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GLOBAL INVARIANT MANIFOLDS AND DECOMPOSITION
OF ROBOTIC TYPE DYNAMICAL MODELS WITH SINGULAR
PERTURBATIONS

VLADIMIR SOBOLEV

ABSTRACT. The decomposition problem for the control systems with singular
perturbations is considered in the paper. A global invariant manifolds of
slow motions are applied to show that the system under considferation can
be reduced to two subsystems of the lower dimension. A two-link horisontal
manipulator model is considered to illustrate the mathematical results. In
contradictory to the works of other authors, asymptotic expansions are used
for the approximate construction of splitting transformations, and not for
solving initial or boundary value problems.

1. Introduction
Consider the following differential system:

z = f(z,y,t,€),ey = g(z,y,t,¢), (1.1)
where t € R, x € R™, y € R", and ¢ is a small positive parameter. The sec-
ond equation of the system contains ¢ at the derivative. That makes the system
singularly perturbed. Systems with singular perturbations are a typical object of
study in control theory (see, for example, [1, 2, 3, 4] and references therein). Such
systems are typical for some classes of robotic systems. The goals of the paper are
to construct a transformation reducing (1.1) to the system

Il.} = @(U’t7 E:)7 62} = 77(/07 Z? t? E:)'

For example, the differential system & = x, ey = —y — 22 can be reduced to
the form © = v, ez = —z using transformation r = v, y = z — v?/(1 + 2¢),
and the differential system & = y, ¢y = —y — y? can be reduced to the form
=0, ez = —z — 2? using the transformation z = v —eln(1 + 2), y = 2.

In the case of linear stationary systems, this is a well-known transformation
that brings a linear homogeneous system to a block-diagonal form. A detailed
description and history of the issue are reflected in the book [2]. In the case of
non-stationary systems, this transformation was extended in the works of [5, 6].
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It should be noted that in the paper[6] the case of weak extinction of transient
processes was also considered. This approach was suggested in [5] and it has been
successfully used to solve a number of problems in control theory [7, 8, 9, 10, 11].
However, it is not a straightforward procedure to construct the transformation in
the general case. One of the crucial steps is to find functions that describe slow
and fast integral manifolds. The pioneered work [12] described the construction
of a slow integral manifold as an asymptotic expansion in powers of a small pa-
rameter. This method was later used and well-studied by many authors (see, for
example, the book [13] and references therein). Unfortunately, the construction
of a fast integral manifold function is a much more complicated problem. There
are no methods that work in the general case, and it is more art than science.
Nevertheless, we describe some classes of systems for which these functions can be
effectively constructed.

2. Method of Decomposition

We will use the method of decomposition of the system into two independent
subsystems using the splitting transformation. Consider the differential system

i=y, (2.1)
el(x)y = &o(x) + e&1(x) + [Bo(z) + eZ1(x)]y + eX(x, y), (2.2)

where z € R", y € R", t > 0, elements of vector-function Y (z,y) are quadratic
forms with respect to coordinates of vector y.

2.1. Main Assumptions. We will consider two types of systems. The first type
is systems with a boundary layer, which main characteristic is a very rapid extinc-
tion of transient processes. The second type is systems with so-called weak energy
dissipation. Transient processes in such systems fade away relatively slowly, but
they make high-frequency oscillations.

2.1.1. Systems with Boundary Layer. The most common version of the basic as-
sumption is as follows. We assume that the roots \;(z) of the equation det AU (z)—
Zo(x)| = 0 have the property Re A;(x) < —2v < 0, where z € R"™. Moreover, the
matrix- and vector-functions ¥, &g, &1, 2, Z1, the coeflicients of all quadratic forms
of T(z,y), and their partial derivatives with respect to the arguments x € R™ are
continuous and bounded. Then, any function of the boundary layer type can be
considered as a function describing the transient process, for example, exp(—vt/¢)

or exp(—~t/e) cos(t/e).

2.1.2. Systems with Weak Dissipation. In this case, any function of the form
exp(—t) cos(t/e) can be considered as a typical function describing the transient
process. If matrices ¥, =y, and Z; are constant, we assume that ¥ and —=; are
symmetric and positive definite, and Z( is nonsingular and skew-symmetric. If
these matrices depend on z, we assume the fulfillment of similar conditions. For
gyroscopic systems and manipulators, these matrices usually depend on z in a
periodic manner, and it can be assumed that the above conditions are satisfied for
all .
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2.2. Slow Invariant Manifold. When the assumptions for the corresponding
type of system hold, (2.1), (2.2) has an attractive global slow invariant manifold

y = h(z,e) = ho(z) +chi(z) + ... .

