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Abstract. The aim of this paper is to study a nonlocal Cauchy problem

for nonlinear generalized mixed fractional integrodifferential equations with
Katugampola derivative. Some new existence results of solutions for the

given equations are obtained by using the fixed point theorems. Examples

are presented to demonstrate the usefulness of our main results.

1. Introduction

The differential equations of fractional order are generalizations of classical
differential equations of integer order. The history of fractional calculus dates
back to the 17th century. So many mathematicians define the most used fractional
derivatives, Riemann-Liouville in 1832, Hadamard in 1891 and Caputo in 1997
[15, 21]. Fractional calculus plays a very important role in several fields such as
physics, chemical technology, economics, biology; see [6, 7, 8, 11, 12, 18, 20] and
the basic theory of fractional calculus can be found in [1, 2, 5, 16, 19] references
therein.

In 2011, Katugampola introduced a derivative that is a generalization of the
Riemann-Liouville fractional operators and the fractional integral of Hadamard in
a single form [13, 14]. The integrals are special cases when a parameter is defined
at various values; when ρ → 0, the Riemann-Liouville operators are obtained;
when ρ→ 1, the Hadamard operators are obtained.

Further, in [3], the authors studied the fractional differential equations with
Stieltjes and fractional integral boundary conditions using the generalized deriva-
tives of the form

ρDα1y(t) = f

(
t,y(t)

)
, t ∈ [0, T ],

y(0)=0,

∫ T

0

y(s)dH(s) =
ρ−γ

Γ(γ)

∫ ζ

0

αi
sρi−10x(s)

(ζρ − sρ)1−γ ,

where, ρDα1− generalized fractional derivative and H−continuous function.
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2 H. L. TIDKE, R. P. MAHAJAN, AND V. V. KHARAT

In [4], the authors discussed Caputo-type fractional differential equations with
Katugampola type generalized fractional integral boundary conditions of the form

ρ
cD

α1
0+y(t) = f

(
t, y(t)

)
, t ∈ [0, T ],

y(T ) =

m∑
j=1

σi
ρIβ0+y(ηi) + k, δy(0) = 0 ηi ∈ (0, T ),

where ρ
cD

α1
0+ denotes the Caputo fractional derivative and f is a continuous func-

tion.
Recently, the authors in [10] discussed the existence and stability of solution of

the initial value problem (IVP):

(%Dα,β
a+ x)(t) = f(t, x(t)), t ∈ J := (a, T ], (1.1)

(%I1−γ
a+ x)(a) = c2, γ = α+ β(1− α), c2 ∈ R, (1.2)

for generalized Katugampola fractional differential equation by using Schauder
fixed point theorem and the equivalence between IVP (1.1)-(1.2) and the integral
equation

x(t) =
c2

Γ(γ)

(
t% − a%

%

)γ−1

+
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

f(s, x(s))ds. (1.3)

In [9], using Krasnoselskii’s fixed point theorem, Schauder fixed point theorem and
Schaefer fixed point theorem, authors discussed the existence of solution of IVP
with nonlocal initial condition:

(%Dα,β
a+ x)(t) = f(t, x(t)), t ∈ J := (a, T ], (1.4)

(%I1−γ
a+ x)(a+) =

m∑
j=1

ηjx(ξj), α ≤ γ = α+ β(1− α), ξj ∈ (a, T ], (1.5)

where %Dα,β
a+ is the generalized Katugampola fractional derivative of order α ∈

(0, 1) and type β ∈ [0, 1] and %I1−γ
a+ is the generalized Katugampola fractional

integral with % > 0. Authors also proved the equivalence between (1.4)-(1.5) and
the integral equation

x(t) =
K

Γ(α)

(
t% − a%

%

)γ−1 m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

f(s, x(s))ds

+
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

f(s, x(s))ds, (1.6)

where

K =

Γ(γ)−
m∑
j=1

ηj

(
ξ%j − a%

%

)γ−1
−1

. (1.7)
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NONLINEAR GENERALIZED FRACTIONAL MIXED EQUATIONS 3

The above results motivate us and therefore, in this paper, we obtain the exis-
tence of solution of the following nonlinear generalized fractional integrodifferential
equation (NGFIDE) of order α (0 < α < 1) and type β ∈ [0, 1]:

