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TWIN ZEROS AND TRIPLE ZEROS OF A HYPERLATTICE
WITH RESPECT TO HYPERIDEALS

PALLAVI P.,, KUNCHAM S.P., TAPATEE S., AND HARIKRISHNAN P.K*

ABSTRACT. In this paper, we discuss the interrelations between 2-absorbing
and weakly 2-absorbing hyperideals in join hyperlattices. We define twin
zeros and triple zeros of a hyperideal and establish certain properties of triple
zeros of weakly 2-absorbing hyperideal and twin zeros of weakly primary
hyperideals in modular and distributive hyperlattices. As an application, we
attempt to compute the probabilities of twin zeros and triple zeros in a lattice
with respect to an ideal and provide examples.

1. Introduction

Algebraic hyperstructures are the classical generalizations of algebraic struc-
tures which has several applications in uncertainity theory [6], rough set theory
[7], lattice based probability theories, analysis etc. Davvaz et.al.[5] extensively
studied the chemical and biological applications of hyperstructures by exploring
several inheritance examples of algebraic hyperstructures. This paper focusses on
the occurences of twin zeros and triple zeros in Hyperlattices with respect to hy-
perideals. A lattice is a partially ordered set in which every pair of elements has
a least upper bound (supremum or join) and a greatest lower bound (infimum or
meet). Multilattice is a generalization of a lattice introduced by Benado [3]. They
extended the concept of supremum and infimum to“multi” versions, allowing for
the consideration of suprema and infima over multiple elements instead of just
pairs. This provides a more flexible framework for dealing with larger collections
of elements. A lattice can also be viewed as an algebraic structure with two bi-
nary operations: join (supremum) and meet (infimum). These operations are used
to define the least upper bound and greatest lower bound of elements in the lat-
tice, respectively. Konstantinidou [12], further generalized lattices by replacing the
binary operations of join and meet with hyperoperations. However, with these gen-
eralizations some properties are not retained. Later, Konstantinidou [11] discussed
the concept of distributivity of hyperlattices, particularly of P-hyperlattices. Ra-
souli and Davvaz [17] considered special relations on hyperlattices, called regular
relations and showed that the quotient structure with respect to regular relations
form a lattice. Rasouli and Davvaz [16] defined a topology on the spectrum of
join hyperlattices and showed that it forms a Tp-space. Ameri [2] and others have
explored the distributivity and dual distributivity of elements in a hyperlattice.
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Bideshki et. al. [4] studied prime hyperfilters in meet hyperlattices. Koguep and
Lele [10] studied interrelation between the congruence relations, homomorphisms
and hyperideals of a hyperlattice. Pallavi et al. [14] genralized prime hyperideals
to 2-absorbing ideals and 2-absorbing primary and established some interrelations
in meet hyperlattices. In [15], the authers studied hypervector spces. Section 2 of
the paper deals with preliminary definitions related to join hyperlattices. Section
3 focuses on weakly 2 absorbing hyperideals and weakly primary ideals of a join
hyperlattices. In section 4, as an application, we compute the probabilities of oc-
curence of a twin zero and a triple zero in a lattice with respect to an ideal with
suitable examples.

2. Preliminaries

Definition 2.1. [12] Let H be a non-empty set, and P*(H) = {A C H : A # (},
V : Hx H — P*(H) be a hyperoperation, and A : H x H — H be a binary
operation. Then (H, \/, A) is a join hyperlattice if the following conditions hold:
(1) liely \/ll and Iy =1y Al
(2) ll \/ (lg \/13) = (ll \/l2) \/lg and ll A (ZQ A\ lg) = (ll A ZQ) A lg;
(3) ll\/lg = lg\/ll and ll /\lg = l2 /\ll;
(4) lo €la A (ll VZQ) Ny \/(ll A\ ZQ),
for all l1,1o,13 € H.

We define the relation ‘<’ on H as follows:
Iy <lyif and only if 11 Aly =1;.

Then (H, <) is a Poset.

Throughout, (H,\/, A) denotes a join hyperlattice.

Definition 2.2. [19] A non-empty subset J of H is called a hyperideal if
(1) li,lo € J 1mphes 1 \/lg - J,
(2) 13 € J,ls € H such that I <1y, then I3 € J, holds.