The functions h; can be derived from the invariance equation
oh
aklfa—xh =&+ Eh+eY(z,h),
where Z(x,¢) = () + eE1(x), &(x,e) = &(x) + €€1(x). The formulae for the
coefficients of the asymptotic expansions of slow invariant manifold h = h(z,¢)
take the form hg = —Z5 "¢, by = Z5' [T 92 hg — & — Erho — Y(x, ho)] -

2.3. Fast Invariant Manifold. In this case the invariance equation for the fast
invariant manifold H = H (v, z,€) takes the form [5, 7]

OH OH __, -
€Eh(v,€)+a\ll (v+eH)[E(v+eH,e)

oh
—5%(0 +eH,e)lz=z+ h(v+eH,e) — h(v,e).
. . aHO —1 —_ . .
Setting ¢ = 0, we obtain —Z\I/ (v)Z9(v)z = z. It is possible to represent
H(v, z,¢) in the form H(v,z,e) = D(v, z,€)z [5]. This implies Hy(v, z) = Do(v)z,
where the matrix Dy (v) satisfies the equation Dg(v)¥~1(v)Zg(v) = I, and, there-
fore, Hy(v,z) = Z5 ' (v)¥(v)z.

2.4. Representation of Solutions. Let (z(t), y(t)) be a solution to (2.1), (2.2)
with an initial condition z(¢y) = xo, y(to) = yo. There exists a solution (v(t), z(t))
of
v =h(v,e), eV (v+ecH(v,z2,€)) 2= Z(v,z,€),
with the initial condition v(tg) = vo, 2(to) = 20, such that [5]
2(t) = 0(t) + eH(0(t), 2(1),0), y(t) = 2(5) + hia(t) t,e).  (23)

This means that the solution x = x(t,¢), y = y(¢,&) of the original system (2.1),
(2.2) that satisfied the initial condition z(0,e) = xo, y(to,€) = yo can be repre-
sented as

z(t,e) = v(t,e) +epi(t,e),

y(tv 5) - y(tv 5) + @2(ta 6)'
From the main assumption it follows the existence of number M > 1 such that
[2(t,e)|l < M exp(—t/e)||z0l, £ =0, i,

lpill < Miexp(=rt/e)|[zoll, t >0, i = 1,2, (2.5)

(2.4)

for the systems with boundary layers and ||z(¢,€)|| < M exp(—7t)||z0l, t > 0, i.e.,
lpill < Miexp(=rt)||zol, £ >0, i —1,2, (2.6)

for the systems with weak dissipation. Thus, this solution is represented as a sum
of solution which lies on the slow invariant manifold, i.e.

x = x(t,e) = v(t,e), y(t,e) = h(v(t,e), ),
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and exponentially decreasing functions
ep1(t,e) = eH(v(t, e), 2(t,€),€),
wa(t,e) = z(t,e) + h(v(t,e)
+eH (v(t,e), z(t,e),e) — h (v(t,e),e) .
Neglecting terms of order o(e), we use the transformation
x=v+eHy(v,2), y=z+ho(x)+chi(x) (2.7)

to reduce (2.1) to a nonlinear block-triangular form:

v = ho(v) + ehi(v) + O(£?),
el(v)z = {Eo(v) +e (El(v) %(U)Eal(v)\ll(v)z

_m(m%}?(v)) + 0(52)] ..

2.5. Lyapunov Reduction Principle. The representation (2.4) and inequali-
ties (2.5), (2.6) immediately imply the validity of the Lyapunov Reduction Princi-
ple. It means that any solution which lies on the slow invariant manifold is stable
(asymptotically stable, unstable), if and only if the corresponding solution of

0 = h(v,e),

is stable (asymptotically stable, unstable). The Lyapunov Reduction Principle can
be extended to systems with a manifold of equilibrium states.

3. Two-Link Robotic Manipulator Model with Symmetric Manifolds
of Steady States

Let us consider the model of horizontal robotic manipulator [15]

e(a+ B+ 2cosqa)di + (B + cos q2)d
~£(24142 + ¢3) sin gz = i,
£(B + cos q2)G1 + Bia + €47 sin gz = .

It should be noted that in the absence of control, the considered differential
system has a symmetric manifold of steady states q; = const, qo = const, ¢ =
0, g2 = 0. Therefore, it seems natural to consider the problem of reaching one of
the states on this manifold.