(%Dα,β
a+ x)(t) = f

(
t, x(t),

∫ t

a

h(t, s)x(s)ds,

∫ T

a

k(t, s)x(s)ds
)
, (1.8)

(%I1−γ
a+ x)(t) =

m∑
j=1

ηjx(ξj), α ≤ γ = α+ β(1− α), (1.9)

for t, ξj ∈ J := (a, T ], where %Dα,β
a+ is the generalized Katugampola fractional

derivative of order α ∈ (0, 1) and type β ∈ [0, 1] and %I1−γ
a+ is the generalized

Katugampola fractional integral with % > 0. The functions f : J×R×R×R→ R,
h, k : J × J → R are continuous, and ξj are pre–fixed points satisfy 0 < a < ξ1 ≤
. . . ≤ ξm < T and ηj , j = 1, 2, . . . ,m are real numbers.

First, we establish an equivalent mixed-type nonlinear Volterra Fredholm inte-
gral equation

x(t) =
K

Γ(α)

(
t% − a%

%

)γ−1 m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

× f
(
s, x(s),

∫ s

a

h(s, τ)x(τ)dτ,

∫ T

a

k(s, τ)x(τ)dτ
)

ds

+
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

× f
(
s, x(s),

∫ t

a

h(s, τ)x(τ)dτ,

∫ T

a

k(s, τ)x(τ)dτ
)

ds, (1.10)

where

K =

Γ(γ)−
m∑
j=1

ηj

(
ξ%j − a%

%

)γ−1
−1

, (1.11)

for NGFIDE (1.8)-(1.9) in the weighted space of continuous functions C1−γ,%[a, T ]
presented in the next section. We use the Krasnoselskii’s fixed point theorem and
Schauder fixed point theorem to prove the existence results for NGFIDE (1.8)-
(1.9).

The rest of the paper is organized as follows. In Section 2, some definitions,
notations and basic results are given. We prove the equivalent integral equation
in Section 2 and the existence results proved in Section 3. Illustrative examples
are given in the last section.

2. Preliminaries

Here we introduce some definitions and present preliminary results needed in
our proofs later.
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4 H. L. TIDKE, R. P. MAHAJAN, AND V. V. KHARAT

Let the Euler gamma and beta functions be defined, respectively, by

Γ(α) =

∫ ∞
0

xα−1e−xdx, B(α, β) =

∫ 1

0

(1− x)α−1xβ−1dx, α > 0, β > 0.

It is well known that B(α, β) = Γ(α)Γ(β)/Γ(α + β) for α > 0, β > 0, see [15].
Throughout the paper, we consider [a, T ], 0 < a < T < ∞ being a finite interval
on R+ and % > 0.

Definition 2.1 ([15]). The space Xp
c (a, T ), c ∈ R, p ≥ 1 consists of those real

valued Lebesgue measurable functions g on (a, T ) for which ‖g‖Xpc <∞, where

‖g‖Xpc =

(∫ b

a

|tcg(t)|p dt

t

)1/p

, p ≥ 1 and ‖g‖X∞c = ess sup
a≤t≤T

|tcg(t)|

In particular, when c = 1/p, we see that Xc
1/p(a, T ) = Lp(a, T ).