Definition 2.3. [19] A proper hyperideal J of H is said to be prime if l;,lo € H
and [1 Alp € J implies lieJorly e J
Definition 2.4. [19] H is said to be
(1) distributive if ll AN (12 Vlg) = (ll A ZQ) \/(ll AN lg),
(2) s-distributive if Iy \/(Ia Al3) = (L V1) A (11 V13),
for all 11,15, 15 € H, holds.

Theorem 2.5. [11] Let (L, A, V) be a lattice and P a non-empty subset of L. We
, P
define a hyperoperation \/* on L by

P
ll\/lg:ll\/lg\/P:{ll\/lg\/p\pEP}.

Then (L, \/P,/\) s a join hyperlattice if and only if for each lo € L there exists
p € P such that p < ls.
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Example 2.6. Let H = D3g = {1,2,3,5,6,10, 15}, the set of all positive divisors
of 30. The hyperoperation \/ and the binary operation A on H are defined in Table
1. Then (H,\/, A) is a join hyperlattice.

V] 1 2 3 5 6 10 15 1
{1y {2 {3} {5} {6} {10} {15} {30}
2| {2 {1,2} {6} {10} {3,6} {5,10} {30} {15, 30}
3] {3} {6} {1,3y {15} {2,6} {30} {5,15} {10, 30}
51 {5} {10} {15} {1,5} {30} {2,10} {3,15} {6,30}
6| {6} {36} {2,6} {30} {1,2,3,6} {15, 30} {10,30}  {5,10,15,30}
10 {10} {510} {2,10} {30} (15,30} {1,2,5,10}  {6,30}  {3,6,15,30}
15 {15} {30} {515} {3,15}  {10,30} {6, 30} {1,3,5,15}  {2,6,10,30}
30| {30} {15,30} {10,30} {6,30} {5,10,15,30} {3,6,15,30} {2,6,10,30} H

Al 235 6 10 15 30

1111111 1 1

2112112 2 1 2

311313 1 3 3

5011151 5 5 5

611 2316 2 3 6

10/(1 215 2 10 5 10

511353 5 15 15

3011 2 3 5 6 10 15 30

TABLE 1

Definition 2.7. [9] H is called modular if, for any 1, 12,13 € H, I; Al3 = I; implies

(ll \/lg) Nls =1 \/(lg A\ l3)

Inheritence examples for \/-Hyperlattices: We construct the following \/-
hyperlattices from the inheritance examples of hypergroups given in [1]. Let ”Par-
ents” be denoted by p, "filial generation” be denoted by f and mating by x.

Consider the monohybrid crossing of two varieties of pea plants, with two type
of seed varieties viz round (RR genotype) and wrinkled (rr genotype). Then the
offsprings obtained from this crossing will be represented as follows:

P Round
(RR)
S1:
f1 x f1: Round
(Rr)
fa:

1
(RR), (Rr), (Rr), (rr)

X

1

Round

(Rr)

Wrinkled
(r7)

Round
(Rr)

We construct the following hyperoperations given in the Table 2 on the set L =
{R,W} where R denotes the round genotype, and W denotes the wrinkled geno-
type. Then (L,\/,A) is a hyperlattice.



PALLAVI P., KUNCHAM S.P., TAPATEE S., AND HARIKRISHNAN P.K.

V| R W AR W
R|{RW}Y {R} R|R W
Wl {RY (W} W W W

TABLE 2

3. Triple zeros and twin zeros of hyperideals

Definition 3.1. J € Id(H) is called weakly prime if whenever 0 # I3 Alg, [y Aly € J
implies Iy € J or Iy € J.

Proposition 3.2. FEvery prime hyperideal of H is weakly prime.

Definition 3.3. [8] Let J € Id(H). J is called 2-absorbing if whenever Iy, 13,13 € H
with [y /\lQ/\lg S J, then either [y Aly € J or lg/\lg € J or ll/\lg e J

Definition 3.4. J € Id(H) is called weakly 2-absorbing if whenever 0 # I1AlaAlg €
J, then [y Al € Jorla ANlg € Jor Iy ANlg € J. We say that J is strictly weakly
2-absorbing if it is weakly 2-absorbing but not 2-absorbing.

Remark 3.5. Every 2-absorbing hyperideal of H is weakly 2-absorbing, and the
converse need not be true.