Let the goal of control is to attach some given position ¢; = ¢1, g2 = G2, ¢1 =
0, go = 0. Let

($1>:<Q1—§1><y1>:<d1)u:(ul>
T2 @ —G )7\ Yo G2 )’ ug )
[ a+B+2cos(za+G2) B+ cos(za+ Ga)
(@) = ( B + cos(w2 + G2) B ) ’

(
[ —(2y1y2 + y3) sin(z2 + Ga)
T(e,y) = ( it >

then

We will consider two cases.
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3.1. Rapid Control. Setting the control of form uw; = —yiz1 — K1Yy1, Uz =
—Y2Tg — KoY, With positive v1, v2, K1, K2, we obtain the following representations

o = —MNr1 = _( -/ O
0 —Yoo —0 0 — Ko 9

3.2. Splitting Transformation. In the case under consideration the character-
istic equation takes the following form

[aﬁ — cos?(zg + cjg)] A2 {k1 B4 Ko [a+ B+ 2cos(wg + Go)]} A+ K1k = 0.

Taking into account that a8 > 1 [15], it is easy to see that all the coefficients
of this equation are positive, which immediately entails the fulfillment of the con-
dition on the roots of this equation.

The zero-order approximation of slow invariant manifold takes the form

_g,
ho(w1,72) = ( T )

The main term of the fast manifold takes the form
Hoy(v,2) = 25 (0)¥(v)2
1

B —Hil(a—l—5+2cosvg) —7 (B + cosva) %
- — (B + cos ) -0 2z )’

Using the splitting transformation (2.7) we obtain the independent slow sub-
System

51:07 E1:O

¥ = ho(v) 4+ ehi(v) + O(e?),
and fast subsystem
. —_ ahO 2
el(v)z = [Eo(v) — E\II(U)%)(U) + 0(e%)]z,
since Zg is a constant matrix, with
_ Oho, . [ —k1 O
Eo(v) — 6\11(1))%(1}) = < 0 —ry )
N (a+ B +2cosva) (B +cosvz)
¢ (3 + cos va) 24 '
Strictly speaking, in the case of quick control, there is no need to calculate the first-
order terms. The motion on a slow invariant manifold is described by a differential

system
_J 0
b= [( IS >+0(5)] v,

and transient processes are described by a differential system

CU(v)2 = [( o )—I—O(e)} -

—K9

It is clear that the zero solution is exponentially stable, and the transients decay
almost instantly. In conclusion, we present the reduced equations for a system
with weak decay of transient processes.
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3.3. Soft Control. Setting the control of form uy = —vy121 — kY1 + Kya2, Uz =
—YoTy — ER2Ys — KY1, with positive v1,y2, K, K1, K2, we obtain the following repre-

sentations
€ = —Y171 = _ 0 &
0 — —o o y —0 — —k 0 )

- _ —K1 0 _
~1—< 0 R2>7§1—0-

The zero-order approximation of slow invariant manifold takes the form

2
]’Lo(l‘l,.rg) = ( ﬁxQ )

T
To obtain the first order approximation it is necessary to use the representation
Ohg
h1=E5" [W——ho — E1ho — T(x,ho) | -
L= =5t (05— Ziho - T ho)

The flow on the slow invariant manifold is described by the differential system

. 0 -2
s )

L& Tkt MY2%2/K Y1V2%2/K
K2 —My2¥1/K —Y2k1 — V122 /K

+0(e?) + O([lv]l)

V.

Here v;, ¢ = 1,2,3 are elements of ¥(0), i.e.,

1 = a+ B+ 2c0s(q2), Y2 = B+ cos(qz), Y3 = 0.

By virtue of the Lyapunov’s Indirect Method, this subsystem is asymptotically
stable. Thus, we can conclude that the control goal has been achieved taking into
account that the solutions of the subsystem which describes the transient processes,
exponentially fade away. To verify that the transient processes decay exponentially
we can use a well-known Wazevski inequality. Recall that any solution of the linear

homogeneous system

dx

with continuous on (0, +00) matrix A satisfies the Wazevski inequality
leO)llels X0 < Jla(@)]] < [la(0)]jlfo A7),

Here ||-|| is the Euclidean norm, A(¢) and A(t) are smallest and greatest eigenvalues

of matrix )
3 (A@t)+ A" (1)),

where AT (t) is a transpose matrix, see [16].
Transient processes are described by a differential system

h
el(v)z = |Ep — 5\1/(1})% + 51 +0(?)] 2.
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oh _x2
v = (0 (L )

where ¥;(v), (i = 1,2,3) are elements of ¥(v), i.e., ¥1(v) = a+ § + 2cos(ve +
G2), Y2(v) = B+ cos(va+ Ga), 13 = B. Thus, setting v1 = v2 = v and Ky = K1, we
obtain the following equation for z
2
(2 7F)

—k1 = YP2(v) /K Y1 (v) /K
e < —73/K —k1+yP2(v)/K )

Here

eV (v)z =

IR O

+0(e*) +0(||=l)

zZ.