Definition 2.2 ([17]). We denote by C[a, T ] a space of continuous functions g on
(a, T ] with the norm

‖g‖C = max
t∈[a,T ]

|g(t)|

The weighted space Cγ,%[a, T ], 0 ≤ γ < 1 of functions g on (a, T ] is defined as

Cγ,%[a, T ] =

{
g : (a, T ]→ R :

(
t% − a%

%

)γ
g(t) ∈ C[a, T ]

}
(2.1)

with the norm

‖g‖Cγ,% =

∥∥∥∥( t% − a%%

)γ
g(t)

∥∥∥∥
C

= max
t∈[a,t]

∣∣∣∣( t% − a%%

)γ
g(t)

∣∣∣∣ ,
and C0,%[a, T ] = C[a, T ]

Definition 2.3 ([17]). Let δ% =
(
t%−1d/dt

)
, 0 ≤ γ < 1. Denote Cnδ%γ [a, T ] the

Banach space of functions g which are continuously differentinble, with δ%, on [a, T ]
upto order (n−1) and have the derivative δn% g on (a, T ] such that δn% g ∈ Cγ,%[a, T ]
:

Cnδ%,γ [a, T ] =
{
δk%g ∈ C[a, T ], k = 0, 1, . . . , n− 1, δn% g ∈ Cγ,%[a, T ]

}
, n ∈ N

with the norm

‖g‖Cnδ%,γ =

n−1∑
k=0

∥∥δk%g∥∥C +
∥∥δn% g∥∥Cγ,% , ‖g‖Cnδ% =

n∑
k=0

max
t∈Ω

∣∣δk%g(t)
∣∣ .

In particular, for n = 0 we have C0
δ%γ

[a, T ] = Cγ,%[a, T ].

Definition 2.4 ([13]). Let α > 0 and f ∈ Xp
c (a, T ), where Xp

c is as in Definition
2.1. The left-sided Katugampola fractional integral %Iαa+ of order α is defined as

%Iαa+f(t) =

∫ t

a

s%−1

(
t% − s%

%

)α−1
f(s)

Γ(α)
ds, t > a. (2.2)
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NONLINEAR GENERALIZED FRACTIONAL MIXED EQUATIONS 5

Definition 2.5 ([14]). Let α ∈ R+\N and n = [α] + 1, where [α] is the integer
part of α. The left-sided Katugampola fractional derivative %Dα

a+ is defined as

%Dα
a+f(t) = δn%

(
%In−αa+ f(s)

)
(t)

=

(
t%−1 d

dt

)n ∫ t

a

s%−1

(
t% − s%

%

)n−α−1
f(s)

Γ(n− α)
ds. (2.3)

Definition 2.6 ([17]). The left-sided generalized Katugampola fractional deriva-

tive %Dα,β
a+ of order 0 < α < 1 and type 0 ≤ β ≤ 1 is defined as(

%Dα,β
a+ f

)
(t) =

(
%I
β(1−α)
a+ δ%

%I
(1−β)(1−α)
a+ f

)
(t), (2.4)

for the functions for which the right-hand side expression exists.

Lemma 2.7 ([9]). Suppose that α > 0, β > 0, p ≥ 1 and %, c ∈ R such that % ≥ c.
Then for f ∈ Xp

c (a, T ), the semigroup property of Katugampola integral is valid.
This is

%Iαa+
%Iβa+f(t) = %Iα+β

a+ f(t). (2.5)

Lemma 2.8 ([14]). Suppose that α > 0, 0 ≤ γ < 1 and f ∈ Cγ,%[a, T ]. Then for
all t ∈ (a, T ],

%Dα
a+I

α
a+f(t) = f(t). (2.6)

Lemma 2.9 ([14]). Suppose that α > 0, 0 ≤ γ < 1, f ∈ Cγ,%[a, T ] and %I1−α
a+ f ∈

C1
γ,%[a, T ]. Then

%Iαa+
%Dα

a+f(t) = f(t)−
%I1−α
a+ f(a)

Γ(α)

(
t% − a%

%

)α−1

. (2.7)

Lemma 2.10 ([9]). Suppose %Iαa+ and %Dα
a+ are defined as in Definitions 2.4 and

2.5, respectively. Then

%Iαa+

(
t% − a%

%

)σ−1

=
Γ(σ)

Γ(σ + 1)

(
t% − a%

%

)α+σ−1

, α ≤ 0, σ > 0, t > a, (2.8)

%Dα
a+

(
t% − a%

%

)α−1

= 0, 0 < α < 1. (2.9)

Remark 2.11. For 0 < α < 1, 0 ≤ β ≤ 1, the generalized Katugampola fractional

derivative %Dα,β
a+ can be written in terms of Katugampola fractional derivative as

%Dα,β
a+ = %I

β(1−α)
a+ δ%

%I1−γ
a+ = %I

β(1−α)
a+

%Dγ
a+, γ = α+ β(1− α).

