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ABSTRACT: The present article delves into the investigation of the
geometric properties of screen slant lightlike submanifolds within the context
of indefinite Kenmotsu manifolds with providing a non-trivial example. The
main focus of this article is on totally contact umbilical screen slant lightlike
submanifolds followed by a non-trivial example. Our study establishes a
significant result, demonstrating that every totally contact proper umbilical
screen slant lightlike submanifold of an indefinite Kenmotsu manifold is
totally contact geodesic.
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1. Introduction
The theory of lightlike submanifolds is very importent due to its potential
applications in mathematical physics, especially in the general relativity as
lightlike submanifolds can be models of event horizons, Cauchy's horizons,
Kruskal's horizons etc. Due to this relevancy, lightlike submanifolds is an
importent topic of research in the field of differential geometry. The concept
of lightlike submanifolds, which is characterized by a degenerate induced
metric, is thoroughly examined by Duggal and Bejancu in their seminal work
[1]. Various classifications of lightlike submanifolds in indefinite Kenmotsu
manifolds have been established, taking into consideration the action of the
(1,1)-tensor field ¢ on the tangent and normal bundles of the submanifolds.
To introduce the angle other than 0 and g, between the vector fields of the

associated distributions, Sahin further investigated the slant lightlike
submanifolds in the context of indefinite Hermitian manifolds [8], and then
other generalized classes of slant lightlike submanifolds came into existence
and developed in [9, 10]. Due to the physical appearance of these
submanifolds, geometry of slant and screen slant, hemi slant lightlike
submanifolds within indefinite Kenmotsu manifolds was explored in [3, 4, 6].

However, the totally umbilical characteristic of the ambient spaces has its own
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significance, therefore geometers investigated this characteristic in the slant
structure [7].
In this paper, the geometry of screen slant lightlike submanifolds of indefinite
Kenmotsu manifolds is studied and the integrability conditions for the
associated distributions of screen slant lightlike submanifolds are obtained
along with a non-trivial example. Then the article focuses on totally contact
umbilical screen slant lightlike submanifolds followed by a nontrivial
example. Further, the study establishes a significant result, demonstrating that
every totally contact proper umbilical screen slant lightlike submanifold of an
indefinite Kenmotsu manifold is totally contact geodesic.
2. Preliminaries

Consider a submanifold (M,g) of dimension m embedded in a semi-
Riemannian manifold of dimension (m + n) with a constant index q. Here,
we have 1<g<m + n—1 and mn=1. If the metric g becomes
degenerate on the tangent bundle TM of M, then M is referred to as a
lightlike submanifold. As a consequence of the degenerate metric g on M,
the subspaces TyM* and TyM become degenerate orthogonal subspaces but
are not complementary to each other. This leads to the existence of a radical
subspace denoted as Rad(TM) = TyM n TyM<*. Moreover, if the mapping
Rad(TM) : M - TM is defined such that it assigns y € M to Rad(TyM),
this gives rise to a smooth distribution of rank 7 > 0 on M. In such cases, M
is classified as an r-lightlike submanifold, and the distribution Rad(TM) is
referred to as the radical distribution on M. The complementary non-
degenerate subbundles S(TM) and S(TM?) of Rad(TM) in TM and TM*,
respectively, are known as the screen distribution in TM and the screen
transversal distribution in TM* . This can be expressed as:

TM = Rad(TM) L S(TM) and TM* = Rad(TM) 1
S(TMY).
Also, there exists a local null frame {Ni} of null sections with values in the
orthogonal complement of S(TM?*) in S(TM*Y)* such that g(Ni,fj) =4
G(N,N;) =0, fori,j € {1,2,....,7},
where {¢;} is local basis of Rad(TM). It implies that tr(TM) and ltr(TM),
respectively, be vector bundles in TM|Mand S(TM*)* with the property
tr(TM) = ltr(TM) L S(TM%), and
(1) TM|M =TM @ tr(TM) = S(TM) L (Rad(TM) & ltr(TM)) L
S(TMY).
Consider V as the Levi-Civita connection on M. For Y;,Y, € T(TM),N €
T(ltr(TM)) and
W € T(S(TM%)), In view of the decomposition (1), the Gauss-Weingarten
formulae are as follows
) Vy, Yo = Vy Y, + hH(Y,, Y,) + 5 (Y, Yy),
() Uy N = —AyY, + V) N + DS(¥;, N),
@ VW = —AyY; + Vi, W + DY, W).
Using metric connection V and Egs. (2), (3), (4), we get the following

ijs

equations

(5) GRS (¥, V), W) + g(¥,, DYy, W)) = g(Aw Yy, Yy).

