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Abstract. This paper presents all the Stochastic Dominance (SD) rules (in-
cluding Markowitz and Prospect SD Rule), situations relating to these rules
such as arbitrage, and several classes of preferences consistent to the SD ap-
proach. It also contains various algorithms for testing SD relations and neces-
sary and su¢ cient conditions that may improve the e¢ ciency of each SD Rule.
Finally, it is examined the existence of the well-known equity premium puz-
zle in several economic environments, under di¤erent economic conditions and
varying time horizons. The analysis is developed in a Stochastic Dominance
framework using original evidence from three markets: US, UK and Germany
market. The results show that stocks stochastically dominate bonds at second
order (and at any higher order) for any time horizon, under di¤erent economic
situations for all international markets (US, UK, Germany). This implies that
stocks outperform bonds in a great percentage and the equity premium puzzle
is real and robust.

1. Introduction

In 1970, Rothschild and Stiglitz introduced the notion of Stochastic Dominance
(SD) as an e¢ cient way for pairwise comparison of random variables; for these
comparisons Rothschild and Stiglitz used stochastic orderings i.e. binary relations
de�ned on classes of probability distributions. A �rst characteristic of Stochastic
Dominance (SD) that makes it very popular in decision making analysis, is that it
is a nonparametric decision making approach. SD rules do not require any spec-
i�cation on investors�preferences or on assets�probability distribution functional
forms but rely only on common preferences and rational beliefs. Each of the SD
rules represents a speci�c type of investors (i.e. rational, risk averse etc.) who has
her preferences. Thus, even if the Stochastic Dominance (SD) is a nonparametric
decision making approach, there are classes of preferences that are consistent with
the SD rules; under these types of preferences the Stochastic Dominance relations
remain una¤ected. Another desirable feature of the SD rules is that they can be
de�ned either in terms of net wealth or in terms of change of wealth. This makes
the Stochastic Dominance approach consistent with the classical Expected Util-
ity framework (where the preferences are function of �nal net wealth) and with
the Prospect Theory framework (where the preferences are function of change of
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wealth). Finally, the Stochastic Dominance (SD) rules can be applied without prob-
lem either on mixed bets or on bets with only positive or only negative returns (as
several classical decision making approaches). This is a quite important property of
the Stochastic Dominance approach since prospects with either positive or negative
returns concern a more realistic framework in �nance while bets with only positive
or only negative returns are extremely rare.
A �rst goal of this paper is to present all the basic Stochastic Dominance (SD)

rules and their relation with well-known situations such as the arbitrage. The clas-
sical Stochastic Dominance (SD) rules are completed by adding the new Prospect
SD rules introduced by Levy and Wiener (1998) and Levy and Levy (2002) which
concern the relation between the Stochastic Dominance and the Prospect Theory.
They are also presented the classes of preferences that are consistent with the SD
framework and it is analyzed how each of these preferences are related with each
of the SD rules. Another axis of this study is the e¤ectiveness of the Stochastic
Dominance (SD) rules and how this could be improved. For this purpose, necessary
and su¢ cient conditions are added in the analysis in order to improve the e¢ ciency
of each rule. In the �nal part of this paper, it is examined the well-known equity
premium puzzle. There are several studies which support that this puzzle is not
real; in the present paper it is proved that this puzzle does really exist and it is
not a random phenomenon; the examination if this puzzle is real or not, is done
in a Stochastic Dominance framework using empirical distribution functions (real
observed data).

2. Stochastic Dominance Rules

2.1. First Order Stochastic Dominance (SD1) Rule. The �rst order stochas-
tic dominance (SD1) criterion is appropriate for rational investors, who prefer more
to less, independently of their risk attitude. The most appropriate utility function
for rational agents is a nondecreasing function (without any additional requirement
for concavity or convexity). Graphically, this rule means that the cumulative distri-
bution function F is located totally below the cumulative distribution function G.
These two cumulative distribution functions must not cross but they may tangent.

De�nition 1. A cumulative distribution function F dominates a G by �rst order
stochastic dominance i.e. F(SD1)G if and only if

F (X) 6 G(X) 8X possible outcome (2.1)

with at least one strict inequality

Remark 1. The �rst order stochastic dominance (SD1) criterion is appropriate
for all rational investors, who prefer more money to less, regardless if they are risk
averters or risk lovers i.e. independently of their risk attitude. The utility function
of rational agents must be nondecreasing without any additional requirement for
concavity or convexity.

Remark 2. Graphically, this rule means that the cumulative distribution function F
is totally located below the cumulative distribution function G. These two cumulative
distribution functions must not cross but they may tangent.
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Remark 3. If returns are normally distributed and �F = �G then the Mean Vari-
ance rule coincides with the �rst order stochastic dominance rule i.e. SD1,MV .

2.1.1. First order Stochastic Dominance (SD1) and Arbitrage. Arbitrage
is a situation where an investor can achieve sure pro�t without any risk taking.
Jarrow (1986) and Levy (1992) studying the relation between the arbitrage and
the First order Stochastic Dominance, conclude that arbitrage implies First order
Stochastic Dominance (SD1) but not necessarily the inverse. The only case where
one could say that arbitrage implies First order Stochastic Dominance (SD1) and
vice versa is when the cumulative distribution functions of the risky assets are
perfectly correlated or the one risky asset is a monotone function of the other even
with imperfect correlation. A characteristic example where arbitrage implies First
order Stochastic Dominance and vice versa has to do with the derivatives and their
underlying assets.

Proposition 1. In the case of two uncertain risky assets with cumulative distribu-
tion functions F and G and returns RF and RG respectively an arbitrage situation
implies the relation:

RF �RG > 08RF ; RG (2.2)

with at least one strict inequality.

Proposition 2. If we don�t know the correlation between F and G this relation is
also ensured by another important condition:

min(RF )�max (RG) > 0 (2.3)

which also implies First order Stochastic Dominance.

Conclusion 1. If an agent obtains arbitrary pro�t by holding a portfolio RF then
its cumulative distribution function is �rst order stochastic dominant (SD1). There-
fore, arbitrage implies First order Stochastic. However, the inverse is not necessar-
ily true.

2.2. Second Order Stochastic Dominance (SD2) Rule.

De�nition 2. A cumulative distribution function F dominates a G by second order
stochastic dominance i.e. F(SD2)G if and only ifZ x

�1
[G(t)� F (t) ] dt > 0 8X (2.4)

with at least one strict inequality

Remark 4. This rule concerns rational investors who are also risk averters (they
are willing to sacri�ce a larger return in order to avoid a great risk exposure). Thus,
in the second order stochastic dominance (SD2) criterion there is the additional as-
sumption that of the global risk aversion. In this case, investors�preferences must
be nondecreasing and concave in order to capture the (additional) characteristic
of risk aversion. Using the second order stochastic dominance criterion one can
achieve a more sensible selection of investments for people who prefer a less prof-
itable investment in order to avoid a great risk.
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Remark 5. Graphically, this rule means that the area between the cumulative dis-
tribution function G and the cumulative distribution function F from -1 to any
positive x is positive. Even if there is an area where [G(t)� F (t)] is negative then
there must be a preceding larger area where [G(t)� F (t) ] is positive.
Remark 6. If returns are normally distributed then the Mean Variance rule coin-
cides with the second order stochastic dominance rule i.e. SD2,MV .

2.3. Second Order Stochastic Dominance (SD2*) Rule for risk-seeking
investors. Levy and Wiener (1998) proposed an additional Stochastic Dominance
rule, also called "second order stochastic dominance rule", which however concerns
investors who are risk seekers and not risk averters as in the classical second order
stochastic dominance rule.