Lemma 2.12 ([14]). Let α > 0, 0 < γ ≤ 1 and f ∈ C1−γ,%[a, b]. If α > γ, then(
%Iαa+f

)
(a) = lim

x→a+

(
%Iαa+f

)
(t) = 0.

To discuss the existence of a solution of NGFIDE (1.8)-(1.9), we need the fol-
lowing spaces:

Cα,β1−γ,%[a, T ] =
{
g ∈ C1−γ,%[a, T ] : %Dα,β

a+ g ∈ C1−γ,%[a, T ]
}
, 0 < γ ≤ 1 (2.10)

and

Cγ1−γ,%[a, T ] =
{
g ∈ C1−γ,%[a, T ] : %Dγ

a+g ∈ C1−γ,%[a, T ]
}
, 0 < γ ≤ 1. (2.11)
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6 H. L. TIDKE, R. P. MAHAJAN, AND V. V. KHARAT

Since %Dα,β
a+ g = %I

β(1−α)
a+

%Dγ
a+g, it is obvious that Cγ1−γ,%[a, T ] ⊂ Cα,β1−γ,%[a, T ].

Lemma 2.13 ([9]). Let α > 0, β > 0 and γ = α + β − αβ. If g ∈ Cγ1−γ,%[a, T ],
then

%Iγa+
%Dγ

a+g(t) = %Iαa+
%Dα,β

a+ g(t) = %D
β(1−α)
a+ g(t).

To prove the equivalence between NGFIDE (1.8)-(1.9) with Volterra Fredholm
integral equation (1.10), we note the following lemmas.

Lemma 2.14 ([14]). Let 0 < α < 1, 0 ≤ β ≤ 1, γ = α+β−αβ. If f : (a, T ]×R→
R is a function such that f(·, x(·)) ∈ C1−γ,%[a, T ] for any x(·) ∈ C1−γ,%[a, T ],
then x(·) ∈ Cγ1−γ,%[a, T ] satisfies IVP (1.1)-(1.2) if and only if x(·) satisfies the

nonlinear Volterra Fredholm integral equation. (1.3)

Lemma 2.15 ([9]). Let 0 < α < 1, 0 ≤ β ≤ 1, γ = α+β−αβ. If f : (a, T ]×R→ R
is a function such that f(·, x(·)) ∈ C1−γ,%[a, T ] for any x(·) ∈ C1−γ,%[a, T ], then
x ∈ Cγ1−γ,%[a, T ] satisfies IVP (1.4)-(1.5) if and only if x satisfies the nonlinear

Volterra Fredholm integral equation. (1.6)

The following lemma deals with equivalence of mixed-type integral equation (1.10)
and the given NGFIDE (1.8)-(1.9).

Lemma 2.16. Let 0 < α < 1, 0 ≤ β ≤ 1 and γ = α + β − αβ. Suppose that
F : (a, b]×R×R×R→ R is a function such that F(·, y(·), z(·), w(·)) ∈ C1−γ,%[a, b]
for any y(·) ∈ C1−γ,%[a, b]. Function y(·) ∈ Cγ1−γ,%[a, b] is a solution of NGFIDE

(1.8)–(1.9) if and only if y(·) is a solution of the mixed-type nonlinear Volterra
Fredholm integral equation (1.10)

Proof. Necessity Part: By appling Lemma 2.14 and Lemma 2.15, a solution of
NGFIDE (1.8)-(1.9) can be expressed as

y(t) =
%I1−γ
a+ y(a+)

Γ(γ)

