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SOME RESULTS ON NONLOCAL GENERALIZED
FRACTIONAL INTEGRODIFFERENTIAL EQUATION

M. A. KAZI, V. V. KHARAT*, A. R. RESHIMKAR, M. T. GOPHANE, AND S. D. THIKANE

ABSTRACT. This paper is about study existence and uniqueness of solutions
for generalized fractional integrodifferential equations with nonlocal condi-
tions. We prove the existence result for the problem using Kransnoseleskii
fixed point theorem and using Banach fixed point theorem, we prove the
uniqueness of solutions for the problem. The theory so developed is sup-
ported with an example at the end of the article.

1. Introduction

Fractional integrodifferential equations have been a part of interest for many
researchers since the fractional calculus found its applications in many fields of
engineering and science. Many authors have studied fractional differential equa-
tions with Caputo fractional derivative, Riemann Liouville fractional derivative,
1-Hilfer fractional derivative etc. Researches have also explored different initial
and boundary conditions. Byszewski was the first who studied fractional differen-
tial equations with nonlocal conditions, see [3, 4, 5].

In [11], authors studied fractional integrodifferential equations with Caputo
fractional derivative with nonlocal conditions in Banach space and studied exis-
tence results for the problem. Many recent papers have dealt with the existence,
uniqueness and other properties of solutions of special forms of the equations (1.1),
see [9, 10, 12, 13, 14, 15, 18] and some of the references cited therein.

Recently, in an interesting paper [2], the authors have studied existence and
stability results of solution for the initial value problem

{ (D)1 = glt,u(t)), t€ o] W
(5I;IC’U,)(CL) = (g, C2 € RaC=M+77(1 —/.L) .
for generalized Katugampola fractional differential equation by Schauder fixed
point theorem and its equivalent integral equation is
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In the present article, we propose generalized fractional integrodifferential equa-
tion of the type

{ (O DI (t) t), ¢ k(p,T)u(r)dr), 0<pu<1,0<n<1,
(I'"Cu)(a) = Zzzl A (). p<C=p+nl—p),
where t € (a,T),& € (a,T), 1 € (0,1), n € [0,1], 6 >0, p < ¢ =p+n(l-—
1), & € (a,T) and °D" and °I'~¢ denote generalized Katugampola fractional
derivative of order 1 and Katugampola fractional integral of order 1 — (, function
g: (a,T] x (a,T] = R is a given function, & are pre-fixed points satisfying 0 <
a<& <& <<€y <Tand \; =1,2,- -+, n are real numbers.

(1.3)

2. Preliminaries

In this section, we see some important definitions and results that we use in the
paper. Beta and Gamma functions are defined by

e8] 1
I(p) = / e tdt, B(u,n) = / (1 =ty 1= Ydt, p, > 0.
0 0
Definition 2.1. ([16]) The space X?(a,T),c € R,p > 1 consists of all real valued

Lebesgue measurable functions g on (a,T) for which ||g||x» < oo, where

b
dit\1/p
lolle = ([ o) o= 1 and fglls = sup [eg(0).
a a<t<T

In particular, when ¢ = % we get Xf/p(a,T) =L,(a,T).

Definition 2.2. ([6]) We denote by C[a,T] , a space of continuous functions g on
(a,T] with the norm

llgllo = max lg(t)]

The weighted space

10 —ad\¢
C’<75[a,T]:{g.(a,T]—>R.( - )g(t)eC[a,T].} (2.1)
with the norm
0 —ad\¢ 0 —ad\¢
lollees = (=5) o(t) I= max |(=5) o(0)] and Clsfa, 7] = Cla, 7).

Definition 2.3. [6] Let Ay = (t‘s_ld/dt), 0 < ¢ < 1. Also denote C™[a,T] the

Banach space of functions g which are continuously differentiable, with As on [a, T
upto order (n — 1) and have derivative A¥g on (a, 7] such that Alg € C¢ 5a, T).