De�nition 3. Speci�cally, a cumulative distribution function F dominates a G by
second order stochastic dominance i.e. F(SD2�)G if and only ifZ 1

x

[G(t)� F (t) ] dt > 0 8x (2.5)

with at least one strict in equality

Remark 7. This rule concerns all rational investors who are risk seekers. Their
only concern is about the return in the sense that they are willing to undertake
a greater risk in order to have a higher return. Investors� preferences must be
nondecreasing and convex in order to capture the additional characteristic of risk
seeking. If X(SD2�)Y for two uncertain risky assets X,Y then (�Y (SD2)�X.)
Remark 8. Graphically, this rule means that the area between the cumulative dis-
tribution function G and the cumulative distribution function F from the greatest
x to +1 is positive. It is possible to exist an area where [G(t)� F (t) ] is nega-
tive before the last positive area (for the greatest x) but this negative area must be
smaller than the last positive one. In other words, for a negative area between the
cdf F and G there must be a larger positive area to the right of it.

Remark 9. If returns are normally distributed then the Mean Variance rule coin-
cides with the second order stochastic dominance rule i.e. SD2� ,MV .

2.3.1. First Order (SD1) and Second Order (SD2) Stochastic Dominance
Rules in terms of total wealth and in terms of change of wealth. The
�rst (SD1) and the second order (SD2, SD2*) Stochastic Dominance rules can be
expressed either in terms of total wealth (t+w) or in terms of change of wealth
(t). The �rst and the second order stochastic dominance rules remain una¤ected in
both expressions. The only mathematical di¤erence between the two expressions is
a "shift" of the cumulative distribution functions F and G by a constant term w
which is the initial wealth level. More speci�cally:

De�nition 4.

SD1 : F (X) 6 G(X) , F (X + w) 6 G(X + w) 8X;w (2.6)

De�nition 5 (SD2).Z x

�1
[G(t)� F (t) ] dt > 0,

Z x

�1
[G(t+ w)� F (t+ w) ] dt > 0 8X;w (2.7)
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De�nition 6 (SD2�).Z 1

x

[G(t)� F (t) ] dt > 0,
Z 1

x

[G(t+ w)� F (t+ w) ] dt > 0 8X;w (2.8)

Remark 10. Since the SD1 and the SD2 rules are independent of the initial wealth
level w, they can be de�ned either in terms of "change of wealth" x or in terms of
the total wealth x+ w.

2.4. Third Order Stochastic Dominance (SD3) Rule.

De�nition 7. A cumulative distribution function F dominates a G by third order
stochastic dominance i.e. F(SD3)G if and only ifZ x

�1

Z t

�1
[G(u)� F (u) ] dudt > 0 8X and EF (X) > EG(X) (2.9)

with at least one strict inequality

Remark 11. This rule concerns all rational investors who are risk averters and
additionally take into account the skewness of the cumulative distribution function
of each prospect. In most empirical researches, investors seem to have a clear pref-
erence to positively skewed assets which o¤er a protection against great losses.

2.5. N-th Order Stochastic Dominance (SDn) Rule. The �rst three degrees
of Stochastic Dominance (SD1, SD2 and SD3) are the most meaningful rules in
�nance since they capture widely observed investors�behaviors. However, there are
more than three degrees of Stochastic Dominance.

De�nition 8. The general de�nition of the n-th order stochastic dominance arises
from the third order stochastic dominance rule by replacing the double integral by
n-1 integrals. Thus, a cdf F dominates a cdf G by nth order stochastic dominance
i.e. F(SDn)G if and only if

Z x

�1

Z t1

�1
:::

Z tn�2

�1
[G(u)� F (u) ] dudtn�2:::dt1 > 0 8X and EF (X) > EG(X)

(2.10)
with at least one strict inequality

Remark 12. As we see, at each higher degree of Stochastic Dominance a new
condition is added. Hence, one can understand that if the �rst order Stochastic
Dominance holds then the Stochastic Dominance of any higher degree holds as well.
Thus, the SD1 implies the SD2 which implies the SD3. Consequently, the e¢ cient
sets arising by SDi rules i=2,3,.. are subsets of the SD1 rule. This happens because
any additional condition in Stochastic Dominance rules removes element from their
e¢ cient sets. Hence, the SD3 e¢ cient set is subset of the SD2 e¢ cient set which
is subset of the SD1 e¢ cient set.

37



EVANTHIA K. ZERVOUDI

2.6. Prospect Stochastic Dominance (PSD) Rule.

De�nition 9. A cumulative distribution function F dominates a cumulative dis-
tribution function G by Prospect Stochastic Dominance i.e. F(PSD)G if and only
if Z x

y

[G(t)� F (t) ] dt > 0 for all pairs x > 0 and y < 0 (2.11)

with at least one strict inequality

Remark 13. This rule concerns all rational investors who are risk averters for
gains i.e. for the integral [0; x] and risk seekers for losses i.e. for the integral
[y; 0] . Such type of investors is the Prospect Theory investors whose preferences
are described by an S-shaped value function i.e. nondecreasing function, concave
for gains (returns greater than a reference point) and convex for losses (returns
smaller than a reference point) (see Kahneman and Tversky (1979)).

Remark 14. The Prospect Stochastic Dominance (PSD) rule can be also expressed
as a combination of the SD2 and the SD2� rules. This becomes clearer in the for-
mulation of the Prospect Stochastic Dominance rule that Levy and Levy (2002) pro-
pose. In this formulation the integral

R x
y
[G(t)� F (t) ] dt breaks into two integrals

by separating the returns into gains and losses. Speci�cally:Z 0

y

[G(t)� F (t) ] dt > 0 for all y 6 0 (2.12)

and
Z x

0

[G(t)� F (t) ] dt > 0 for all x > 0

with at least one strict inequality

Remark 15. The �rst integral concerns the risk seeking for losses and it corre-
sponds to the SD2� rule; the second integral concerns the risk aversion for gains
and it corresponds to the SD2 rule .

Remark 16. The graphical explanation of this PSD rule is expressed as a com-
bination of the SD2 (second integral) and the SD2� (�rst integral) rules�graphical
explanations (see Tversky, Kahneman (1992), Baucells, Heukamp (2006)). If we
isolate each integral and analyze it independently then we have for the second inte-
gral the SD2 rule�s graphical interpretation and for the �rst integral the SD2� rule�s
graphical interpretation. The �rst integral regards the risk seeking for losses and
the second one regards the risk aversion for gains.

Remark 17. Since the Prospect Stochastic Dominance (PSD) is a combination of
SD2 and SD2� rules one can understand that the PSD rule is independent of the
initial wealth level w as well. Of course, this is normal sinse the Prospect Stochastic
Dominance is developed in the Prospect Theory framework where the value function
is de�ned on the change of wealth and it is independent of the initial wealth level.

2.7. Markowitz Stochastic Dominance (MSD) Rule. Finally, in Levy and
Levy�s [2002] we �nd another Stochastic Dominance rule which concernsMarkowitz
type investors whose preferences are described by an inverse S-shaped value func-
tion. This type of preferences is nondecreasing, concave for losses and convex for
gains and represents agents who are risk averse for losses and risk seeking for gains.
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By analyzing several hypothetical gambles, Markowitz concluded that individuals
tend to be risk averse for losses and risk seeking for gains, as long as the possible
outcomes are not very extreme.