Example 3.6. In Example 2.6, J = {1} is a strictly weakly 2-absorbing hyper-
ideal. In fact, 12A10A15=1but 12A10¢ I, 15A10 ¢ I and 12A 15 ¢ I.

Definition 3.7. [8] For J € Id(H), we define the radical of J as the intersection
of all prime hyperideals containing J and we denote it by rady(J). If J is not
contained in any prime hyperideal, then we take rady (J) = H.

Definition 3.8. [8] J € Id(H) is called a primary hyperideal if whenever l1,15 € H
and I; Als € J, then Iy € J or Iy € rady (J).

Definition 3.9. J € Id(H) is said to be weakly primary if whenever l1,ls € H, 0 #
l1 Nly € Jimply I € J or Iy € rady(J). We call J as strictly weakly primary if it
is weakly primary but not primary.

Example 3.10. In Example 2.6, the hyperideal I = {1} is a strictly weakly
primary hyperideal.

Example 3.11. Let H = {0,1y,12,13,14,15,16,1}. The hyperoperation \/ and the
binary operation A are represented by Figure 1.

Then (H, \/, A) is a join hyperlattice. Here, J = {0,11} is a strictly weakly primary
hyperideal with rady(J) = {0,l1,l2,14}. In fact, I Als € J, but Iy ¢ J and
I3 ¢ rady(J).

Remark 3.12. Every primary hyperideal of H is weakly primary, and every weakly
prime hyperideal of H is weakly primary.

Proposition 3.13. [19] For every ly,ly € H, there exists w € I3 \/la such that
ll S u.
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FIGURE 1

Definition 3.14. Let J,J' € Id(H) and x € H. We define,
[JICL’]:{lleHlll/\l'GJ}
[le]:{ZQEHILC/\lQ:O}

and

[(J:J]={lLeH: 1 Nlx e VI e J}.
Proposition 3.15. Let J € Id(H). Then J C H is a weakly primary if and only
if for any x € H\ rady (J),[J : 2] = JU[0: z].

Proof. Suppose that J € Id(H) is weakly primary. Assume that 0 # v A z. Since
J is weakly primary, we have v € J. Therefore, [J : 2] C J U [0 : z]. On the other
hand, by Proposition 3.13, J C [J : z]. Let w € [0 : x]. Then w Az = 0, and so
w Az € J. Therefore, [0: z] C [J: x]. Hence, JU[0: z] C [J: x].

Conversely, let 0 # 2 Av and (z Av) € J with z ¢ rady (J). Then
ve[J:a]=JU[0: z]. Since 0 # v Ax, v ¢ [0 : z]. Therefore, v € J, and hence,
J is weakly primary. O

Definition 3.16. [2] An element [ € H is called distributive, if

LA (11\/12) = (l/\ll)\/(l/\l2)7

for all I1,ly € H holds.

Proposition 3.17. Let Ji,Jo,J3 € Id(H). If J; C Jy U J3 then J; C Jo or
Ji C Js.

Proposition 3.18. Let § # J € Id(H) and | € H\ rady(J) be a distributive
element. If J is weakly primary then [I :1] =1 or [I:1]=1[0:1].

Proof. Suppose that J is a weakly primary hyperideal of H, by Proposition 3.15,
[I:1]=1U][0:1], and by Proposition 3.17, weget [I : {]=Tor [I:{]=[0:1]. O

Definition 3.19. J € Id(H) is called weakly 2-absorbing primary if whenever
0#1 Nla ANl € J implies [ Aly € J or la Alg € rady(J) or Iy Als € rady(J).
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FIGURE 2

Proposition 3.20. If H is distributive and 0 # J € Id(H), and [J : I] = J or
[J:])=10:1] for alll € H\ rad\(J), then J is weakly primary.

Proof. Suppose that 0 # I Al with [ ¢ rady(J). Then l; € [J :1]. Since LAl # 0,
we get [J :l] = J, and so [; € J. Hence, J is weakly primary. O

Definition 3.21. Let I € Id(H). If there exist l1,l2,l3 € H with [y Al Al3 =0
such that Iy Alo ¢ T and Io Als ¢ T and [; Als ¢ I, then we call (I1,12,13) as a
triple zero of I.

Example 3.22. In Example 2.6, (12,10,15) is a triple zero of the hyperideal
I={1}.