CZ("C[G,,T] = {Aég € C[CL,T],k = 07]-7"' N — ]-7A:$lg S Ccﬁé[avT]}vn €N

with the norm given by

n
k
lgllez, . = ZIIA glle +11A39llocs: llgllex, gtgig]lﬁag(t)l

In particular, for n = 0, we get Cga)c[a,T] = C¢sla, T).
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Definition 2.4. [7] Let 4 > 0 and g € XP?(a,T), where X? is as defined in
Definition (2.1). Then the left-sided Katugampola fractional integral °T /' of order
u is defined as

t 5 _ ati n—1
515+9(t)=ﬁ/ pé‘l(t 3 ) g(p)dp,t > a (2.2)

Definition 2.5. [8] Let u € Rt — N and n = [u] 4+ 1, where [u] is the integer part
of y1. The left sided Katugampola fractional derivative ° D* _ is defined as

Dl g(t) = AL g(p)(t) (2.3)
n t 5 _ g8\ n—p—
= (@) T [ () e e

Definition 2.6. [6] The left-sided generalized Katugampola fractional derivative
SDI of order 0 < p < 1 and type 0 <7 < 1 is defined as
1- 1-n)(1—
(CDug)(t) = CLET AT ) (0) (2.5)
for the functions for which the right-hand side expression exists.
Lemma 2.7. ([17]) Suppose that u > 0, n > 0, ¢ > 1 and 6, ¢ € R such that

d > c. Then for g € X%(a,T), the semigroup property of Katugampola integral is
valid. i.e.

CIE) L) g(8) =° 1 "g(1) (2.6)
Lemma 2.8. ([8]) Suppose that ;1 > 0, 0 < ¢ <1 and g € C¢sla,T]. Then for
t € (a,T],
CDE)CIE)9() = g(t) (2.7)
Lemma 2.9. ([8]) Suppose that p > 0, 0 < ( < 1 and g € C¢sla,T]. and
S[itg e C¢ sla, T]. Then,

S1l—p a 6_a5 n—1
(1) (D )g(t) = g(t) I“Fog( ()

Lemma 2.10. ([1]) If °I/, and °D, are defined as in Definition 2.4 and 2.5
respectively, then

(2.8)

"I3 (t5 5 a6>0_1 = F(I;(j—)l) (té ;aé)ow_l

tﬁ_(su_l
5Dg‘+( 6“) —0,0<pu<1

, u>0,0>0,t>a

Remark 2.11. ([1]) For 0 < p < 1, 0 < n < 1, the generalized Katugampola
fractional derivative 5ij’+" can be written in terms of Katugampola fractional
derivative as

D = CLYTACL) = CLETTODE ), ¢ = ut (L p)
Lemma 2.12. ([6]) Let £ >0, 0< (<1 and g € Ci_¢sla,b]. If p >, then

"It g(a) = Jim (I g)(1) =0

391



M. A. KAZI, V. V. KHARAT, A. R. RESHIMKAR, M. T. GOPHANE, AND S. D. THIKANE

To discuss the main results, we need following spaces.
CI sla,T) = {g € Cy_cola, T)° DIg € 01,4’5[a,:r]}, 0<¢<1  (29)
and

Clc—g,é[avT] = {g S lec,(s[aﬂT] :6 Dg+g € 017C,5[a7T}}a 0< C < 1
as °Dhlg = (51"(1 “))(5Dg+)g, it is clear that CS_ csla. T) C C17% 5la, T

Lemma 2.13. ([8]) Let p >0, n >0 and { = p+n—pn. If g € Cffgyé[a,T],
then
CIe ) DE)g(t) = CIE)(CDEg(t) = DI (1)

Lemma 2.14. ([6]) Let0 < p <1, 0<n <1, (=p+n—pn. Ifg: (a, T xR = R
is a function such that f(-, u(-)) € Ci—¢sla,T] for any u € C1_¢ s[a,T| for any
u € Cf_q,(;[a,T] satisfies initial value problem (1.1) iff u satisfies the nonlinear
Volterra integral equation (1.2).