De�nition 10. For extreme outcomes, Markowitz argues that individuals become
risk averse for gains and risk seeking for losses. Thus, a cdf F dominates a cdf G
in Markowitz sense i.e. F(MSD)G if and only ifZ x

y

[G(t)� F (t) ] dt > 0 for all pairs x � 0 and y � 0 (2.13)

with at least one strict inequality

Remark 18. This rule concerns Markowitz type rational investors who are risk
averters for losses (interval (�1; y)) and risk seekers for gains (interval (x;+1)).

Remark 19. The Markowitz Stochastic Dominance (MSD) rule, as the Prospect
Stochastic Dominance (PSD), can be also expressed as a combination of the SD2
and the SD2� rules. Levy and Levy (2002) propose another formulation of the
Markowitz Stochastic Dominance (MSD) rule where the integral

R x
y
[G(t)� F (t) ] dt

breaks into two integrals by separating the returns into gains and losses. Speci�cally:Z y

�1
[G(t)� F (t) ] dt > 0 for all y 6 0 (2.14)

and
Z 1

x

[G(t)� F (t) ] dt > 0 for all x > 0

with at least one strict inequality

Remark 20. The �rst integral concerns the risk aversion for losses and it corre-
sponds to the SD2 rule and the second integral concerns the risk seeking for gains
and it corresponds to the SD2* rule.

Remark 21. The graphical explanation of this rule is a combination of SD2� and
SD2 rules�graphical explanations. If each integral is isolated and analyzed indepen-
dently then the second integral is related to the SD2� rule�s graphical interpretation
and the risk seeking for gains while the �rst integral is related to the SD2 rule�s
graphical interpretation and the risk aversion for losses.

2.7.1. Relation between the Markowitz and the Prospect Stochastic Dom-
inance Rule. The Markowitz Stochastic Dominance and the Prospect Stochastic
Dominance seem to be inverse i.e. if the cumulative distribution function F dom-
inates the cumulative distribution function G in the Prospect Stochastic Domi-
nance sense i.e. F (PSD)G then the cumulative distribution function G dominates
the cumulative distribution function F in the Markowitz Stochastic Dominance
sense i.e. G(MSD)F. But, this is not necessarily true. The explanation is simple.
The necessary condition for all the Stochastic Dominance rules is the domi-
nant cumulative distribution function to have higher mean than the dominated
cumulative distribution function. Thus, if the cumulative distribution function
F dominates the cumulative distribution function G in the Prospect Stochastic
Dominance sense(F (PSD)G)this means that the cumulative distribution function
F has higher mean than the cumulative distribution function G; but this implies
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that the cumulative distribution function G cannot dominate the cumulative dis-
tribution function F in the Markowitz Stochastic Dominance sense (G(MSD)F )
since G has not higher mean than F. Hence, the only case where Markowitz Sto-
chastic Dominance and Prospect Stochastic Dominance rule are inverse is when F
and G have the same mean i.e. EF (x) = EG(x) . If this condition holds then
F (PSD)G, G (MSD)F .

3. Stochastic Dominance Criteria and Utility function classes

Stochastic Dominance (SD) is in general a nonparametric decision making ap-
proach. SD rules do not require any speci�cation on investors�preferences or assets�
probability distribution functional forms but rely only on common preferences and
rational beliefs. However, there are classes of utility functions that are valid to the
Stochastic Dominance approach and strictly related to the Stochastic Dominance
rules. These classes of preferences represent agents with speci�c characteristics.
Levy (1992) in his paper is referred to such classes of preferences Ui where i=1,2,3...
and their relation with the SD rules:

(1) U1 the class of increasing utility functions e.g. functions u with positive
�rst derivative u0 > 0. This type of preferences represents rational agents
who prefer more than less.

(2) U2 the class of increasing concave utility functions e.g. functions u with
u0 > 0 and u00 6 0. This type of preferences represents agents who are
rational and risk averters in the sense that they prefer more money to less
but also they dislike risk and they are willing to sacri�ce return in order to
avoid a greater risk.

(3) U�
2 the class of increasing convex utility functions e.g. functions u with

u0 > 0 and u00 > 0. This type of preferences represents agents who are
rational and risk seekers in the sense that they prefer more money to less
but they are also willing to undertake a greater risk in order to have a
greater return. This type of investors prefer prospects whose return is
above their certain mean.

(4) U3 the class of increasing concave utility functions with positive third de-
rivative e.g. functions u with u0 > 0; u00 6 0 and u000 > 0: This type of
preferences represents agents who are rational and risk averters in the sense
that they prefer more money to less but also they dislike risk and they are
willing to sacri�ce return in order to avoid a greater risk but they also have
a clear preference to positively skewed assets (positive third derivative) in
order to avoid too large losses.

(5) UDARA the class of decreasing absolute risk aversion utility functions with
p = �u00

u0 ) p0 6 0 e.g. increasing concave utility functions u 2 U2

with u0 6= 0 and p0 6 0: For this type of preferences holds UDARA � U3 .
(6) USRA the class of standard risk aversion utility functions with p = �u00

u0 )
p0 6 0 and � = �u000

u00 ) �0 6 0 e.g. increasing concave utility functions
with positive third derivative utility functions u 2 U3 with u0 6= 0, u00 6= 0
and p0 6 0; �0 6 0: This � is the absolute prudence index which measures
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the prudence, a property of decision makers�preferences that has to do with
the precautionary savings of agents. The decreasing absolute prudence
is a necessary and su¢ cient condition which guarantees that the savings
of agents who are rich enough are not so sensitive to the risk related to
the future income. It also means that the fourth derivative of the utility
function is negative, a characteristic which called temperance.

(7) In general,Un is the class of utility functions u with u(2n) 6 0 and u(2n+1) >
0 assuming that these derivatives exist.

(8) Vp the class of all S-shaped utility functions V with V 0 > 0 8x 6= 0 and
V 00 6 0 for x > 0 and V 00 > 0 for x < 0 . This class of preferences concerns
all rational investors who are risk averters for gains and risk seekers for
losses.

(9) VM the class of all reverse S-shaped value functions V with V 0 > 0 8x 6= 0
and V 00 6 0 for x < 0 and V 00 > 0 for x > 0. This type of preferences is
concave for losses and convex for gains and represents rational agents who
are risk averters for losses and risk seekers for gains.

4. Relations between Classes of Preferences and SD rules

4.1. First Order Stochastic Dominance (SD1) Rule.

F (SD1)G: F (X) 6 G(X) 8X

, EFU(X) > EGU(X) 8u 2 U1

(4.1)

This means that if the cdf F stochastically dominates the cdf G at �rst order then
F will be preferred to G for any increasing utility function u 2 U1 i.e. any rational
agent will prefer F instead of G.

4.2. Second Order Stochastic Dominance (SD2) Rule.

F (SD2)G:
R x
�1 [G(t)� F (t) ] dt > 0 8X

, EFU(X) > EGU(X) 8u 2 U2

(4.2)

This means that if the cdf F stochastically dominates the cdf G at second order
then F will be preferred to G for any increasing and concave utility function u 2 U2

i.e. any rational and risk averter agent will prefer F instead of G.

4.3. Second Order Stochastic Dominance (SD2*) Rule for risk-seeking
investors.

F (SD2�)G:
R1
x
[G(t)� F (t) ] dt > 0 8X

, EFU(X) > EGU(X) 8u 2 U�
2

(4.3)

This means that if the cdf F stochastically dominates the cdf G at second order
then F will be preferred to G for any increasing and convex utility function u 2 U�

2

i.e. any rational and risk seeker agent will prefer F instead of G.
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4.4. Third Order Stochastic Dominance (SD3) Rule.