Example 3.23. Let H = {0,14,12,13,14,15,16,17,1}. The hyperoperation \/ and
the binary operation A are represented by Figure 2.

Then (H,\/,A) is a join hyperlattice. Here, J = {0,1;} is a strictly weakly 2-
absorbing hyperideal. In fact, Is Alg Aly € J, but 0 =15 Alg ¢ J, lg Al7 ¢ J and
Is Nz ¢ J, and so (Is,lg,l7) is a triple zero of J.

Remark 3.24. If I € Id(H) is strictly weakly 2-absorbing, then I has a triple zero.

Remark 3.25. A hyperlattice H is modular if and only if iy A (o \/(lh Al3)) =
(ll AN lg) \/(ll A\ 13)

Let I, I, I3 € Id(H) and l,l2,l3 € H. Then we use the following notations:

) .[12 = {21 Nig :t1,19 € Il,il 7522}
) 113 = {’il Nig Nig :i1,102,13 € 11,11 # 1o #23}
)ll/\lg/\llz{ll/\lg/\iliEIl}.
)ll/\IfZ{ll/\iliEIf}.

) If[g[gi{il/\ig/\igiilEI%,iQEIQ,igEIg}.
) .[12[22:{21/\22216112,226122}
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Theorem 3.26. Let H be a modular join hyperlattice with 1\ 0 = {I} VI € H,
and I be a strictly weakly 2-absorbing hyperideal with a triple zero (I1,12,13) in I.
Then ll /\lQ/\I:lg/\lg/\I:ll /\lg/\I: {0}

Proof. Suppose that Iy Aly Al; # 0 for some I; € I. Then I3 Als Al; € 1. Now
{ll Algy /\li} = 0/\([1 Aly A ll) = (11 Al /\lg)\/(ll ANly A lz) C I. Since H is
modular, (ll AN 12 A l3) \/(l1 A\ l2 A\ lz) = (ll A lg) AN (l3 \/(l1 A\ lg A\ lz)) Q I. Now by
Lemma 3.13, there exists « € I3 \/({1 Al Al;) such that I3 < z. In particular,
0# UL ANl =1 ANl) ANz € 1. As I is a weakly 2-absorbing hyperideal, and
Lhnla g I, wegetli Nz e€lorloNa el Sincels <z, wegetli ANls<hhAzxel
or lo ANlg <ls Ax € I, a contradiction. Thus, I; Alo AT = {0}. O

Proposition 3.27. Let H be a distributive join hyperlattice with 1\/ 0 = {i} VI €
H, I be a strictly weakly 2-absorbing hyperideal, and (l1,l2,13) be a triple zero of
I. Then iy NI? =13 NI% =13 A T% = {0}.

Proof. Suppose that I; Al; Al, # 0 for some Iy # 1, € I. Now {0} #£ 13 AL A, =
(b Nl ANlg) VI AL AL As H s distributive, it follows that

(Ao As) \/ (I Al AT\ [ AL A L)\ A L AT
=[(l Al) A s\ DT\ [ A L) A (s \ 1)
={unly Alpiuels \[ I3 \[{onlnlivels\/ 1}
D{e Al A\ unly ALz els\/ 1]}
={z Al AL)\ (L AL)]:zels\/1]}
={z Al A\ )]z els\/ 1}
=(ls \/ 1) Al A 12\ 1)

Now, by Theorem 3.26, I1 Ala Al =13 ANl; Nlg =0, we get

[ A2 ALY \/ (e AT AT\ T AL A L)\ AL AT = {1 AL AT
Therefore,
zg\/z (I A ( zz\/z ={lL, ANl; NI}

Further, by Lemma 3.13, there exists « € Il3\/l; and there exists y € Iy \/I;
such that I3 < z and Iy < y. Now 2 A (4 Ay) = 1 Al Al # 0 and as T is
weakly 2-absorbing, we get either x Aly € T orx Ay € I or [; Ay € I. Since
ll/\lg Sll/\y,ZQ/\lg S.’E/\y and ll/\lg Sll /\x, we get ll/\lg el or ll/\lg el
or Iy Al3 € I, a contradiction. Thus, Iy Al; Al =0. O

Proposition 3.28. Let H be a distributive join hyperlattice with [\/ 0 = {l} VI €
H, I be a strictly weakly 2-absorbing hyperideal, and (l1,1a,13) a triple zero of I.
Then I? = {0}.
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Proof. On a contrary, suppose that {; A l; Al # 0 for some [;, 15,1 € 1. As H is
distributive, we have

(L \/ A2\ 1) A (s \ 1)
C (Al As) \[ (o Al ML)\ (T2 Als ALY\ (1 Ala Al
V@ Al A\ (AL NN (s AL A L) N AL A L.