In particular, the induced connection V is not metric connection. For
Y., Y,, Y3 € T(TM), the following formula represents the expression for the

induced connection.
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(6) Vy, g5, Y3) = G(h'(V,Y,), Y3) + G(h' (Y1, Y3), Y2).
Further, the relation between the curvature tensor R and R of M and M,
respectively, is given by [1].
D E(Yl' Yz)Ys = R(Yp Yz)Ys + Ahl(Y1.Y3)Y2 - Ahl(Y21Y3)Y1 +
Apstrive)Yo—Apserarsly
+ (Vy, A (Y2, Y3) = (Vy, A (Y, V3) + (Vy, h¥) (Y2, Y3) — (Vy,h%) (Y3, V3)
+DY(Yy, h¥(Yy, Y3)) — D (Yo, h¥(Yy, ) + D5(Yy, R (Y,, Y3))
— DS(Yy, K (Y1, V).
Definition 2.1 [2] An odd dimensional smooth semi-Riemannian manifold
(M, g) is called almost contact metric manifold with a structure (¢, V,7, &) if
() ¢*Y, =Y +n(Y)V,n(V) =Lneop =0,¢V =0.
©) g(pYy, ¢Y;) = (Y1, Y2) — n(Y)n(Y2) forall ¥, Y, € T(TM)
From (8) and (9), we get
(10) gw,v) =1,
1D g, V) =n),
(12) g(o¥, o) = —g(¥y, ¢Y3).
Definition 2.2 [5] An almost contact metric manifold with a structure
(¢, V,n, &) is called an indefinite Kenmotsu structure if and only if
(13) (Vqub)Yz = —g(Yy, pY)V + n(Yo)p(Y), for Y1, Y, € F(TM))
where V is the Levi-Civita connection on g.
From Eq. (13), for ¥}, Y, € T(TM), we obtain
(14) vylv ==Y +n(Y)V.
3. Screen Slant Lightlike Submanifolds
Definition 3.1 [4] Let M be a 2g-lightlike submanifold of an indefinite
Kenmotsu manifold M of index 2q such that 2q¢ < dim(M) with structure
vector field tangent to M. Then M is said to be a screen slant lightlike
submanifold of M if following conditions are satisfied

(i) Rad(TM) is invariant with respect to ¢.

(ii) For any x € U € M and for any non-zero vector field Y1
tangent to S(TM) = D L {V}, Y1 and V linearly independent,
the angle (Y1) (known as slant angle) between ¢Y1 and
S(TM) is constant, where D is the complementary distribution
to V in screen distribution S(TM). Therefore in view of above
definition, the decomposition of tangent bundle is as:

TM = Rad(TM) L D L {V}.
Throughout the paper, (M,g,S(TM)) is considered as a lightlike
submanifold of an indefinite Kenmotsu manifold with constant index 2q <
dim(M) and structure vector field V is always tangent to M.
Consider a screen slant lightlike submanifold (M, g, S(TM)) of an indefinite
Kenmotsu manifold M and P and Q are the projection morphisms on
Rad(TM) and S(TM), respectively.
Then, for ¥; € I'(TM), we have
(15 Y1 = PY1 + QY1 +n(YL)V
where PY; € (Rad(TM)),QY1 € (S(TM)) and QY1 = QY1 +
n(Y1V € T(S(TM)).
For any vector field Y1 € F(S (TM )), we write
(16) (Y1) = TY1 + Y1
where TY1 € I'(S(TM)) and wY1 € T(tr(TM)).