F (SD3)G:
R x
�1

R t
�1 [G(u)� F (u) ] dudt > 0 8X and EF (X) > EG(X)

, EFU(X) > EGU(X) 8u 2 U3

(4.4)

This means that if the cumulative distribution function F stochastically dominates
the cumulative distribution function G at third order then F will be preferred to
G for any increasing and concave utility function with positive third derivative
u 2 U3 i.e. any rational and risk averter agent who prefer positively skewed assets
will choose F instead of G.

4.5. Prospect Stochastic Dominance (PSD) Rule.

F (PSD)G:
R y
x
[G(t)� F (t) ] dt > 0 for all pairs x > 0 and y < 0

, EFV (X) > EGV (X) 8V 2 Vp

(4.5)

This means that if the cumulative distribution function F stochastically dominates
the cumulative distribution function G in the Prospect Theory sense then F will be
preferred by G for any S-shaped value function V 2 Vp i.e. any Prospect Theory
investor will prefer F instead of G (see Baucells, Heukamp (2006)).

Remark 22. It is important here to mention the relation (in terms of utility func-
tions) between the Prospect Stochastic Dominance and the classical expected utility
framework:A cumulative distribution function F stochastically dominates another
cumulative distribution function G in the Prospect Theory sense if and only if F
dominates G in the expected utility framework for all S-shaped utility functions
VP (w+x).

Remark 23. The use of the total wealth (w+x) instead of the change of wealth
x is because expected utility maximizers take their decisions based on the �nal net
wealth and not the change of wealth. Thus, the Prospect Stochastic Dominance can
be considered as a special case of the Expected Utility Theory where the classical
concave utility function is replaced by an S-shaped value function concave for gains
(x>0) and convex for losses (x<0) using as reference point the current wealth w.

4.6. Markowitz Order Stochastic Dominance (MSD) Rule.

F (MSD)G:
R y
�1 [G(t)� F (t) ] dt > 0 for all y 6 0

and
R1
x
[G(t)� F (t) ] dt > 0 for all x > 0

, EFV (X) > EGV (X) 8V 2 VM

(4.6)

This means that if the cumulative distribution function F stochastically dominates
the cumulative distribution function G in the Markowitz sense then F will be pre-
ferred by G for any inverse S-shaped value function V 2 UM i.e. any Markowitz
type investor will prefer F instead of G.
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5. SD Rules�E¤ectiveness

An important issue in decision making analysis is the e¤ectiveness of a decision
rule such as the Stochastic Dominance rules; the e¤ectiveness of a rule is given
by the fraction of the size of its e¢ cient set to the size of its feasible set. Thus,
the e¤ectiveness of a decision rule can be improved signi�cantly by reducing the
size of its feasible set (see Kuosmanen (2004) among others). One way to do this
is by adding necessary conditions in the analysis; some portfolios won�t meet the
additional requirements and they will be excluded from the resulting feasible sets.
But, there are some important issues that must be taken into account when an
additional restriction is imposed on a decision making rule; the computational cost
of this additional restriction, the number and the characteristics of the portfolios
that are excluded from the initial original feasible sets are some of these issues
under consideration.
Concerning the SD rules, it holds that at each Stochastic Dominance rule of a

higher order a new condition is added. More speci�cally, the �rst order stochas-
tic dominance (SD1) rule is the simplest criterion in the SD framework,the only
requirement is rationality (this rule represents rational agents). The e¢ cient set
resulting from SD1 rule is too large (the greatest of all the higher order�s SD rules�
e¢ cient sets) and quite similar to the initial feasible set. This fact makes the SD1
e¢ cient set uninformative and the �rst order stochastic dominance (SD1) rule to
seem ine¤ective. The SD2 rule is more e¤ective than SD1 rule. The SD2 rule
requires one more necessary condition, that of risk aversion (this rule represents
rational and risk averse agents). The SD2� rule is also more e¤ective than the
SD1 rule. The SD2� rule�s additional necessary condition is that of risk seeking
(this rule represents rational and risk seeker agents). These additional assumptions
reduce the size of the resulting feasible sets and make the SD2 and the SD2� rules
to seem more e¤ective. In the SD3 rule there is the additional requirement of the
positive third derivative (this rule represents rational and risk averse agents who
take into account the skewness of the assets) etc. The PSD rule and the MSD rule
require a great number of assumptions, a fact that reduces very much the size of
their feasible sets and makes these rules to seem quite e¤ective. In general, the
more the assumptions required by a rule the smaller the resulting feasible set and
the greater the e¤ectiveness of this rule.
If a cumulative distribution function F stochastically dominates a cumulative

distribution function G at �rst order (F (SD1)G) then F stochastically dominates
G at any higher order, as well i.e. SD1 implies SD2 implies SD3 etc (SD1 =)
SD2 =) SD3 =) SDi 8i > 3). This means that the e¢ cient sets resulting by
higher order SD rules are subsets of the e¢ cient sets resulting by lower order SD
rules i.e. SDi � ::: � SD3 � SD2 � SD1 8i > 3. The importance of necessary
conditions which may improve signi�cantly the e¤ectiveness of a Stochastic Domi-
nance rule will be clearer in the empirical study below.

5.1. Necessary and su¢ cient conditions for each SD rule. It is remarkable
that the pairwise comparisons of the two empirical distribution functions of bonds
and stocks are time consuming and increase the computational cost of the algo-
rithms. So, it is important to reduce these comparisons in order to improve the
e¢ ciency of the corresponding algorithms and save resources (by decreasing the

43



EVANTHIA K. ZERVOUDI

time and the number of the pairwise comparisons). The necessity to reduce the
number of comparisons becomes crucial if one thinks that every stochastic domi-
nance rule requires T !

(T�2)!pairwise comparisons for T alternative risky assets each

of which has n monthly observations equally weighted with probability 1
n . These

comparisons demand a great amount of resources; a reduction in comparisons im-
plies a signi�cant decrease in demanding computing time. In order to do this, it
is essential to use necessary and su¢ cient conditions that each Stochastic Domi-
nance rule must satisfy; using these conditions the number of comparisons for each
SD rule is reduced, the decision making analysis is simpli�ed while the speed and
the computational cost of the algorithms (corresponding to these SD rules) is im-
proved signi�cantly. Such general necessary conditions are given by Levy (1992)
and De Nadai and Pianca (2007). In Levy [1992] we �nd some important neces-
sary conditions that each SD rule must satisfy. Using these necessary conditions
we can simplify enough the decision making analysis and improve the speed and
the computational cost of an algorithm. More speci�cally, according to Levy (1992):

(1) An uncertain prospect is dominant if it has greater or equal mean to its
alternatives. In other words, an option (portfolio, asset etc) dominates
another if it has a higher or equal mean.

(2) Between two prospects with equal means that with the greater variance
cannot be the dominant.

(3) The prospect which contains the lowest observaion cannot be the dominant.
(4) If a prospect is stochasticly dominated at any order i then it is excluded

from the e¢ cient set resulting from this SDi rule without the need for
further comparisons with other prospects. The e¢ cient frontier created by
a SDi rule contains all e¢ cient portfolios that are dominant at this order i.