(
t% − a%

%

)γ−1

+

∫ t

a

s%−1

(
t% − s%

%

)α−1 F
(
s, y(s),

∫ s
a
H(s, τ)y(τ)dτ,

∫ b
a
K(s, τ)y(τ)dτ

)
Γ(α)

ds

(2.12)

Hnce on setting t = ξj in (2.12), we obtain

y(ξj)

=
%I1−γ
a+ y(a+)

Γ(γ)

(
ξ%j − a%

%

)γ−1

+

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1 F
(
s, y(s),

∫ s
a
H(s, τ)y(τ)dτ,

∫ b
a
K(s, τ)y(τ)dτ

)
Γ(α)

ds

(2.13)

and by multiplying both sides of (2.13) by ηj , we get

ηjy(ξj)
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NONLINEAR GENERALIZED FRACTIONAL MIXED EQUATIONS 7

=
%I1−γ
a+ y(a+)

Γ(γ)
ηj

(
ξ%j − a%

%

)γ−1

+ ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1 F
(
s, y(s),

∫ s
a
H(s, τ)y(τ)dτ,

∫ b
a
K(s, τ)y(τ)dτ

)
Γ(α)

ds

(2.14)

Using the given initial condition of NGFIDE (1.8)-(1.9), we have

(%I1−γ
a+ y)(a+)

=

m∑
j=1

ηjy(ξj)

=
%I1−γ
a+ y(a+)

Γ(γ)

m∑
j=1

ηj

(
ξρj − a`

%

)γ−1

+

m∑
j−1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×
F
(
s, y(s),

∫ s
a
H(s, τ)y(τ)dτ,

∫ b
a
K(s, τ)y(τ)dτ

)
Γ(α)

ds

which implies

(%I1−γ
a+ y)(a+)

Γ(γ)−
m∑
j−1

ηj

(
ξ%j − a%

%

)γ−1


=
Γ(γ)

Γ(α)

m∑
j−1

ηj

∫ ξj

a

s%
−1

(
ξ%j − s%

%

)α−1

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds (2.15)

i.e.

(%I1−γ
a+ y)(a+) =

Γ(γ)

Γ(α)
K

m∑
j−1

ηj

∫ ξj

a

s%
−1

(
ξ%j − s%

%

)α−1

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds (2.16)

where K is as in (1.11). Substituting (2.16) into (2.12), we obtain the integral
equation (1.10).

Sufficient Part: Applying %I1−γ
a+ on both sides of the integral equation (1.10),

we get

%I1−γ
a+ y(t) =

K
Γ(α)

%I1−γ
a+

(
t% − a%

%

)γ−1 m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1
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×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds

+ %I1−γ
a+

%Iαa+F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds,

using Lemmas 2.7 and 2.10, we have

%I1−γ
a+ y(t) =

Γ(γ)

Γ(α)
K

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)

ds

+ %I
1−β(1−α)
a+ F

(
t, y(t),

∫ t

a

H(t, s)y(s)ds,

∫ b

a

K(t, s)y(s)ds
)
. (2.17)

Since 1− γ < 1− β(1− α), Lemma 2.12 and limit t→ a+ gives

%I1−γ
a+ y(a) =

Γ(γ)

Γ(α)
K

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)

ds (2.18)

Setting t = ξj in (1.10), we have

y (ξj) =
K

Γ(α)

(
ξ%j − a%

%

)γ−1 m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)

ds

+
1

Γ(α)

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)

ds.