Theorem 2.15. ([1]) Let 0 < p <1, 0<n <1, (=p+n—pn. If g: (a,T] X
(a,T) — R is a function such that g(-, u(-)) € Ci_¢ sla, T] for any u € C1_¢ s(a, T
for any u € Clcfg’é[a,T} satisfies initial value problem (1.3) iff u satisfies the
mized-type nonlinear Volterra integral equation

u(t)ZI{Z)(té—a) Z)‘/ p5—1<§z‘5gp5>“_1
5

xg( ,u(p),/o”k(p,T)u(T)dT> dp + F(lﬂ)/atpé_l(té ;p )#_1

X g ( ,u(p), /Op E(p, T)u(T)dT> dp (2.10)

:< Z,\(@_a) ) - (2.11)

3. Main Results

where

In this section, we prove the existence and uniqueness results for our problem.
For this, we state some hypotheses:

(Hy) g:(a,T] x (a,T] = R is a function such that g(-,u(-)) € C’f(lc ;) [a, T for
any u € C1_¢,s and there exists a positive constant M, N > 0 such that
for all uy, vy, ug,va € (a,T],

|g(t7u17u2) - g(t,’Ul,’UQ)| < M|u1 - U1| + N|’LL2 - U2|' (31)
(H2) The constants

0 = <|K| Z)‘ (55 )u+c 1 N (T5 5—a5>ﬂ> (3.9)
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and

_ TNkr [~ (& —a’\n  (T°—ad\n—C+1
QQ_F(M+1)[;)\i( ) () ] (3:3)

are such that

MO+ Q<1 (34)
Theorem 3.1. If the hypotheses (Hy) — (Hz) hold and if

" 9 g8\ ptc—1 ¢ I
@:K|[FZ\({LF+(C2);M(£Z . ) +¢- Tu]\jrki" Z (6 ) ]

<1 (3.5)

then the problem (1 3) has at least one solution in
Ct_c la. T C C1" 5[a, T).

Proof. To prove this result, it is enough to prove that the integral equation (2.10)
has a solution.
Define an operator T : Ci_¢ s[a, T] = Ci—¢ s[a, T| by

(TU)(t)—Ffu)(téa) zn:)\ /§1p51(f§§61)5)u—1x
5

p
9(p.utw), [ blp. ryutr)ar)ap (36)
0
Then T is well defined. Define G(p) = g(p,0,0) and consider a closed ball
By = {u€ Crocafa,T]: lulloy_., < v} where 2 T—— 2l
r = — s : B < T >
u € Ci¢sla ullc,_. s <} where r = T )

Let us divide the operator T into two parts 17,75 on B, as follows.

(Tlu)(t)_r-z{m(té_a ) Z)\ / p571(f?;p5)u—1

and

o

t 5 _ p—1 P
@0 = 7 [ 0 (F) a0, [ ke ourana 69
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Claim 1: For any u, v € B,, Thu+ Tsv € B,.. Consider

( ulp), / kp, 7)u(r)dr) — g(p.0,0)| + g(p,o,o>|)dp
S |K| Z)‘/ p5—1(§§sgp‘5)“_1
[ ko utrrar| + G<p>|)dp
n & § o0
<t ()"

i=1

)

/Op (Téga )C 1(7- ga )1%“(7_)6[7_ +|g(p)|>dp
R A G e R (I C e R

5 6 1— 5 _ 40\ 1=C
p a ¢ p a
+ ( 5 ) NkTHu”le(,&T + ( 5 ) G(p)|)dp

K n p6 _ a6 ¢—1 ff —p u—1
I‘i Z} / 1( B ) ( h) )
<M||u||cu,5 n ||G|c1<,a)dp

K 5 7p6 u—1
+d 'ZA [ (S5 Neaie
)

‘K|F( ) 51 —p pt+c—1
< m ;/\i(d) <M|U||Clg,5 + |G||C14,5)

K| < & —a’\nr
— L N (2 Nk T¢
e M) Nl

< (M|u<p> T Nky

o
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r L S N 1
|Tlu||clcY§§|K|{M(<))Z)\i(§ a >u+ +

I'(p+¢) = 5 T+l
n . E;‘S_a’é 12 ¢ |K|F n 56 e
FZI/\z((s) TSNkt HUHC’l—Ca ,Uf+< Z ( ) HGHC17<,5