(5) The �rst order stochastic dominance (SD1) implies the second order sto-
chastic dominance (SD2), the third order stochastic dominance (SD3) and
the stochastic dominance of any higher order:SD1 =) SD2 =) SD3 =)
SDi 8i > 3. This relation means that a portfolio which is SD1 domi-
nated, it is also SD2 dominated and SD3 dominated. On the other hand,
if a prospect is not dominant by third order (SD3) then the same prospect
cannot be dominant by second (SD2) or by �rst order (SD1) as well. Gen-
erally speaking, if an option is stochastic dominant at a lower order then
it will be stochastic dominant at any higher order as well without need for
further examination and if an cumulative distribution function F stochas-
tically dominates another cumulative distribution function G by �rst order
then it stochastically dominates G by any higher order and in the prospect
sense as well i.e.SD1) SDi8i > 1 and SD1) PSD. If F and G have the
same mean then F stochastically dominates G in the prospect sense e.g.
F (PSD)G if and only if G stochastically dominates F in the Markowitz
sense e.g. G (MSD)F . This is a quite important necessary condition for
this empirical study since if a cumulative distribution function is �rst order
(SD1) stochastic dominant it is also second order (SD2or SD2�) stochastic
dominant and if it is second order (SD2or SD2�) stochastic dominant it
is also third order (SD3) and any higher order (SDi 8i > 3) stochastic
dominant without need additional conditions and algorithms.
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These necessary conditions are employed in this paper in order to reduce
the pairwise comparisons of the two empirical distribution functions of bonds and
stocks. The more the necessary and su¢ cient conditions that are employed the
greater the e¤ectiveness of the SD rules and the smaller the computational cost
of the corresponding algorithms. Some other important necessary and su¢ cient
conditions for SD1, SD2 and SD2� rules, that can also be used in this study, are
given by De Nadai and Pianca (2007). More speci�cally:

(1) The su¢ cient condition for the SD1 of a cumulative distribution function
F over another cumulative distribution function G i.e. F (SD1)G is given
by: min

x
F (x) � max

x
G(x) : This condition implies that the cumulative dis-

tribution function F stochastically dominates the cumulative distribution
function G by �rst order if the minimum of the cumulative distribution
function F is not greater than the maximum of the cumulative distribution
function G. Graphically, this means that the cumulative distribution func-
tion F stochastically dominates the cumulative distribution function G by
�rst order if the cumulative distribution function F is located totally below
or at most it tangents the cumulative distribution function G.

(2) The necessary conditions for the �rst order stochastic dominance of
a cumulative distribution function F over a cumulative distribution func-
tion G are given by EF (X) > EG(Y ) and by the "left tail condition"
min
x
F (x) � min

x
G(x) . The "left tail problem" is a su¢ cient condition

for non dominance of the thicker left tail cumulative distribution function
over its alternatives. Thus, if the cumulative distribution function F sto-
chastically dominates the cumulative distribution function G at �rst order
then the cumulative distribution function F has no thicker left tail than the
cumulative distribution function G (F (SD1)G).

(3) A cumulative distribution function (cdf) F stochastically dominates the
cumulative distribution function G at second order if the minimum of
the cdf F is smaller than the maximum of the cdf G i.e. F (SD2)G if
min
x
F (x) < max

x
G(x) . This condition implies that the cumulative dis-

tribution function F stochastically dominates the cumulative distribution
function G by second order if the minimum of the cumulative distribution
function F is smaller than the maximum of the cumulative distribution
function G. Graphically, this means that the cumulative distribution func-
tion F stochastically dominates the cumulative distribution function G by
second order if the cumulative distribution function F is located below or
intersects the cumulative distribution function G. Another su¢ cient con-
dition for the second order stochastic dominance (for both risk averse and
risk seeking investors) is the �rst order stochastic dominance rule SD1 i.e.
SD1) SD2 and SD2� .

(4) The necessary conditions for the second order stochastic dominance of a
cumulative distribution function F over a cumulative distribution function
G are given by EF (X) > EG(Y ) (for both risk averse and risk seeking

investors) and by the "left tail condition" min
x
G(x) � minF (x)

x
(for risk

averse investors). The "left tail problem" has to do with the fact that the
thicker left tail of a cumulative distribution function is a su¢ cient con-
dition for no dominance of this cumulative distribution function over the
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alternatives. This condition implies that the cumulative distribution func-
tion G must have thicker left tail than the cumulative distribution function
F so as to the cumulative distribution function F stochastically dominates
the cumulative distribution function G by second order i.e. F (SD2)G.
On other hand, the necessary conditions for the second order stochastic
dominance (for risk seeking investors) of a cumulative distribution function
F over a cumulative distribution function G is the "right tail condition"
max
x
F (x) > max

x
G(x) . This condition implies that the cumulative dis-

tribution function F must have thicker right tail than the cumulative dis-
tribution function G in order to stochastically dominates the cumulative
distribution function G at second order (SD2�).

Remark 24. The use of these necessary conditions reduces the comparisons be-
tween the ex-post returns of bonds and stocks and improves signi�cantly the speed
and the e¤ectiveness of the employing algorithms. The analysis starts by exam-
ining which of these necessary conditions are satis�ed (so as to avoid redundant
comparisons) and it continues by employing the previous algorithms. Firstly, it is
examined if the stocks� empirical distribution stochastically dominate bonds� em-
pirical distribution at �rst order (SD1) and if this relation does not hold the ex-
amination continues with the second order (SD2), the third order SD relations
etc. If stocks stochastically dominate bonds at a lower order then they stochas-
tically dominate bonds at any higher order without need any further comparison
(SD1 ) SD2 ) SD3 ) SDi 8i > 3). Since the Prospect Stochastic Dominance
(PSD) is a combination of SD2 and SD2� rules then if stocks�empirical distribution
is stochastically dominant at �rst order (SD1) or at second order (SD2 and SD2�)
over bonds� empirical distribution then it will be Prospect stochastically dominant
as well (SD1 ) SD2 ) PSD). After that, the �rst two moments (the mean and
the variance) of stocks and bonds�empirical distributions are compared; the option
(stocks or bonds) which has a greater or equal mean and not greater variance than
its alternative is the dominant one. This dominant option cannot contain the lowest
observation; so another quick checking concerns which of these empirical distrib-
utions contains the lowest observed return at each investment period. Finally, if
there is not a SD1 option, the left and the right tail conditions are examined.

6. Empirical Study

6.1. Equity premium puzzle and issues under consideration. One of the
most interesting puzzles in �nancial economics is the equity premium puzzle which
is based on the observation that equity returns tend to be higher than bond returns.
Mehra and Prescott (1985) �rst report that in the US between 1889 and 1978 the
average real rate of return on T-Bills is 0.80% per year while the average real rate
of return on equities is 6.98% per year; in other words the equity premium is 6.18%
per year. Later studies use data sets that start as early as 1802 and span until
2005, and still �nd that the average US equity return (in�ation adjusted) has been
approximately 7.67% while the return on the risk free asset has been 1.31%; thus the
average premium has been approximately 6.36% (Mehra, 2006; p.5). This means
that stocks outperform bonds in a very high percentage. The equity premium can be
considered as a compensation of investors for holding the risky stocks instead of the
"riskless" government bonds. However , this premium is signi�cantly greater than
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the premium that can be expected from standard neoclassical models; for instance
a relative risk aversion coe¢ cient of over 30 could explain the puzzle, however,
theoretical and empirical estimates indicate that the coe¢ cient is around 2 (see,
Benartzi and Thaler, 1995). Thus, there is not a reasonable risk aversion parameter
that can explain the puzzle (see also, Siegel, 1999; Kandel and Stambaugh, 1991).
Many studies attempt to provide an explanation for the puzzle, using a range of