Further, we have

m∑
j=1

ηjy (ξj)

=
K

Γ(α)

m∑
j−1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds

m∑
j=1

ηj

(
ξ%j − a%

%

)γ−1
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+

m∑
j=1

ηj
1

Γ(α)

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds

=

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1 F
(
s, y(s),

∫ s
a
H(s, τ)y(τ)dτ,

∫ b
a
K(s, τ)y(τ)dτ

)
Γ(α)

ds

×

1 +K
m∑
j=1

ηj

(
ξ%j − a%

%

)γ−1


=
Γ(γ)

Γ(α)
K

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds (2.19)

Equations (2.18) and (2.19), imply that

%I1−γ
a+ y(a+) =

m∑
j=1

ηjy (ξj)

Operating %Dγ
a+ to both sides of (1.10), from Lemmas 2.10 and 2.14, it follows

that

%Dγ
a+y(t) = %D

β(1−α)
a+ F

(
t, y(t),

∫ t

a

H(t, s)y(s)ds,

∫ b

a

K(t, s)y(s)ds
)

(2.20)

since y ∈ Cγ1−γ,%[a, b], from the definition of Cγ1−γ,%[a, b], we have %Dγ
a+y ∈ C1−γ,%[a, b]

then %D
β(1−α)
a+ F = δ%

%I
1−β(1−α)
a+ F ∈ C1−γ,%[a, b].

For F ∈ C1−γ,%[a, b], obviously %I
1−β(1−α)
a+ F ∈ C1−γ,%[a, b], then %I

1−β(1−α)
a+ F ∈

C
δ%
1−γ,%[a, b]. This means F and %I

1−β(1−α)
a+ F satisfy the conditions of Lemma 2.9.

Lastly, applying %I
1−β(1−α)
a+ to both sides of (2.20), Lemma 2.9 helps us to obtain

%Da,β
a+ y(t) = F

(
t, y(t),

∫ t

a

H(t, s)y(s)ds,

∫ b

a

K(t, s)y(s)ds
)

−
%I

1−β(1−α)
a+ F(a)

Γ(β(1− α))

(
t% − a%

%

)β(1−α)−1

By Lemma 2.12, it is easy to observe that %I
1−β(1−α)
a+ F(a) = 0. Hence, it reduces

to

%Dα,β
a+ y(t) = F

(
t, y(t),

∫ t

a

H(t, s)y(s)ds,

∫ b

a

K(t, s)y(s)ds
)
.

Hence, the sufficiency is proved. This completes the proof of the lemma. �
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3. Existence of solutions

In this section, we state and prove the main results concerning the existence of
a solution of NGFIDE (1.8)-(1.9) with help of using Krasnoselskii’s fixed point
theorem and Schauder fixed point theorem.
The first result proved by Krasnoselskii’s fixed point theorem.

Theorem 3.1. Suppose that:

(H1) F : (a, b] × R × R × R → R is a function such that F(·, y(·), z(·), w(·) ∈
C
β(1−α)
1−γ,% [a, b] for any y ∈ C1−γ,%[a, b] and there exists a positive constant
L > 0 such that for all y, z, w, ȳ, z̄, w̄ ∈ R,

|F(t, y, z, w)−F(t, ȳ, z̄, w̄)| ≤ L(|y − ȳ|+ |z − z̄|+ |w − w̄|).
(H2) The constant

θ =
Γ(γ)L(1 + (Hb +Kb)(b− a))

Γ(γ + α)

×

|K| m∑
j=1

ηj

(
ξ%j − a%

%

)α+γ−1

+

(
b% − a%

%

)α < 1,

where K is as in (1.11), Hb = sup{|H(t, s)| : a ≤ s ≤ t ≤ b} and Kb =
sup{|K(t, s)| : a ≤ s ≤ t ≤ b}.

Then problem (1.8)-(1.9) has at least one solution in Cγ1−γ,%[a, b] ⊂ C
α,β
1−γ,%[a, b].

Proof. In view of Lemma 2.16, it is sufficient to prove the existence of a solu-
tion for mixed-type integral equation (1.10). Then we define an operator N :
C1−γ,%[a, b]→ C1−γ,%[a, b] by

(N y)(t) =
K

Γ(α)

(
t% − a%

%

)γ−1 m∑
j−1

η

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)
ds

+
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

H(s, τ)y(τ)dτ
)
ds. (3.1)

It is clear form assumption that the operator N is well defined. Set F(s) =
F(s, 0, 0, 0) and

$ =
Γ(γ)

Γ(γ + α)

|K| m∑
j=1

ηj

(
ξ%j − a%

%

)a+γ−1

+

(
b% − a%

%

)α ‖F‖C1−γ,% .