Applying ¢ on (15) and using (16), we obtain
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(17)  $(Y1) = TPY, + TQY, + wQY,,

where TPY, € T'(Rad(TM)),TQY; € T(S(TM)) and wQY; € I'(S(TM*)) .
The screen transversal bundle S(TM*1) can be decomposed as

S(TMY) = wQ(S(TM)) L .

Then, for any W € T'(S(TM*1)), we have

(18)  ¢W = BW + CW, ¢N = CN,

where BW € T'(S(TM)), CW € I'(w) and CN € T'(ltr(TM)).

Next, following [4], a screen slant lightlike submanifold M of an indefinite
Kenmotsu manifold M has the following properties:

(19)  T2QY, = —cos?6 (0¥, — n(@YV),

(20) g(TQY,, TQY,) = cos® 0|STM[g(QY, QY,) — n(QYn(QY)],
(21) g_(w(_?Yl, wQY,) = sin? 9|STM[9(QY1, QY,) — W(QY1)7’I(QY2)] for
any Y, Y, € I'(TM).

Example 1 Let (M, ) = (R, §) be a semi-Euclidean space, where g is of
signature (—,—,+,+,+,+,+,+,+) with respect to canonical basis
{0x,,0y,,0x,, Yy, 0x3, 03, 0x,, Dy, 0z}. Consider a submanifold M of Ry
defined by

X1 = UpYr = —Uy X2 = Up,Y2 = Ug,X3 = U3, Y3 = —Uy,
X4 = cosO us, y4 = sinf us, Z = Ug
Then Zl = e_z(axl + ayz), Zz = e_z(axz -
ayl)’

Z; =e ?(0x3; +sinf dy, + cos 6 dy,), Zy =
e_Z(_ay3)7 ZS=V=GZ. N1 =e7_z(—ax1+

_e€

0y2), Ny =""(0x, + dyy)
Itimplies that  ¢pZ; = Z,,pN; = N, and Dy = Span{Z;,Z,}.
Dy is a slant distribution with a slant angle % . Therefore, M is a screen slant
lightlike submanifold of an indefinite Kenmotsu manifold.
Theorem 3.2 Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold then, for ¥;,Y, € T(TM), the following equations hold
(22) (VYIT)YZ = Apor,1 + BR*(Yy,Y2) — g9 (Y1), Vo)V +
n(ITPY, +n(¥,)TQY,,
(23)  ¢h'(Yy,Y;) = h'(Y,, TPY;) + h'(Y;, TQY,) + D' (Y1, wQY,),
Q4 (Ty,)Yo=—h (Y, TPY,) — h5(Y,, TQY,) +
Chi(Yy, Y2)(n(Y2)wQYy),
where (Vy, T)Y, = Vy, TPY, + Vy, TQY, — TPVy, Y, — TQVy, Y, and
(Vy,0)Y; = V3, wQY; — wQVy, Y,.
Proof: For Y;,Y, € T'(TM), using Eq. (13), we obtain

led)YZ = ‘{vale —g9(@(Y), )V + n(Yy)eY;,
Using Eq. (17) in above equation, we get

vyl (TPY, + TQY; + wQY,)= ¢vY1Y2 = g(@(Y), )V + n(Yz)pY;.
which reduces to
(25)  Vy,TPY, + hi(Y,, TPY,) + h*(Y,, TPY,) + V. TQY, +
R (Y, TQY,) + h3(¥,, TQY,)

—Auor, Vs + V5, 0QY, + D' (Y, wQY,)
= TPVy,Y, + TQVy, Y, + wQVy, Y, + Ch'(Y,,Y;)
FBRS(Y,,Yy) + Ch3(Y,, V) — G(6(H), Vo)V
+n(Y,)(TPY; +TQY; + wQY;).