theoretical approaches, testing methodologies, and data. Kandel and Stambaugh
(1991) support that the large equity premium may arise from the fact that con-
sumers are too averse to small negative consumption�s shocks that may be caused
by stock markets �uctuations. Epstein and Zin (1990) emphasize the role of ��rst-
order risk aversion�as an explanation to the puzzle. A di¤erent approach is adopted
by Constantinides (1990) who argues that the puzzle is resolved if one relaxes the
time separability of the classical expected utility theory preferences in order to allow
for consumption complementarity , i.e. use a utility function where the utility is
derived by a comparison between the current consumption and prior levels of con-
sumption; this behavior is described as habit persistence. In similar spirit, Otrok,
Ravikumar, and Whiteman (2002) provide an explanation of the puzzle employ-
ing an intertemporal consumption-CAPM with habit formation, while Meyer and
Meyer (2005) show that a habit formation utility function may eliminate the puz-
zle. In order to face the weaknesses of the models that used the habit formation for
explaining the equity premium puzzle, other models proposed not to compare the
current consumption with prior levels of consumption but the current consumption
with others�levels of consumption. Abel (1990) used the term "catch-up with the
Joneses" to describe this behavior. However, even in this case the risk aversion level
that may explain the equity premium puzzle remains very high. Another e¤ort to
solve the equity premium puzzle is done by Mankiw and Zeldes (1991) who support
that this puzzle arises from the aggregation of stockholders�and no stockholders�
consumption; most of the people prefer not to hold stocks but for those who decide
to hold stocks their consumption is extremely sensitive to stock market �uctuations.
Thus, the equity premium puzzle is explained as a strong incentive for agents to in-
vest in stocks. However, this study demands a very high risk aversion level as well.
Other studies indicate that market frictions (i.e. inability of investors to diversify
their portfolios) and informational asymmetry explain a signi�cant proportion of
the premium (Zhou, 1999).
Longsta¤ and Piazzesi (2004) present a model where the equity premium re�ects

three types of risk (consumption-risk, event-risk, corporate-risk) and show that their
model implies an equity premium much larger that the premium implied by stan-
dard models. Ang, Bekaert, Liu (2005) use a model that assumes disappointment
aversion preferences and asymmetric aversion to gains versus losses; they show that
the large equity premium is reconciled with a typical asset allocation to equities
of about 60% (see also, Gul, 1991). The robustness of this puzzle was also exam-
ined by Siegel (1999) who found that the real equity returns were stable for several
decades while the short-term government bonds followed a downward trend. They
tested the equity premium for several investment periods and they concluded that
agents who chose stocks for long investment periods achieve much greater returns
than those who chose bonds. This result shows the important role of the investment
period in this puzzle. Benartzi and Thaler (1995) developed one of the most im-
portant studies in equity premium puzzle analysis. They tried to solve this puzzle
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using two signi�cant notions. The �rst notion was the loss aversion according to
which agents are more sensitive to losses than to gains. The second notion was
that of mental accounting. This behavioral concept is related with the aggrega-
tion rules that agents follow when they take their decisions. Benartzi and Thaler
concluded that loss averse investors are more willing to undertake a risk when the
evaluation of their investment is not frequent. This means that a risky asset is more
attractive to a loss averse investor if she wants to hold it for a long period and as
the evaluation of her investment is not frequent. This behavior is characterized by
Benartzi and Thaler (1995) as Myopic Loss Aversion. The Myopic Loss Aversion
is the key that Benartzi and Thaler (1995) used to explain the equity premium
puzzle. According to Benartzi and Thaler (1995) as the investment horizon or the
evaluation period increases, the stocks become more attractive to a rational loss
averse investor. The evaluation period at which a Prospect Theory investor be-
comes indi¤erent between stocks and bonds is not a unique for all investors but the
most representative evaluation period is one year. In 2016, Zervoudi and Spyrou
presented new evidence on the optimal evaluation period of Benartzi and Thaler
(1995), over-time and across di¤erent markets. Their results indicate that the op-
timal holding period is now formulated to 7 months (shorter than 12 months) and
to 4 or 5 months during periods of economic crisis (much shorter to that reported
by Benartzi and Thaler). This optimal holding period is in accordance with the
Myopic Loss Aversion hypothesis, remains insensitive to the value function used in
the analysis but it is quite sensitive to economic conditions. Zervoudi and Spyrou
(2016) conclude that the globalization, the intensity, and the frequency of �nancial
market crises during the recent decades could explain this shorter optimal holding
period and the tendency of investors to evaluate their portfolios more frequently.
All these studies begin from the common base that this puzzle is real. However,

there are studies which support that the equity premium puzzle does not exist but
it is a random phenomenon or the consequence of a statistical bias. Speci�cally,
Siegel and Thaler (1997) support that stocks markets experienced a "good luck" for
many years (they had great returns) and even in periods of "bad luck" the equity
returns were always higher than that of short-term �xed income securities. Thus,
the equity premium was very high for too long periods something that justi�es
its magnitude. An alternative explanation of the equity premium puzzle is based
on the survivorship bias. If the data used for the estimation of the equity risk
premium are returns "survived" by an economic catastrophe then the results must
be necessarily distorted by the survivorship bias. Such an economic catastrophe was
the stock market crash and the resultant Great Depression of 1929 in US. Hence,
the equity risk premium calculated using only US data of this period is necessarily
distorted since the calculation is done for a survivor.
In this paper it is examined if the equity premium puzzle is real and if it is robust

under di¤erent conditions; the important in the present paper is that this examina-
tion is done using the SD rules applied on empirical distribution functions (EDFs)
of stocks and bonds. Speci�cally, it is examined if the stocks� empirical distrib-
utions stochastically dominate bonds�empirical distributions in di¤erent markets,
for di¤erent investment periods and under di¤erent economic conditions i.e. when
economic crises are included in the analysis.
The using real empirical data are derived from several markets such as the inter-

national �nancial markets of UK, Germany and US. The entire time period under
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consideration is the 1980-2014 period. The recent period contains events such as
the stock market crash in 1987, the Gulf war (1990), the peso crisis (1994), the
Barings collapse (1995), the Asian �nancial crisis (1997), the collapse of LTCM
hedge fund (1998), the Russian debt moratorium (1998), the stock market bubble
(1995-2000), the subprime crisis and the European �nancial crisis, among others.
The resulting question is how these crises may in�uence the stochastic dominance
relation between stocks and bonds i.e. how the economic conditions may a¤ect their
stochastic dominance relation? Moreover, how this SD relation is formulated when
it is employed the entire period and how when sub periods (which may contain an
economic crisis) are put under consideration i.e. how the time horizon may in�u-
ence the SD relation? Finally, does the same SD relation hold for every market or
does it change from market to market i.e. does the di¤erent economic environment
play a role in the SD relation�s formulation? This paper tries to give answers to
these questions using the SD rules. Brie�y, it is examined the existence and the
robustness of the equity premium puzzle in several economic environments, time
horizons and economic conditions in a stochastic dominance framework.

