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NEW SUBCLASS F ANALYTIC FUNCTIONS ASSOCIATED
WITH RAPID OPERATOR

KC DESHMUKH!, RAJKUMAR N.INGLEZ2, AND P.THIRUPATHI REDDY?3

ABSTRACT. The object of the present paper is to investigate a new subclass of
analytic functions which are defined by means of a Rapid operator. Some re-
sults connected to coefficient estimates, growth and distortion theorems, radii
of starlikeness, convexity close-to-convexity and integral means inequalities
related to the subclass is obtained.
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1. Introduction

Let A denote the class of functions u of the form
u(z) :z—|—2anz” (1.1)
n=2

which are analytic in the open unit disc E ={z € C: |z| < 1}
A function u in the class A is said to be in the class ST(«) of starlike functions
of order « in E, if it satisfy the inequality

2u'(z)
§R{ a2) }>a, (0<a<l),zek (1.2)

Note that ST'(0) = ST is the class of Starlike functions.
Denote by T the subclass of A consisting of functions u of the form

u(z) =z — Zanz”, (an > 0) (1.3)
n=2

This subclass was introduced and extensively studied by Silvermann|[4].

Let u be a function in the class A. Recently, Atshan and Buti [1 | introduced a
Rapid operator of f € R for 0 < A <1 and 0 < v < 1. It is denoted by GXu(z)
and defines follows.

1 oo t
Giu(z) = Ao~ () (2t)dt 1.4
xu(2) 0N T+ 1) g (2t) (1.4)

Thus u(z) has of the form(1.1),then it follows from (1.4)
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Yu(z) =z + Z Xn(A, v)anz" (1.5)

where

1Ln+v)

X”]()‘7V) = (1 - A)V_ F(V+ 1)

Now we define the following new subclass motivated by Murugusunderamoorthy
and Magesh [3]

Definition 1.1. The function u(z) of the form (1.1) is in the class S¥(y, 7, 0), if
it satisfies the inequality

AGquz) AGRuz)
! { (= 1)z + nGYu(z) ”} ~e ‘ =Wz + pGlu(z)

for0<A<1,0<y<1andp>0.
Further we define T'S¥ (11,7, 0) = SX(p,v,0) N'T

The aim of present paper is to study the coefficient bounds, radii of close-to-convex
and starlikeness convex linear combinations and integral means inequalities of the

TS5 (s, 0)

2. Coefficient bounds
Theorem 2.1. A function u(z) of the form (1.1) is in S¥(u,~, 0), then

Z L6 = p(y + )N, v)lag| <1 -7 (2.1)

where 0 < <1,0<v<1,0>0 and x,(\,v) is given by (1.5).

Proof. Tt suffices to show that

2(GXu() ] 2(GRu(2)
(1= p)z + pGlu(z) 4 %{Q—MV+MGW@) %

<l-vy
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‘We have

AGRuz) | ACKu(z)
‘<1u>z+uqu<z> 1’ %{umeGxu(z) 1}
2(Gu(z))
(1= p)z + pGlu(z)

o0

(1+0) 32 (= mxn(A v)lag|l2["*

n=2

o0
L= 30 (A w)lag 2]
=

<(1+o)

_1’

<

o0

(1+0) > (1= mwxn(\v)|ay]

n=2

< =
L= 3" uxy(A v)|ay]
n=2

The last expression is bounded above by (1 — ), if

o0

D11+ o) — uly + @)lxn (A v)lay <1 -7

n=2

and the proof is complete. O

Theorem 2.2. Let 0 < <1,0< vy <1,and o > 0 then a function u of the form
(1.3) to be in the class T'SY (1,7, 0) if and only if

o0

1+ o) — (v + @)\ )lag <17 (2.2)

n=2
where x, (A, v) is given by (1.5).

Proof. In view of Theorem (2.1) we need only to prove the necssity. If u €
TS% (1,7, 0) and z is real, then

1— Z T]X”]()‘7 V)a"flzn_l Z (77 - M)Xn(/\a V)a'qzn_l
n=2 n=2
R 00 -7 > %)
1= 3 pxn(A\ v)ayzn! 1= 37 pxn(A\ v)ayzn!
n=2 n=2

Letting z — 1 along the real axis, we obtain the desired inequality

o0

S+ 0)n — (v + 0)lxg(A\v)lay] <1 -y

where 0 < <1,0<+vy <1, p>0and x,(},v) is given by (1.5). O
Corollary 2.3. If u(z) € TS{(u,, 0), then

1—x
(1+0)n —pu(y+ 0)lxn(\,v)

|a’71| S [
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where 0 < <1,0< vy <1, 0>0 and x,(\,v) is given by (1.5). Equality holds
for the function

=z — -7 2"
ulz) = (14 0)n — p(y + 0)]xy(A,v) 24

Theorem 2.4. Let uy(2) = z and

z— 1-7 2"
[(1+0)n — uly + o)xn(Av) "
Then u(z) € TSX (1,7, 0), if and only if, it can be expressed in the form

uy(z) = >2 (2.5)

u(z) =3 wyun(2), wy >0, > wy =1 (2.6)
n=1 n=1

Proof. Suppose u(z) can be written as in (2.6), then

L o0 y 1—7v P
u(z) = 7;2 "1+ 0)n — uly + 0)xy (A, v)

Thus u(z) € T'SX (1,7, 0)-
Conversely, let u(z) € T'S¥(u, 7, 0), then by using (2.3), we get

(14 0)n — p(y + 0)]xy (A, v)

wy = ap, 122
! (1-7) !
and w; =1 — > w,. Then we have u(z) = ) wyu,(z) and hence this completes
n=2 n=1
the proof of Theorem. O

Theorem 2.5. The class T'S¥ (.7, 0) is a convez set.