Equating components of TM, ltr(TM) and S(TM*) in Eq. (25), we obtain
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(Vy,T)Y2 = AyonYs + BR(Y,Y,) — g(9Y, V)V +
n(Y2)(TPY; +TQY), Ph'(Y,,Y;) = h'(Y;, TPY,) +
h'(Y;, TQY,) + D'(Yy, wQYy)
and
(Vy, )Y, = —hs(Yy, TPY,) — h°(Y,,TQY,) + Ch®(Y,,Y,) +
(m(Y2)wQYr).
This completes the proof.
Theorem 3.3 Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M. Then
(i) the radical distribution Rad(TM) is integrable, if and only if, the
screen transversal second fundamental form of M satisfies
RS (Y, JY,) = (Y, Yy), for Yy, Y, € T(Rad(TM)).
(ii) the screen distribution S(TM) is integrable if and only if
Q(Vy, TY, =V, TY;) = Q(Auy, Y2 — Awy, Y1),  for all Y,,Y, €
['(S(TM)).
Proof: From Eq. (24), we obtain h* (Y, JY,) — Ch*(Y,,Y;) = wVy,Y; for
Y,,Y, € [(Rad(TM)).
Thus we obtain h%(Yy,JY,) — h5(JY,,Y;) = wP(Y;,Y;) which proves
assertion (i).
On the other hand, from Eq. (22), we get
Vy, TY,— A,y Ys = TV Y, + Bhs(Y,,Y,) — g(TY, Y,)V +
n(Y,)TY; forall ¥;, Y, € T(S(TM)).
Hence, we get
Vy,TY, =V, TY, + Ay, Yo — Auy, b1 = T(Y,Y,) +
2g(Y, TY)V + n(Yo)TY; — n(Y)TY,.
Thus, we obtain
Q(Vy, TY; = Vi, TY)) + Q(Auy, Y2 — Awy, Y1) = QT[Y1, Yal,
which proves (ii).
Theorem 3.4 Let M be a screen slant lightlike submanifold of an indefinite
Kenmotsu manifold M. If (Vy,T), =0 for ¥, €I(TM) and Y, €
['(Rad(TM)), then the induced connection V is a metric connection.
Proof: Let, for any ¥; € [(TM) and Y, € I'(Rad(TM)), we have (Vyl T)Yz =
0, then from Eq. (22), we obtain Bh*(Y;,Y,) = 0, hence, for any Z €
['(TM), g(Bh*(Yy,Y;),Z) = 0 implies
26)  g(h*(Vy,Y2),wQZ) = 0.
Expanding the expression g_(wQ Vy, Yz,(phS(Yl,Yz)) by using Eq. (2), we
obtain
G (0QW, Yo 0h* (1, Y5)) = G(0QTy, Yo, 0Ty, Yy) — $Ty, Y, —
@h!' (Y1, Y,)).
Since ltr(TM) is invariant, using Eq. (13), we get
G (0QW, Yo 0h* (1, 12)) = G(0Qy, Yo, h¥ Ty, 0Y,) —
G(wQVy, Yy, 0QVy, Yy).
which reduces to
g (‘UQ VY1 Y2, oh® (Y1, Yz)) = g_(wQ Vyl Yy, h*(Yy, ‘PYZ)) -
G(wQVy, Yy, wQ Wy, Yy).

Using Eq. (26) in above equation, we obtain

@D g(0QVy, Y b (1, Y,)) = —G(0Q W, Yz, 0QVy, ).

338



D. P. Semwal

Using Eq. (21) in Eq. (27), for ¥; € T'(TM) and Y, € T'(Rad(TM)), we obtain

28)  g(wQVy, Y @k (1,,Y,)) = —sin® 6 g(QV, V2, QW V).
Also from Eq. (9), we obtain

(007, Yo, 0h* (1, 1)) = G (W, Yo, b5 (1, 15)) =
TI(VY1 Yom(h* (1, Y2)).
which reduces to

F(®V, Yoo 0h* (1, Y,)) = 0,
Using Eq. (17) in above equation, we obtain

29 g(TQW, Y, ph* (Y, Y)) = =g (0QVy, Yo, b (11, Y5) ).
Using Eq. (26) in Eq. (29), we obtain

G0 (0@, Ye 0h*(¥,,Yy)) = 0.
From Egs. (28) and (30), we get

sin? 0 g(QVy,Y,,QVy,Y;) = 0.
Since M is a proper screen slant lightlike submanifold and S(TM) is
Riemannian, we obtain
Vy,Y, € T(Rad(TM)). This implies Rad(TM) is parallel. This completes
the proof.