6.2. Data and Testing Methodology. In empirical researches, the comparison
between alternative investments in a Stochastic Dominance framework is tradi-
tionally based on observed historical data i.e. on discrete empirical distributions.
The importance of using empirical distributions in decision making analysis was
also pointed out by Bawa et al. (1979). From a Bayesian perspective, when true
distributions are unknown the use of empirical distribution functions is necessary
and completely justi�ed by von Neumann - Morgenstern - Savage axioms. But it
is also the dynamic of SD rules that imposes the use of discrete empirical distri-
butions; using continuous distributions the SD criteria are reduced into a simple
mean-variance rule based on only two moments, the mean and the variance; this is
not a desirable situation since there are higher order�s moments, like skewness and
kurtosis that investors take into account during the portfolio selection process. In
this paper, empirical data are used in order to compute stocks and bonds�historical
monthly returns and generate each asset�s empirical distribution function (without
pre-assuming a speci�c distribution functional form i.e. normal or lognormal); it is
also employed a resampling method in order to eliminate any correlation between
bonds and stocks. The SD rules are applied on the empirical distributions resulting
from the ex-post returns of the two assets under consideration (stocks and bonds).
In this empirical analysis, Matlab algorithms were developed and the practical

algorithms of Levy (1992) and De Nadai and Pianca (2007) were adapted in or-
der to examine the stochastic dominance (or not) of stocks over bonds. The data
used in this study are a representative stock and a representative bond portfolio
for three important international markets: the US (the S&P 500 Composite Index
and the US Benchmark 10-Year DS Government Bond Index), the UK (the FTSE
All Share Index and the UK Benchmark 10-Year DS Government Bond Index) and
the Germany (the DAX 30 Performance Index and the BD Benchmark 10-Year DS
Government Bond Index) for the period between January 1980 and April 2014 (411
monthly price observations). Returns are de�ned as the �rst di¤erence of the log
price levels.
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Table 1 presents the descriptive statistics for the sample data

S&P 500 US BOND FTSE UK BOND DAX 30 GERMANY BOND
MEAN 0.0068 0.0010 0.0065 0.0019 0.0072 0.0011
VAR 0.0022 0.0006 0.0025 0.0006 0.0039 0.0003
STDEV 0.0473 0.0249 0.0497 0.0246 0.0627 0.0174

KURTOSIS 4.7577 3.2726 3.2142 2.3552 4.9883 1.4340
SKEWNESS -1.2424 0.0535 -1.1114 -0.0057 -1.4219 -0.3721

SHARPE RATIO 0.1449 0.0419 0.1299 0.0782 0.1152 0.0660
MIN -0.2732 -0.1282 -0.2407 -0.1054 -0.3201 -0.0699
MAX 0.1153 0.1127 0.1245 0.1068 0.1754 0.0616

Notes to Table 1: The table presents descriptive statistics for represen-
tative stock and bond portfolia for three important international markets, the
US (the S&P 500 Composite Index and the US Benchmark 10-Year DS Government
Bond Index), the UK (the FTSE All Share Index and the UK Benchmark 10-Year
DS Government Bond Index), and Germany (the DAX 30 Performance Index and
the BD Benchmark 10-Year DS Government Bond Index) for the period between
January 1980 and April 2014 (411 monthly price observations).

Remark 25. Note that the sample period is selected in order to contain impor-
tant crises that generated signi�cant volatility in �nancial markets, such as the
DOT.com bubble (1995-2000), the subprime crisis (2006-2009), and the European
�nancial crisis (2009-2013). In order to gain deeper insight into investor behavior
during crisis the full sample is also divided into smaller 5-year sub-samples and
repeat the empirical analysis both for the entire sample period and for each of these
sub-periods separately, i.e. start with the full 411 months and then separate the
period into 72- month, 60- month and 64-month sub-periods.

6.2.1. Algorithms for the �rst order and the second order SD rules. The
SD relation between the bonds and the stocks is examined through the practical
algorithms of Levy (1992) and De Nadai and Pianca (2007) (among others). The
algorithms given by De Nadai and Pianca (2007) concerns the �rst order (SD1), the
second order (SD2) and the second order for risk seeking agents (SD2�) SD rules
and they are applied on the empirical distribution functions of bonds and stocks
employed in this paper. Suppose x1 � x2 � � � � � xn the ex-post rates of returns of
stocks�index and y1 � y2 � � � � � yn the ex-post rates of returns of bonds. SD1 and
SD2 algorithms require an increasing ranking of all observation for both empirical
distributions.

Algorithm 1. SD1 algorithm: the empirical distribution of stocks dominates
the empirical distribution of bonds at �rst order (SD1) if and only if yi � xi
8i = 1; 2; : : :with at least one strict inequality
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Algorithm 2. SD2 algorithm: the empirical distribution of stocks dominates
the empirical distribution of bonds at second order (SD2) if and only if Yi � Xi
8i = 1; 2; : : : where Yiand Xi are the cumulative observations of the empirical dis-
tributions i.e.Yi =

Pi
j=1 yj with Y1 = y1 and Yn =

Pn
j=1 yj and Xi =

Pi
j=1 xj

with X1 = x1 and Xn =
Pn

j=1 xj with at least one strict inequality

Algorithm 3. SD2� algorithm: the empirical distribution of stocks dominates
the empirical distribution of bonds at second order for risk seeking agents (SD2�)if
and only if �Yi � �Xi 8i = 1; 2; : : : where �Yiand �Xi are the cumulative observations
of the empirical distributions i.e. �Yi = yn + yn�1 + � � �+ yn�i+1 with �Y1 = yn and
�Yn = yn + yn�1 + � � � + y1 and �Xi = xn + xn�1 + � � � + xn�i+1 with �X1 = xn and
Xn = xn + xn�1 + � � �+ x1 with at least one strict inequality.

Remark 26. The SD2 and the SD2� require the calculation of the cumulative ob-
servations of the empirical distributions which is graphically interpreted as the area
enclosed between the two empirical distributions.

7. Results of the Empirical Study

A �rst general result is that there is not a �rst order stochastic dominance (SD1)
relation between the empirical distributions of bonds and stocks in any case (case of
the whole period or of the sub-periods) since graphically there is not a cumulative
distribution which is totally below or it is tangent to the other. So, the left tail
condition of the SD1 is not satis�ed by any empirical distribution in all cases. The
two empirical distributions have a cross-point near to the reference point (x=0)
that is graphically consistent with the SD2 and the SD2� rules. The analysis
continues by testing the necessary and su¢ cient conditions for the SD2 and the
SD2� relations (since SD1 relation does not exist).
The matrices in all cases show that the mean and the variance (the �rst two mo-

ments of the empirical distribution functions) of the stocks are greater than that of
bonds. If the two assets had the same mean then the asset with the higher variance
cannot be the stochastically dominant; this is not the case, so the stocks can be the
dominant asset. Moreover, the minimum observed return of the stocks�empirical
distribution is always smaller than that of the bonds�empirical distribution while
the maximum observation of the stocks� empirical distribution is always greater
than that of the bonds. Thus, the necessary conditions for the SD2 and the SD2�

relations hold for all periods under consideration. The next step is to employ the
algorithms given by De Nadai and Pianca (2007) in order to examine the SD2 and
the SD2� relations between the two empirical distributions.
The results show that the area enclosed between the empirical distributions of

stocks and bonds (cumulative stocks�returns Xi 6 cumulative bonds�returns Yi)
is smaller than the area enclosed between the empirical distributions of bonds and
stocks (cumulative stocks�returns Xi > cumulative bonds�returns Yi) in all peri-
ods; this practically means that the greater part of the stocks�empirical distribution
is under the empirical distribution of bonds. This implies that the stocks stochasti-
cally dominate bonds at second order (SD2 and SD2�). But since the SD2 relation
implies any higher order stochastic dominance and the Prospect SD (PSD) as well,
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then stocks (blue line) stochastically dominate bonds (green line) at second order
and at any higher order and in PSD sense (SD2) SD3) SDi) PSD 8i > 2).
This means that there is a quite strong stochastic dominance of stocks over the
bonds which implies that the equity premium puzzle is real and it appears for any
investment period and under di¤erent economic situations such as various economic
crises (DOT.com Bubble, subprime crisis, EU crisis).
However, it is important to examine if this puzzle is robust from market to

market i.e. if stocks stochastically dominate bonds for any period and under any
economic condition not only for the US market but for other markets as well; two
major international markets, the UK and the Germany market, are employed for
this examination and the same process is repeated �rstly for the whole period
(1980-2014) and after for the (i) 1995-2000 sub-period (DOT.com Bubble) (ii) the
2005-2009 sub-period (subprime crisis) and (iii) the 2009-2014 (EU crisis).