(3.9)

For operator T5, consider

o (“5)

< ﬁ /: o (%yﬂ (té ;a5)17<|g(p, o), /ap R,
[

(55w [ (5 ()
< (E55) T ) + [ kot + 166 D
;aé)lgréw(/i (55
Ap('“)CXT Y (r)ar| + 1G] )y
(550w [ )T T (e () v
( ;

p—1

(
x(MW@M+Nm

S 01— 5\ 1-¢
p a b —a
) Whrlblle 7+ (E55) I )ap
1

(5 T L ) T ) (e

t 1-¢ 1 t B téfpé p—1
16l v+ (F55) ™ s [0 (B52) Nhallen 0

T(u

< (t5 ;aé)ki (i(+)g) (t5 x a )u+< <M||v|clg,5 + |G||Cl<,6>
e > e (L) W7

< [MF ‘quC Té ;aé) JrNkTTQF(Nl+ . (Té ;aé)uC+l} ller
n <T6 ) (E_)C)”G”Clc,a
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r T _ 1 TS — g\ p—C+1
[ Tovlle,_. s < {M (©) )( a ) + NkgT¢ )( . a >; ]

I'(p+¢ ) M(p+1
T% —a® r
X H’UHCl,C,é + ( S a )HF(/J,(-CF)C) ||GH017¢,5 (310)

Then using (3.9), (3.10) in

[[Tiu+ Tovlle, s
< HTl’U’Hleg,& + ||T2’U||leg,a

< IK] [Mr(r(i)o i A <€? 5 aé)w_l * r(u1+ ) il As (W)MTCN’{T}
<o, + 'KM'FH 2; (B e

n [MF(i(i)g)<T66 ) + NkrTS - » 1+ ; (T56a5)u—<+1]”v”qm
(55 16

< (il S () g ()

- [r(i(?c)M(Té 5 6)# * r(p1+ oy Ve (T6 gaé)uw] }7“

§_gd\n 0 _gd\n
B2 2 .

{ =
S{M ') [K|Z>‘( a>#+<1 T‘;—a)}

I(p+¢)
TCNkT [Z/\ <§5—a )#+<T‘5—a = <+1]}
M+C { |ZA( )WrC 1+(T65 6) }llGIICI s (3.11)

< (MQl + QQ)T + Ql S r (312)

Thus, Tyu + Tov € B,..
Claim 2: T3 is a contraction.
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Let u,v € B, and consider

< %i)\i /;ipts—l(fésgp&)ul

SlhnffM[fﬁs%éifﬁyhﬁMww>mm|

5 4

1Kl S~y (% s
= quJ&/ P

5 1(55—17
)
p — - T —a%\¢-1
\/ = vl i
o 1(55*17
]

Jo
S

) U’E“)Gl

() 1-¢
¢(P_—¢
x [M+NkTT ( 5 ) }dplu—vllclclm

n

< |K]| {J\ZF(C)) SN (5? - a“)wc—l
i=1

0

T Nkr — €0 —ad\m
e ) et

T = Thollo, s < Ollu—vlle,

This shows that 73 is a contraction.
Claim 3: T5 is compact.
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For 0 < a <t; <ty <T, consider

|(Tou)(t1) — (Tou)(t2)]

t1 3 _ 0\ p—1 P
é’ﬁ/a p‘H(tlTp) g(p,U(p)»/O k(p, T)u(r)dr)dp
5

_ b /:2 pa—l (tg ;p )ulg(p,u(p),/op K(p, 7)u(r)dr)dp

I'(p)

HgHCHfg,a b S5—1 t{—p‘s pn—1 p5_a5 ¢—1
7/ P () () A
5 5

L)
ta ) ) _ _
Bl =y (A
C(Olglley_c.s
I'(p+¢)

(5 (e
1) 1)

One can see that as to — t1, RHS of the above inquality tends to zero in both the
cases i+ ¢ < 1or u+ ¢ > 1. Hence, Ty is equicontinuous. Hence, by the Arzela-
Ascoli theorem, T5 is compact on B,.. As all the conditions of Kransnoselskii fixed
point theorems are satisfied, we can say that the problem has at least one solution

in C1_¢ s[a, T| and hence in Cf—g,&[aa T]. This completes the proof.

