By ja (—Mt?) | vk, §=1,2,..,m
k=1
(1.10)
Due to the Parseval equality we may write
2
10777 S (B)I]” = Z Z%kE —Xet?) + [t By i1 (= Mt?)| <
k=1 |j=1

ZZ O Ep(—At") \2+Z|fkt B 1 (=Ait”)? Zha + .
G=1k=1 k=1

Using inequality (1.6) estimate each sum

n
L; < Z |ojel?
k=1
and

n
L <Y |fl? 8%,
Therefore, if ¢;, f € H, then (1.10) are converges. Thus, we have completed the
rationale that (1.8) is a solution to the problem (1.7).
Uniqueness. The uniqueness of the solution can be proved by the standard
technique based on completeness of the set of eigenfunctions {v;} in H (see, ex-

ample [5]).
Let us prove that, if u(¢) is a solution to the homogeneous problem:
Ofu(t) + Au(t) =0, t>0; (1.11)
%ir%af_ju(t) =0 j=1,2,...m, (1.12)
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then u(t) = 0.
Let u(t) be a solution to this problem and wug(t) = (u(t),vg). Then, by virtue
of equation (1.13) and the selfadjointness of operator A,

Ofuk(t) = (O u(t), vi) = —(Au(t), ve) = —(u(t), Avi) = (1.13)

—(u(t)7 )\kvk) = —)\k(u(t),vk) = —)\kuk(t), t>0.

Thus, we have the following problem
Ofur(t) + Mug(t) =0, ¢>0;  lim N u(t)=0, j=1,2,..,m.

Therefore, it follows that u(t) = 0 for all k (see, examples [2], p.173, [4], p. 16
and [28]). Consequently, due to the completeness of the system of eigenfunctions
{vi}, we have u(t) = 0, as required. O

2. Inverse problem of determining the heat source density

The inverse problems of determining the right-hand side (the heat source den-
sity) of various subdiffusion equations have been considered by a number of authors
(see, e.g. [10] - [21] and the bibliography therein). You can completely be informed
about ”Inverse problems ” in the work [7]. The recent article [22] - [23] is de-
voted to the inverse problem for the subdiffusion equation with Riemann-Liouville
derivatives.

In [25] the authors of this paper considered an inverse problem for the simul-
taneous determination of the order of the Riemann-Liouville fractional derivative
and the source function in the subdiffusion equations. Using the classical Fourier
method, the authors proved the uniqueness and existence theorem for this inverse
problem.

In [26] - [27], the authors investigated the inverse problem of determining the
order of the fractional derivative in the subdiffusion equation and in the wave
equation, respectively.

Let us consider the inverse problem

Mu(t)+ Au(t) = f, t>0;
}ir%affju(t) =, j=L12,.,k (2.1)
with the additional condition
u(r) =", 0<7<T, (2.2)

in which the unknown element f € H, characterizing the action of heat sources,
does not depend on t and ¥, € H are given elements, T' > 0 is constant.

Definition 2.1. A pair {u(t), f} of function u(t) € C((0,00); H) and f € H with
the properties 9fu(t), Au(t) € C((0,00); H) and satisfying conditions (2.1), (2.2)
is called the solution of the inverse problem (2.1), (2.2).

In this section we will prove next theorem.
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Theorem 2.2. Let ¢, ¥ € D(A). Then the inverse problem (2.1), (2.2) has a
unique solution {u(t), f} and this solution has the following form

(oo} m
= Z Z Qikt’ T Ep pji1t (= At?) + [ t’ Ep i1 (= Ait?) | v (2.3)

k=1 | j=1
where are the numbers

Uy ~ ik Eppjr1 (= A7)

_ _ o, , 2.4
Tr TP Epp1(ZAeTP) o TIE, o1 (=AkT?) 4
and
. Uy, PikEp,p- g+1 —AkT”)
xr) = V- 2.5
f(@) I;TPEP,,)H(—)\MP ];]z; T Ep pi1 (= AkTP) * (25)

Proof. Existence. We indicated above, that if f is known and since f does not
depend on ¢, then the unique solution of the problem (2.1) has the form (2.3).

By virtue of an additional condition (2.2) and completeness of the system {vy}
we obtain:

Z%W T Ep gt (M) + [ T Eppia (= AkT’) = Wi

After simple calculations, we get

Wy  PikEp i1 (= AT”) %
= — — = 9. 2.6
i TP Ep pr1 (A7) i=1 TIE, pr1(=AkT?) fer + Z fikz: (26)

=1

With these Fourier coefficients we have the above formal series (2.5) for the un-
o0 m

known function f: f= > (fk; + > fjkg)vk.
k=1 j=1

Let us reveal the convergence of series (2.5). If Fj the partial sums of series
(2.5), then by virtue of the Parseval equality we may write

1F2 =" [fk,ﬁz fjk,z] < Oka 1+CZZ Fe2=ChntCY I
j=1

k=1 j=1 Jj=1k=1
(2.7)
where C' > 0. Then for I ,, we have following estimation
- Wk |?
ho s ; TP Ep pi1 (=) [*
Using the asymptotic estimate (see, sample, [9], p. 134):
Eppii(—t) =t +0(t™?), (2.8)
we get
11n<z NVl <OZA e < Ol
1 + O — A\, TP)”
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Therefore, using |E, ,—;j+1(—Ax7”)| <1 we have
n

Iyjn < Z

k=1
By virtue of (2.8),

n

Iyjpn <

2 n

‘ijEp,p—jJrl(—/\kTp)
TIEp pi1 (= AKTP)

Z |<K7j1c|2
- 72j|Ep,p+1(_)‘kTp)|2

k=1

Azlew]?
oy THT2 (1 + O((—)\kTP)—

Thus, if ¢, ¥ € D(A), then from estimates of I3 ,, Iz, and (2.7) we obtain
feH.

After finding the unknown function f € H, the fulfillment of the conditions of
Definition 2.1 for function u(t), defined by the series (2.3) is proved in exactly the
same way as with Theorem 1.4.

Uniqueness. Suppose we have two solutions: {uj(t), f1} and {ua(t), fo}. It is
required to prove u(t) = w1 (t) —us(t) =0 and f = f1 — fo = 0. Since the problem
is linear, to determine u(t) and f we have the problem:

—5 <CY Mlen < Cllgll?
)=

Hu(t)+ Au(t) = f, t>0; (2.9)
lim N ut)=0, j=1,2,...,m, (2.10)
u(r) = 0. (2.11)

Let u(t) be a solution to this problem and wug(t) = (u(t),vg). Then, by virtue
of equation (2.9) and the selfadjointness of operator A,

afuk(t) = (8tpu(t)a Uk) = _(Au(t)a Uk) + (f7 Uk) = —(U(t),Al)k) + (f7 Uk) = (212)
—(u(t), o) + fr = —Ae(ult), o) + fx = —Apur(t) + fx, t>0.
Thus, taking into account (2.10), we have the following problem
Oun(t) + Mug(t) + fr =0, ¢>0; lim O u(t) = 0.

Then the solution to this problem has the form (see,example, [2], p.174, [3], [4], p.
17)

t
ug(t) = fx /ﬁpflEp,p(*/\wp)dﬁ = fi - t" E, pr1(=Ait?).
0

Using (2.11), we have
up(T) = fro - 77 Ep py1 (= A7?) = 0.

Hence, due to the properties of the Mittag-Leffler function E, ,1(—A7") # 0. It
follows from here fp = 0, for all ¥ > 1. In consequence, from the completeness
of the system of eigenfunctions {vy}, we finally obtain f = 0 and wu(t) = 0, as

required.
O
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