To analyse the last system it is convenient to introduce a new vector variable z;
by the formula
z1 = ®(v)z,
where ®(v) is a unique positive definite square root of ¥(v), i.e., ®* = W. Then,
g4 = [Ao(v) + A1 (v) + O(?) + O(||z1]))] 21-

Here

Ao(v) :@@)*( 0 OZ )fb(v)_l.

Note that Ag(v) is a skew-symmetric matrix and, therefore, Ag(v) + A (v) = 0.
The matrix A;(v) may be represented in the form

M) =¥+ 2 (70 0 )

Py (021,

2k  Ov 1 0

Since W~1(v) is a symmetric positive definite matrix , then with a suitable
choice of parameters k1 and x (or ), the largest eigenvalue of the matrix

L () + A7)

will be negative. By virtue of the Wazevski equality, this means that transient
processes exponentially fade away and the control goal can be considered achieved.

4. Conclusion

In this paper, we investigated the decomposition problem for a special class of
systems of differential equations with singular perturbations. Unlike most of the
available literature on the subject, we considered not only systems with a boundary
layer, but also systems with weak energy dissipation, a characteristic feature of
which is a relatively slow decay of transient processes. The proposed approach
tested here shows that the use of the decomposition method greatly simplifies the
analysis of models of manipulation robots.

25



1
2
[3

[4

[10

VLADIMIR SOBOLEV

References

| Vasil’eva A.B. and Dmitriev, M. G. Singular perturbations in optimal control problems. J.
Math. Sci., 1986, vol. 34, pp. 1579-1629.

| Kokotovic P. V., Khalil, H. K., and O’Reilly, J. Singular Perturbation Methods in Control:

Analysis and Design; STAM, Philadelphia, 1999.

Dmitriev M. G. and Kurina, G. A. Singular perturbations in control problems. Autom. Re-

mote Control, 2006, vol. 67, pp. 1-43.

Naidu D. S. Singular perturbations and time scales in control theory and applications: An

overview. Dynamic Continuous, Discrete and Impulsive Syst., Ser. B: Appl. and Algorithms,

2002, no. 9, pp. 233-278.

| Sobolev V. A. Integral manifolds and decomposition of singularly perturbed systems. Syst.
Control Lett., 1984, no. 5, pp. 169-179.

| Sobolev V. A. Decomposition of linear singularly perturbed systems. Acta Mathematica Hun-
garica, 1987, vol. 49, pp. 365-376.

] Voropaeva N.V. and Sobolev V. A. A constructive method for splitting nonlinear singularly
perturbed differential systems. Differ. Equ., 1995, vol. 31, no. 4, pp. 528-537.

| Sobolev V. A. Singular perturbations in linearly quadratic optimal control problems. Autom.
Remote Control, 1991, vol. 52, no. 2, pp. 180-189.

| Fridman E. Ezact slow-fast decomposition of a class of nonlinear singularly perturbed
optimal control problems via invariant manifolds. Int. J. Control, 1999, vol. 72, no. 17, pp.
1609-1618.

| Fridman E. Ezact slow-fast decomposition of nonlinear singularly perturbed optimal control
problem. Syst. Control Lett., 1984, vol. 40, no. 2, pp. 121-132.

[11] Prasov A.A. and Khalil H. K. Tracking performance of a highgain observer in the presence

of measurement noise. Int. J. Adapt. Control Signal Proc., 2015, vol. 30, no. 8-10, pp. 1228—
1243.

[12] Strygin V. and Sobolev V. Effect of geometric and kinetic parameters and energy dissipation

on orientation stability of satellites with double spin. Cosmic Research, 1976, vol. 14, no. 3,
pp. 331-335.

[13] Shchepakina E., Sobolev V. A.; and Mortell, M. P. Singular Perturbations: Introduction to

System Order Reduction Methods with Applications, Springer Lecture Notes in Math., Vol.
2114; Springer, Cham, Switzerland, 2014.

[14] Ghorbel F. and Spong M. W. Integral manifold of singularly perturbed systems with appli-

cation to rigid-link flexible-joint multibody system. Int. J. Non-linear Mechanics, 2000, vol.
35, pp. 133-155.

[15] Chernousko F.L., Ananievski I. M., and Reshmin S.A. Control of Nonlinear Dynamical

Systems. Methods and Applications, Springer, Berlin, Heidelberg, 2008.

[16] Wazewski T. Systémes des équations et des inégalites différentielles ordinares aux deuziémes

monotones et leurs applications. Ann. Soc. Polon. Math., 1950, vol. 23, pp. 112-166.

VLADIMIR SOBOLEV: FEDERAL RESEARCH CENTER " COMPUTER SCIENCE AND CONTROL” OF

RAS, Moscow, AND SAMARA NATIONAL RESEARCH UNIVERSITY, SAMARA, RUSSIA.

E-mail address: hsablem@gmail.com

26