Now, we prove uniqueness theorem.

Theorem 3.2. If the hypotheses (Hy) — (Hz) hold, then the problem has unique

solution.

Proof. From the operator defined in the previous theorem, we have
T: Cl_g,g[a,T] — 01_475[(1,T] by

g(p, u(p), /OP k(p, T)U(T)d7>dp I ﬁ _/atpél (té ;p5)u—1

(). [ Ko ryutryar) iy (313)

from the Claim 1 of the previous theorem, we can see that for
u € By, ||TU’HCI—(‘5 <r
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Next, we prove that T is a contraction. Consider

’((Tu) _ (TU))(t)(w ;a6>174‘

<Ff§_j /& o1 (S22 ‘1g(p,u<p>,/0tk<pn>u<7>d7)

+N/kp, — o(r)dr| | dp
+(t 5 )1 CF(lu) /atp‘s_l(tg 5p6)“7 [M|u ) —v(p)|
8] [ Ko1)ol | ap

< IJ‘(IJ)ZTL:)\I‘/ ip5—1<¥>“*1(p5ga5>C*1

X |:M p—a )1—<|u(p)—v(p)|+NkT(p —a )174
5

6 _ gd\1- R S N S S
+(t 5 ) CF(IM)/GP(S 1(t 5p) (p 5 ><
X [M(P -a )1—<|u(p)—v(p)|+NkT(p5_a5)1_<

4]

Jo
é

< Mi)‘i/jip‘s—l(@;pé)“l(péga )174

> M—FN/{TTC(pé;aé)(—

N (t6 3 aé)l_cr(lu) /:pH

x [M 4 NkgTS (p6 - “6)1’

dpllu —vlle, ¢, .,

té_pé

) )

dpllu —vlle, ¢, .,

" e
§|K|{m;Ai(§6 )+C1

_
|—|/\|—,
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o | O B N "
<Im K| A-( i ) + ( )
e LI C ;

TkrN [ € —ad\m (T —ad\n—CH1
A ) el
< (MO + Qo)||u—v]lcy s

[|[Tu—Tvllc,_ s < (M + Qo)||lu —vl|c,_ 5, Yu,v € B, (3.14)

Thus, T is a contraction map and hence by the Banach fixed point theorem, the
operator has unique solution in Cy_¢ s[a, T).

O
4. Examples
In this section, we apply the result to example.
Example 4.1. Consider the nonlocal problem
{ Coprut) =g (tu), f) Kt p)u(p)dp), te (1,2 (1)
Ly u)(1+) :u@), C=p+n(l—p)
Set,u:%, n:%thenﬁ—g Also, leté—f and

t 0 —1\-1/12 1 .49 —1\13/14 1 [t
attutt). [ ke = (57) T+ 5(557) T w0+ 5 [ uwa,
with k(t,p) = 1, so that kr =1, then

() gtututon = (1) + L

5
180 —1\2/5 [¢
1 1,2
+7( 5 ) /1U(p)dp60[,]
Therefore g(t, u(t) fl (p)dp) € Coy5,1/2[1,2].
1
Also, |g(t,uy,us) —g(t,vl,v2)| < g\m —U1|+?|U2 —va|, Y uy, uz, vi, vo
1 1
M=—-, N=_.
50 8’ 7
3 1\—-2/5\ "
|K|—‘(F(3)—1.1<(5/3)12) ) ~ 0.9807811549 < 1.
5 2
and
1 T'(3/5) (5/3)2 — 1\ 1
© = 0.9807811549 | = 1.1
[8 T(11/10) " )( 1 )
23521 (5/3)F —1\3%
(1.1 ~ 426248648 < 1
Y7 (5 )} 0.58426248648 <

Hence, by the Theorem (3.1), the problem (4.1) has at least one solution in
Co/5,1/2(1,2].
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