4. Totally Contact Umbilical Lightlike Submanifolds

Definition 4.1 [11] Let M be a submanifold of an indefinite Kenmotsu
manifold M and structure vector field V tangent to M. If the second
fundamental form of a submanifold is of the form
(31) h(Yy, ;) = [g(11, Vo) —n(YDn(V)]a + n(YDh(Y,, V) +
n(Y2)h(Yy, V),
for any vector fields ¥; and Y, tangent to M, a being a vector field normal to
M, then M is called totally contact umbilical submanifold.
From Eq. (31), we obtain
(32) h (1, Y,) = lg(Y1, Y2) —n(Y)n(Yz)]a, + U(Y1)hl(yz: V) +
n(Y)h' (¥, V)
and
(33) h(V,Y,) = [g(Yy, Vo) — n(YDn(Y)]as + n(Y)R(Y,, V) +
n(Y)h* (Y, V),
where a; € T(Itr(TM)) and ag € T(S(TM*1)).
Example 2 Let (M, 3) = (R, g) be a semi-Euclidean space, where § is of
signature (—,—,+,+,+,+,+,+,+) with respect to canonical basis
{0x,,0y,,0x,, 0y, 0x3, 03, 0x,, Dys, 0z}. Consider a submanifold M of R
defined by

X1 = UpYr = —Up, X2 = Uz, Y2 = Ug, X3 = U3, Y3 = —Uy,
X4 = COSUy, y4 = sinuy, Z = Ug
Then Zl = e_z(axl + ayz), ZZ = e_z(axz -
aYI)v
Z3; =e7%(0x3), Zy=e ?(—0y;+sinu,dx, +

cosu, dy,), Ze=V=0z. N, =
eT(_ax1 + 0y2), N, = eT(axz + 0y1)
It implies that Rad(TM) = Span{Z,,Z,}. Also, ¢Z, =27, ¢N; =

N, and Dg = Span{Z3,Z,} is a slant distribution with a slant angle % .

Therefore, M becomes a screen slant lightlike submanifold with screen
transversal bundle S(TM*) spanned by
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W, = e ?(cosu,0x, + sinu,dy,) and W, = e ?(— cosu,dx, —
dys + sinu,dy,).
Now, using Gauss formula and by direct computation, for every Y € I'(TM),
we have

V,Z, = VyZ, = VyZs = 0.
Also, we can see that VyZ,, for Y € ['(TM) except Y = Z, as

Vz,Zy = —4e ?(cosu,0x, + sinu,dy,) = —4W;.
Thus by using Gauss formula, we have h'(¥;,Y;) = 0 for all ¥;,Y, € I'(TM).
Also h5(Y,Y,) =0 for all Y, Y, ET(TM) except h°(Z,,Z,) =
—29(Z4, Z)W;.
Therefore, M is a totally contact umbilical screen slant lightlike submanifold
of R3.
Theorem 4.2 Let M be a totally contact umbilical screen slant lightlike
submanifold of an indefinite Kenmotsu manifold M. Then, at least one of

the following is true

(1) M is a screen real lightlike submanifold.

(ii) (i) D = {0}.

(iii) (i) If M is a proper screen slant lightlike submanifold then
as € T'(w).