By Theorem 3.26, we have [y Alg Al; = o Als Al = i ANla ANl = 0, and
by Proposition 3.27, we get lo Al; Al = L ANlj ANl =13 ANl; Al; = 0. This
gives (V1) A (LVij)AUsVik) C{l; Alj ANlg}. Then (by lemma 3.13) there
exist x € WV i,y € bV, z € I3V such that {; < 2,0y < y,l3 < 2z with
0#UNlj ANl =2 ANy A=z Since I is weakly 2-absorbing, we have x Ay € I
oryNz e loraxANz e l,andsoly ANlo € TorilagANlg €l orliANlg €1, a
contradiction. O

Proposition 3.29. Let I, I, I3 be strictly weakly 2-absorbing ideals of a
s-distributive hyperlattice H with [\/ 0 = {l} VI € H. Then

(1) BLI3 = LI31; = [ I3 = {0},
(2) 1713 = {0}.

Proof. (1) We prove that 121513 = {0} and the other cases are similar. On a
contrary, suppose that I3 Alj AlaAl3 # 0 for some 1,1} € 11,15 € Iy, 15 € I.
Then I3 Alj # 0. As I is strictly weakly 2-absorbing, by Remark 3.24, I
has a triple zero say (1;,1;, k). Now (I3 Al Alg) /(I A1) = {l1 Al}}. Since
H is s-distributive,

(LAl = AL ALY\ (AT
= [\ ADIA L\ AT R\ (1 AT

Then by Lemma 3.13, there exist x € §; \/(l1 Al}),y € V(1L A1),z €

I V(lu A1Y) such that [; < z,l; <yand [ < z. Now 0 #zxAyAz =

Iy Alj € I and I is weakly 2-absorbing, either z Ay € I; or z Az € I or

yAz €. Andso l; Al € Iy or [; Al € I or [j Al € I, a contradiction.
(2) Suppose that I3 Alj Ala Al # 0 for some [3,l] € I,l3,l5 € I. Then

Iy NI} #£ 0. As I is strictly weakly 2-absorbing, it has a triple zero say

(i, 1, k). Now (It Al Alk) V(I A1) = {li Alj}. Since H is strongly

distributive,

(LA} = AL ALY\ (AT
= [l \/ W AIDTA T\ U ATDTA [\ (1 AT

Now by similar argument as in the first part we obtain I; Al; € I or
l; Nl € I or l; ANl € I, a contradiction. Therefore, Iy Alj Ala Alg =0.
O

Definition 3.30. Let J € Id(H) and 1,1y € H. We call (I1,12) as twin zero of J
ifly Nlo=0but l; ¢ J and ls ¢ rady(J).
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Remark 3.31. A strictly weakly primary hyperideal has a twin-zero.
Example 3.32. In Example 2.6, (2,5) is a twin zero of the hyperideal I = {1}.

Theorem 3.33. Let J be a strictly weakly primary hyperideal of a modular hy-
perlattice H with 1\/ 0 = {I} for all 1 € H, and (l1,12) a twin zero of J. Then
i A J = {0}

Proof. Suppose that Iy A J # {0}. Then I; A j # 0 for some j € J. Now [} Aj =
(b ANl2) V(lh A j) € J. Since H is modular, {I; Aj} =11 A (L2 V(1 Aj)) C J By
Lemma 3.13, there exists u € I3 \/(I1 A j) with ls < u. Now 1 Aj =1 Au € J.
Since 0 # Iy Au € J, Iy ¢ J, we get u € rady(J), and hence, Iy € rady(J), a
contradiction. Thus, I; A J = {0}. O

4. Computing probabilities of twin zeros and triple zeros

In this section, we compute the probabilities of occuring a twin zero and a triple
zero in a lattice with respect to an ideal. Let |L| denotes the number of elements
in the lattice L.