7.1. US Data

.

S&P 500 COMPOSITE STOCKS INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0068 0,0142 0,0061 0,0117
VAR 0,0022 0,0014 0,0026 0,0020
MIN -0,2732 -0,0747 -0,1771 -0,1790
MAX 0,1153 0,1042 0,1732 0,1008

US BENCHMARK 10 YEAR DS GOVT. INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0010 0,0019 0,0005 -0,0001
VAR 0,0006 0,0004 0,0005 0,0005
MIN -0,1282 -0,0350 -0,0409 -0,0468
MAX 0,1127 0,0448 0,0863 0,0776

Notes to Table 2: The table presents the mean and the variance (the �rst two
moments of the empirical distribution functions), the minimum and the maximum
observed return of a representative stock and bond portfolio for the US market (the
S&P 500 Composite Index and the US Benchmark 10-Year DS Government Bond
Index), for the whole period between January 1980 to April 2014 (411 monthly
price observations), the1995-2000 sub-period (DOT.com Bubble), the 2005-2009
sub-period (subprime crisis) and the 2009-2014 sub-period (EU crisis).

FIGURE 1 (US market): This �gure presents the empirical distribution
functions of a representative stock and bond portfolio for the US market (the S&P
500 Composite Index and the US Benchmark 10-Year DS Government Bond Index),
for the whole period between January 1980 to April 2014, the1995-2000 sub-period
(DOT.com Bubble), the 2005-2009 sub-period (subprime crisis) and the 2009-2014
sub-period (EU crisis).
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7.2. Major International Markets: UK and Germany

.

FTSE ALL SHARE INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0065 0,0091 0,0022 0,0079
VAR 0,0025 0,0014 0,0036 0,0022
MIN -0,2407 -0,1141 -0,2407 -0,1594
MAX 0,1245 0,0890 0,1245 0,0846

UK BENCHMARK 10 YEAR DS GOVT. INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0019 0,0030 0,0010 0,0018
VAR 0,0006 0,0003 0,0003 0,0004
MIN -0,1054 -0,0354 -0,0303 -0,0411
MAX 0,1068 0,0428 0,0561 0,0612

Notes to Table 3: The table presents mean, variance, min and max of a rep-
resentative stock and a bond portfolio for the UK international market (FTSE
All Share Index and UK Benchmark 10-Year DS Government Bond Index), for the
whole period 1980-2014 (411 monthly observations), 1995-2000 sub-period (DOT.com
Bubble), 2005-2009 sub-period (subprime crisis), 2009-2014 sub-period (EU crisis).

FIGURE 2 (UK market) : This �gure presents the empirical distribution
functions of a representative stock and bond portfolio for the UK market (the FTSE
All Share Index and the UK Benchmark 10-Year DS Government Bond Index), for
the whole period between January 1980 to April 2014, the1995-2000 sub-period
(DOT.com Bubble), the 2005-2009 sub-period (subprime crisis) and the 2009-2014
sub-period (EU crisis).
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DAX 30 PERFORMANCE STOCKS INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0072 0,0151 0,0057 0,0109
VAR 0,0039 0,0028 0,0044 0,0039
MIN -0,3201 -0,1774 -0,2575 -0,2854
MAX 0,1754 0,1268 0,1292 0,1272

BD BENCHMARK 10 YEAR DS GOVT. INDEX
Period 1980-2014 Sub-Period 1995-2000 Sub-Period 2005-2009 Sub-Period 2009-2014

MEAN 0,0011 0,0022 0,0009 0,0029
VAR 0,0003 0,0002 0,0003 0,0003
MIN -0,0699 -0,0432 -0,0289 -0,0342
MAX 0,0616 0,0323 0,0475 0,0616

Notes to Table 4: The table presents mean, variance, min and max of a rep-
resentative stock and a bond portfolio for the Germany international market (the
DAX 30 Performance Index and the BD Benchmark 10-Year DS Government Bond
Index), for the whole period 1980-2014, 1995-2000 sub-period (the DOT.com Bub-
ble), 2005-2009 sub-period (subprime crisis) and 2009-2014 sub-period (EU crisis).

FIGURE 3 (Germany market): This �gure presents the empirical distri-
bution functions of a representative stock and bond portfolio for the Germany
international market (the DAX 30 Performance Index and the BD Benchmark 10-
Year DS Government Bond Index), for the whole period between January 1980 to
April 2014, the1995-2000 sub-period (DOT.com Bubble), the 2005-2009 sub-period
(subprime crisis) and the 2009-2014 sub-period (EU crisis).
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Conclusion 2. The graphs and the matrices for the UK and the Germany markets
have the same characteristics with those of the US market in all periods. Speci�cally,
the empirical distributions of bonds and stocks have a cross-point which implies that
there is not a �rst order stochastic dominance (SD1) relation between the two em-
pirical distributions but they are graphically consistent with SD2 and SD2*.

Conclusion 3. The matrices in all cases show that the mean and the variance
of the stocks are greater than the mean and the variance of bonds, the minimum
return of the stocks�empirical distribution is always smaller than that of the bonds�
empirical distribution while the maximum observation of the stocks�empirical dis-
tribution is greater than that of the bonds�empirical distribution.

Conclusion 4. The necessary conditions which concern the SD2 and the SD2*
relations hold for the whole period and for all the sub-periods under consideration,
for both markets. Once more, the above algorithms are used in order to examine the
SD2 and the SD2* relations between the two empirical distributions. The results
are the same with those of the US market in all periods i.e. the stocks (blue line)
stochastically dominate bonds (green line) at second order (SD2 and SD2*) but also
at any higher order and in PSD sense, for both markets the UK and the Germany
market. This means that the equity premium puzzle is a real and a very robust puz-
zle which appears for any investment period, under di¤erent economic conditions
and in any economic environment (US, UK or Germany market).
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8. Conclusion

This paper presents all the Stochastic Dominance (SD) rules (including Markowitz
and Prospect SD Rule), situations relating to these rules such as arbitrage, and
several classes of preferences consistent with these SD rules. They are also pro-
posed necessary and su¢ cient conditions that could improve the e¤ectiveness of
each Stochastic Dominance rule reducing signi�cantly the computational cost of
the algorithm used for testing these SD relations. In the �nal part of the paper
it is examined the existence of the well-known equity premium puzzle in several
economic environments, under di¤erent economic conditions and varying time hori-
zons. The analysis is developed in a Stochastic Dominance framework using original
evidence from three markets: US, UK and Germany market. The results show that
stocks stochastically dominate bonds at second order (SD2 and SD2�) and at any
higher order and in PSD sense. This holds for any time period, under di¤erent
economic conditions and for all economic environments (US, UK and Germany
market). Hence, it is proved that the equity premium puzzle is real and quite
robust since it holds in any market for any time horizon and economic situation.
Another element that indicates the power of the equity premium puzzle is that
stocks dominate bonds at second order (and at any higher order) which implies
that stocks outperform bonds in a great percentage. In general, the Stochastic
Dominance is a wide and useful framework within which one can develop any type
of analysis and make comparisons without requirements for further speci�cations
of functional types or parameter estimation.
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