Proof: Since M is a totally contact umbilical screen slant lightlike
submanifold, using Eq. (31), for Y; € (D), we have h(TQY;,TQY;) =
9(TQY,, TQYa.
Using Egs. (20) and (2) in above equation, we obtain
(34) quleQY1 = Vroy, TOY, = cos? 6 g(QYy, QYa.
From Eq. (13), we get
(35) vTQY1<IbY1 = ¢VTQY1QY1 + g(TQY,, TQY)V.
Using Eq. (35) in Eq. (34), we obtain
¢VTQY1 QY; + g(TQY,, TQY)V — vTQYleyl — Vroy, TQY; =
cos? 8 g(QYy, QY)a.
Using Egs. (2), (4) and (20) in above equation, we obtain
(36) TVroy, QY1 + wVrgy, QY; + g(TQY,, QY da, +
9(TQYy, QY;)Bas
+9(TQY;,QY,)Ca, + Aoy, TQY, — V;le wQY; —
DZ(TQYL wQY;)
_VTleTle = cos? 6 g@QYy,QY)(a — V).
Equating transversal components in Eq. (36), we obtain
(37 wVrqy, QY; + g(TQY, QYDda, + g(TQY,, QY )Cas —
VSTlewQ |4
—DY(TQY,, wQY;) = cos? 6 g(QY,, QY;)a.
Also, for any Y;,Y, € I'(D), taking covariant derivative of Eq. (21) with
respect to TQY;, we obtain
(38) Q(V‘;Q}quYp wQ Y1) = sin® 6 9(Vroy, QY1, QY1).
From Eq. (21), we get
(39) g_((l)VTQYlQYD wQ Y1) = sin® 0 9(Vroy, QY1, QY1).
Now, taking the inner product of Eq. (37) with wQY;, we obtain
400 G(wVrqy, @Y1, wQY1) — g(Vigr, wQYy, wQY;) =
cos? 0 g(QYy, QY1) g(as, wQYy).
Using Egs. (38) and (39) in Eqg. (40), we obtain
cos? 6 g(QYy, QY1) g(as, wQY;) = 0.
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Thus from above equation, we get either 8 = g orY; =0oras €T(u.