Proof. Let the function
uj(z) =2z — Zaw-z"7 an; >0, j=1,2 (2.7)
n=2

be in the class T'S¥ (1,7, 0). It is sufficient to show that the function h(z) defined
by

h(z) = ur(2) + (1 = §ua(z), 0<E <L,
in the class T'S¥(p, v, 0). Since

(oo}

h(z) = 2= [€aya+ (1 - ayalz",

n=2
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An easy computation with the aid of Theorem (2.2) gives

oo

S+ o) — p(y + 2))éxn(\ v)an1+

n=2
o0

D+ 0)n — (v + )1 = E)xn(A v)an2

n=2
<Ll =7)+(1=§(1—-7)
<(I-9)

which implies that h € T'S{(u, 7, 0)
Hence TS (1,7, 0) is convex.

3. Radii of Close-to-Convexity, Starlikeness and Convexity

In this section, we obtain the radii of close-to-convexity, starlikeness and con-
vexity for the class T'S¥(u,, 0).

Theorem 3.1. Let the function u(z) defined by (1.3) belong to the class T'SX (u, v, o).}
then u(z) is close-to-convex of order §(0 < § < 1) in the disc |z| < ri, where

o) 1/n—-1
(1=0) X2 [(1+2)n — ply + )lxn (N, v)
r =inf =2 ,n>2 (3.1)
n>2 n(l—7)

The result is sharp, with the external function u(z) is given by (2.5)

Proof. Given u € T and u is close-to-convex of order §, we have
If'(z)—1l<1-0 (3.2)

For the left hand side of (3.2), we have

0o
W/ (z) =11 <) maylz|""!
n=2

The last expression is less than 1 — ¢

oo

n -
Zl_5an|z|n t<1

n=2
Using the fact, that u(z) € TS¥(u,, o) if and only if

oo 1 _
T [(1+0)n /f(7+ Q)]Xn(/\,V)%7 <1
n=2 -

We can see that (3.2) is true, if

Nt < (1 +0)n — p(y + 0)lxn(A\,v)
1-6 1—7v
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or, equivalently

< {0 =0l+ o= pr + (M)
| |S{ n(1 =) }

which completes the proof. ([l

Theorem 3.2. Let the function u(z) defined by (1.3) belong to the class T'SX (., 0).}}
Then u(z) is starlike of order 6(0 < & < 1) in the disc |z| < 2, where

0 1/n-1

(1=20) X[+ 0)n— ply + 0)lxy(A,v)

n=2

To9 = Z’flf
n>2 (n=0)(1—7)
The result is sharp, with external function u(z) is given by (2.5)
Proof. Given u € T and u is starlike of order §, we have

zu'(z)
u(z)
For the left hand side of (3.4), we have

—1‘<1—5 (3.4)

The last expression is less than 1 — ¢ if

o0

n—29 _
21_5‘1"|Z|n t<1

n=2

Using the fact that u(z) € T'S{(u, v, o) if and only if

oo

(14 0)n — p(y + 0)]xy (A, v)
Z -~ a, <1

n=2

We can say (3.4) is true, if

— 1= o _ [(L+0)n— p(y+ 0)lxa(\v)
25" = =

or equivalently

(1 =01+ 0)n — p(y+ 0)xn(A, V)
(n—=0)(1—7)

which yields the starlikeness of the family. O

2|7t <
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4. Integral Means Inequalities

In [4], Silverman found that the function us(z) = z — % is often extremal over
the family T. He applied this function to resolve his integral means inequality

conjunctured [5] and setteled in [6], that

2 27
Jutenras < [lueeoyras
0 0

forallu € T, 7> 0and 0 < r < 1. In [6], he also proved his conjuncture for the
subclasses T*(«) and C(«) of T.

Now, we prove Silverman’s conjecture for the class of functions T'S(u,~, o)
We need the concept of subordination between analytic functions and a subordi-
nation theorem of Littlewood [2].

Two functions u and v, which are analytic in E, the function u is said to be
subordinate to v in E, if there exists a function w analytic in E with w(0) = 0,
lw(z) <1, (# € E) such that u(z) = v(w(z)), (¢ € E). We denote this subordina-
tion by u(z) < v(z). (< denote subordination)

Lemma 4.1. If the function u and v are analytic in E with u(z) < v(z), then for
T>0andz=re®, 0<r<1

2T 2
/ lo(re’®)["dp < / fu(re® )| dp
0 0

Now, we discuss the integral means inequalities for functions w in TS (u,, 0)

Theorem 4.2. u € TSY(1,7,0), 0 < pu<1,0<~v <1 0>0 and uz(z) be
defined by
IL—v

us(z) =z — mz (4.1)
Proof. For u(z) =z — §2 anz", (4.1) is equivalent to
27 N ) .
b/l—nz;az"l dap</’ . %) dy

By Lemma (4.1), it is enough to prove that

1-— an?" V<1 — —— 2,
Z K QDQ()H’Y? Q)

Assuming

1—) a2t <1 - ——"—w(z),
1;2 K @2()‘77a Q)
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and using (2.2), we obtain

o 2N 70 o~ 2(\ 7, 0)
lw(z)| = Zﬁanz" ' < MZﬁan < |7

n=2 n=2
where
(A7, 0) = [(1+0)n — p(y + 0)xn(A,v)
This completes the proof (I

5. Conclusion

This research has introduced a new linear operator related to Ananlytic function
and studied some basic properties of geometric function theory . Accordingly,
some results related to closure theorems have also been considered, inviting future
research for this field of study.
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