Consider

Br =
{
y ∈ C1−γ,%[a, b] : ‖y‖C1−γ,% ≤ r

}
, where r ≥ $

1− θ
, θ < 1.
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Now, we write the operator N as combination of two operators P and Q on Br as
follows:

(Py)(t) =
K

Γ(α)

(
t% − a%

%

)γ−1 m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)
ds. (3.2)

and

(Qy)(t) =
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)
ds. (3.3)

The proof is divided into three steps:
Step 1. For any y, ȳ ∈ Br we prove Py +Qȳ ∈ Br. For operator P, multiplying

both sides of (3.2) by ((t% − a%) /%)
1−γ

, we have

(Py)(t)

(
t% − a%

%

)1−γ

=
K

Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)
ds.

Then∣∣(Py)(t)

(
t% − a%

%

)1−γ ∣∣
≤ |K|

Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1
(ξ%j − s%

%

)α−1

×
∣∣F(s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)∣∣ds

≤ |K|
Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1
(ξ%j − s%

%

)α−1

×
(∣∣F(s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)
−F(s, 0, 0, 0)

∣∣
+
∣∣F(s, 0, 0, 0)

∣∣)ds
≤ |K|

Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1
(ξ%j − s%

%

)α−1

×
(
L
(
|y(s)|+Hb

∫ s

a

|y(τ)|dτ +Kb

∫ b

a

|y(τ)|dτ
)

+ |F(s)|
)
ds

≤ |K|
Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1
(ξ%j − s%

%

)α−1(s% − a%
%

)γ−1
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×
((s% − a%

%

)1−γL[1 + (Hb +Kb)(b− a)]|y(s)|+
(s% − a%

%

)1−γ |F(s)|
)

≤ |K|
Γ(α)

m∑
j−1

ηj

∫ ξj

a

s%−1
(ξ%j − s%

%

)α−1(s% − a%
%

)γ−1

×
[
L(1 + (Hb +Hb)(b− a))‖y‖C1−γ,% + ‖F‖Cγ,%

]
≤ |K|

Γ(α)

m∑
j=1

ηj
(ξ%j − a%

%

)α+γ−1

×B(α, γ)×
[
L(1 + (Hb +Kb)(b− a))‖y‖C1−γ,% + ‖F‖C1−γ,%

]
,

which implies

‖Py‖C1−γ,% ≤
Γ(γ)|K|
Γ(α+ γ)

m∑
j=1

ηj

(
ξ%j − a%

%

)α+γ−1

×
[
L(1 + (Hb +Kb)(b− a))‖y‖C1−γ,% + ‖F‖C1−γ,%

]
. (3.4)

For operator Q,(
t% − a%

%

)1−γ

(Qy)(t)

=
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1(
t% − a%

%

)1−γ

×F

(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)
ds, (3.5)

using the same fact that we used in the case of operator P again, we obtain∣∣∣∣∣(Qy) (t)

(
t% − a%

%

)1−γ
∣∣∣∣∣

≤ 1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1(
t% − a%

%

)1−γ

×

∣∣∣∣∣F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ

)∣∣∣∣∣ds
≤
(
t% − a%

%

)1−γ
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

× [L(1 + (Hb +Kb)(b− a))|y(s)|+ |F(s)|]ds

≤ B(α, γ)

Γ(α)

(
b% − a%

%

)α [
L(1 + (Hb +Kb)(b− a))‖y(s)‖C1−γ,% + ‖ ¯F(s)‖C1−γ,%

]
.

This gives

‖Qy‖C1−γ,% ≤
Γ(γ)

Γ(α+ γ)

(
b% − a%

%

)α
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×
[
L(1 + (Hb +Kb)(b− a))‖y(s)‖C1−γ,% + ‖ ¯F(s)‖C1−γ,%

]
.