This completes the proof.
Theorem 4.3 Every totally contact proper umbilical screen slant lightlike
submnaifold of an indefinite Kenmotsu manifold is totally contact geodesic.
Proof: Since M is a totally contact umbilical screen slant lightlike
submanifold, using Eq. (31), for Y; =QY; €eT(D), we have
h(TQY,, TQYy) = g(TQY, TQY))a.
Using Eq. (20) in above equation, we obtain
h(TQY,,TQY;) = cos? 6 g(QY;, QYy)a.
From Eq. (13), we get
vTQYld’Yl = ¢VTQY1Y1 - g(@TQY,,QY)V.
Using Eq. (12) in above equation, we obtain
vTQYld’Yl = ¢VTQY1Y1 + g(TQY,, TQY,)V.
Using Eqgs. (17) and (4) in above equation, we obtain
41) Vrior, TQY, + h(TQY;, TQY;) — Apoy, TOY, + V?lewal +
DY (TQY;, wQY;)
=TVroy, QY1 + w(VTQYIle) + ChY(TQY,, QY pa,, +
Bh*(TQY, QY,) + Ch3(TQY,, QY1)
+g(TQY,, TQY)V.
Equating the transversal part in Eq. (41), we get
(42) h(TQY;,TQY;) = w(VTQYlel) - V;le wQY; —
DY(TQY;, wQY;) + Ch'(TQY,, QY;)
+Ch5(TQY,, QYy).
Since M is a totally contact umbilical screen slant lightlike submanifold and
g(TQY;, QY;) = 0, therefore Ch(TQY,,QY;) = g(TQY,,QY)C(a) =
0.
Using Eq. (20) in Eq. (42), we obtain
cos?* 6 g(@QY, QY)a = wVrey, QY; — V;‘lewal -
DY(TQ Y1, wQY1).
Taking the inner product of above equation with wQY;, we obtain
(43) cos? 6 g(QYy, QY1) g(as, wQY;) =
=G (Viqr, wQY, wQY;)+G(0Vrgy, @Yy, wQY1).
On the other hand, for any ¥; = QY; € I'(D), Eq. (21) implies that
(44) g(va(zleYp ‘UQY1) = sin® 0 9(Vroy, QY1, QY1)
Taking covariant derivative of Eq. (21) with respect to TQY1, we obtain
45 G(Vior,wQYs, wQY) = sin 6 g(Vrqy, @Y1, QY1)
Using Egs. (44) and (45) in Eqg. (43), we obtain
cos® 8 g(QY1, QY1) g (a5, wQY,) = 0.
Since M is a proper screen slant lightlike submanifold and g is Riemannian
metric on D, we have
(s, @Q¥,) = 0.
This implies ag € I'(u). Now, for any Y;,Y, € I'(D), using the Kenmotsu
property of M, we have
VY1¢Y2 = ¢VY1 Y, —g@(1), 2)V.
Using Eq. (17) in above equation, we get
Vy, (TQY, + wQY,) = ¢Vy, ¥, — g(p (Y1), Y2)V.
Using Egs. (2) and (4), we obtain
(46) Vy, TQY, + (Y1, TQY,) — Aoy, Y1 + V3,wQY, + D' (Y;, wQY,)
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= ¢ (VY + h(Y, 1)) — G(S(H), )V
Using Eq. (31) in above equation, we obtain
47) Vy, TQY; + g¥, TQY,)a — Apor, 1 + Vls,leYZ + DY(Y;, wQY,)
= TVY1Y2 + w(VYle) + g1, Vo)dpa — gl (Y1), Y2)V.
Now, taking the inner product of above equation with ¢pa; and using the fact
that p is invariant subbundle of TM, we obtain
48)  g(V3,wQY, das) = gt 1) G(das, das).
Again, using Eq. (13), for ¥; € ['(D) and a4 € T'(4), we obtain
vyl(l)as = ¢VY1 As-
Using Eq. (4) in above equation, we get
49)  —Aga Vs + Vi, pas + D(Yy, pag) = —TAg Yy — wA Yy +
BVy, ag + CVy, as + ¢D (Y, ay).
Taking the inner product of Eq. (49) with wQY, and using CVy, pa; € T'(u),
we get
G0 g(V5,das wQY,) = —g(wAgYs, wQYy) = —sin? 6 g(A,, Y1, Ys).
Since V is a metric connection, we have
51 g(V5,0QY,, das) = —g(V5, pas, wQYy,).
Using Egs. (48) and (50) in Eq. (51), we get
(52) 9V, ) g(ag, as) = sin® 0 g(Ay, Y1, Vo),
and using (5), we obtain
(53) 94 Y1, ;) = g(h° (Y1, Y2), as).
Using Eq. (53) in Eq. (52), we get
(54) cos? 8 g(Yy,Y,)g(as as) = 0.
Since M is a proper screen slant lightlike submanifold and g is Riemannian
metric on D, we have ag = 0. Next, for ¥; € I'(D), from Eq. (13), we have
v}'1(171/1 = ¢VY1Y1 =g, YV +n(YDp(Y1).
Using Egs. (2), (4) and the fact g(¢p(¥;),Y;) = 0, we obtain
(55) Vy,TQY; + h(Y;, TQY;) — Aoy, V1 + V5, wQY; + D' (Y, wQY)
=TV, Y, + (Vy, Y1) + ChY(Y,, V) + BRS(Y,, ;) + Ch¥ (Y, V7).
Since M is a totally contact umbilical lightlike submanifold, h(Y;, TQY;) = 0,
equating the transversal components in above equation, we obtain
(56) 5, wQY; + D'(Vy, wQY;) = w(Vy, Y1) + Ch' (Y1, Y;) + ChS (Y1, 7).
Taking the inner product of Eq. (56) with ¢& where & € T'(Rad(TM)) and
using Eq. (9), we obtain
G g@h'(Y, 1), ¢8) — (D' (Y1, wQY1), ¢) = g(h'(Yy, Y1), ) —
gD (Y1, wQYy), p¢) = 0.
From Eq. (5), we get
g(h* (Y, $8), wQY1) + g(D' (Y1, wQYy), $§) = g(AwalYl, ¢Sz)
Using Eq. (26) in above equation, we obtain
(58)  g(D'(Yy, wQYy), %) = 0.
Hence, using Eq. (58) and the property of totally contact umbilical lightlike
submanifold in Eq. (57), we obtain
ght (Y, 1), §) = g(¥1, Y1) g(a,, §) = 0.
Since M is a proper screen slant lightlike submanifold and g is Riemannian

metric on D, from above equation a; = 0. This completes the proof.
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