Definition 4.1. [21] Let J be an ideal of a lattice L (with zero) and 1,1l € L.
We call (I1,12) as twin zero of J if Iy Aly =0 but Iy ¢ J and Iy ¢ rad(J).

Definition 4.2. [13] Let J be an ideal of a lattice L (with zero) and Iy, 12,15 € L.
Then (ly,l2,13) is s triple zero of J if [y Ala Al3 = 0but I3 Al =0 ¢ J and
lg/\ngO¢Jandll/\13:0§éJ.
Definition 4.3. Let L be a lattice and J be an ideal of L. Then

(1) probability of getting a twin zero in L with respect to J is defined as

P (twin zero) — {1, l2) s la Ao |—L0;11L|¢ J 1y ¢ rad(J)}|

(2) probability of getting a triple zero in L with respect to an ideal J is defined
as

‘{(ll,lg,lg)Zl1/\l2/\l3=0,l1/\lg ¢J,l2/\13 ¢J,ll /\l3¢¢]}‘
|L x L x Lj

Py (triple zero) =

Remark 4.4. If J is a primary ideal of a latttice, then P;(twin tero) = 0.

The following remark can be observed from the definition. However, we illus-
trate it in Example 4.6.

7€ x (rad(J))‘

Remark 4.5. Pj(twin zero) < <Ll

, and so Pj(twin zero) < 1.
Example 4.6. Consider the lattice given in Figure 3. Here (I1,13), (I1,15), (I4,13)
and (l4,lg) are twin zeros of L with respect to the ideal J = {0,l2}, where rad(J) =
6 x4 J¢ d(J))*
{0,11,12,14}. Hence, Pj(twin zero) = 64j 61 = | XI(/T: I(/| ) ‘ For I =
{0,011}, (rad(I) = {0,11,12,14}), twin zeros with respect to J are (l4,15), (l4,1s),

(l4,13), and so Pr(twin zero) = 634 As I v J = {0,11,l3,14}, a prime ideal,
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Pryy(twin zero) = 0. We have rad(I N J) = {0,l1,1l2,14}, and twin zeros of
InJ are (Ig,lg), (I, 1), (I3,14), (I3,11). Prns(twin zero) = 61 Thus we have

Py j(twin zero) < Pr(twin zero) + Pj(twin zero) — Prnj(twin zero).

4 l

>N

l

6

l
l

3

FIGURE 3

Example 4.7. Consider the lattice given in Figure 4. Here {(z1,z2,23) : ©; €
T, x; # x; for i # j,} (where T' = {l4,15,ls}) are the triple zeros of L with respect

to the ideal J = {0}. Therefore P;(triple zero) = &.

6

Iy ><ls ><l
Iy lo l

3

FIGURE 4

The following remark can be observed from the above examples.

Remark 4.8. Let L be a lattice and I, J are ideals of L such that I C J. Then
(1) Py(twin zero) < Pr(twin zero)

1
(2) Pryg(twin zero) < 3 (Py(twin zero) + Py (twin zero))
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Remark 4.9. If I is an ideal in a lattice L and the corresponding P—hyperlattice,
then twin zeros in L and the P—hyperlattice with respect to I will coincide. More-
over, the probability of getting a twin zero with respect to I on both structures
will be equal.

Open question

Let L be a lattice.

(1) Can we attain a bound for the probability of twin zeros and triple zeros
in a distributive lattice or a modular lattice with respect to an ideal?
(2) In general, for any two ideals I and J of L, does it hold that

Pry j(twin zero) < Pr(twin zero) + Pj(twin zero) — Py j(twin zero)?

Conclusion

In this paper, we have considered the generalization of lattices as join hyper-
lattices, in which the interrelations between 2-absorbing and weakly 2-absorbing
hyperideals are established. Later, the concepts like twin zeros and triple zeros of
a hyperideal are defined with suitable illustrations. The properties of triple zeros
of weakly 2-absorbing hyperideal and twin zeros of weakly primary hyperideals in
modular and distributive hyperlattices are proved. We have computed the proba-
bilities for the occurence of twin zeros and triple zeros in a lattice with respect to
an ideal. As a future scope one can extend the notions of essential elements and
superflous elements discussed in [18, 20] to hyperlattices.
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