(3.6)

From equations (3.4) and (3.6) for every y, ȳ ∈ Br we obtain

‖Py +Qȳ‖C1−γ,% ≤ ‖Py‖C1−γ,% + ‖Qȳ‖C1−γ,% ≤ θr +$ ≤ r
which implies that Py +Qȳ ∈ Br.
Step 2. Now we prove that operator P is a contraction mapping.
Let y, ȳ ∈ Br, for operator P we have,

|
(
(Py)(t)− (P ȳ)(t)

)( t% − a%
%

)1−γ |
≤ |K|

Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

× |
[
F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)

−F
(
s, x̄(s),

∫ s

a

H(s, τ)ȳ(τ)dτ,

∫ b

a

K(s, τ)ȳ(τ)dτ
)]
|ds

≤ |K|
Γ(α)

m∑
j=1

ηj

∫ ξs

a

s%−1

(
ξ%j − s%

%

)α−1

L[1 + (Hb +Kb)(b− a)]|y(s)− ỹ(s)|ds

≤ L[1 + (Hb +Kb)(b− a)]|K|B(α, γ)

Γ(α)

m∑
j=1

ηj

(
ξ%j − a%

%

)α+γ−1

‖y − y‖C1−γ,% ,

which is

‖Py − P ȳ‖C1−γ,%

≤ L[1 + (Hb +Kb)(b− a)]|K|Γ(γ)

Γ(α+ γ)

m∑
j=1

ηj

(
ξ%j − a%

%

)α+γ−1

‖y − ȳ‖C1−γ,%

≤ θ‖y − ȳ‖C1−γ,% .

Hence, by assumption (H2), the operator P is a contraction mapping.
Step 3. The operator Q is compact and continuous.
Since F ∈ C1−γ,%[a, b], by the definition of C1−γ,%[a, b], it is obvious that Q is
continuous. By Step 1, we have

‖Qy‖C1−γ,% ≤
Γ(γ)

Γ(γ + α)

(
b% − a%

%

)α
×
[
L(1 + (Hb +Kb)(b− a))‖y‖C1−γ,% + ‖F‖C1−γ,%

]
,

which means Q is uniformly bounded on Br.
To prove the compactness of Q, for any 0 < a < t1 < t2 ≤ b we have∣∣(Qy) (t1)− (Qy) (t2)

∣∣
=
∣∣∫ t1

a

s%−1

(
t%1 − s%

%

)α−1 F(s, y(s),
∫ s
a
H(s, τ)y(τ,

∫ b
a
K(s, τ)y(τ)dτ)

Γ(α)
ds
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−
∫ t2

a

s%−1

(
t%2 − s%

%

)α−1 F(s, y(s),
∫ s
a
H(s, τ)y(τ,

∫ b
a
K(s, τ)y(τ)dτ)

Γ(α)
ds
∣∣

≤
‖F‖C1−γ,%

Γ(α)

∣∣∫ t1

a

s%−1

(
t%1 − s%

%

)α−1(
s% − a%

%

)γ−1

ds

−
∫ t2

a

s%−1

(
t%2 − s%

%

)α−1(
s% − a%

%

)γ−1

ds
∣∣

≤
‖F‖C1−γ,%Γ(γ)

Γ(α+ γ)

∣∣∣∣∣
(
t%1 − a%

%

)α+γ−1

−
(
t%2 − a%

%

)α+γ−1
∣∣∣∣∣ . (3.7)

The term present on right-hand side of inequality (3.7) tends to zero as t2 → t1
either α + γ < 1 or α + γ ≥ 1. Therefore, Q is equicontinuous. Hence, recalling
Arzelà-Ascoli theorem, the operator Q is compact on Br.
In view of Krasnoselskii’s fixed point theorem, NGFIDE (1.8)-(1.9) has at least
one solution y ∈ C1−γ,%[a, b]. One can easily show that this solution is actually in
Cγ1−γ,%[a, b] by repeating the process from the proof of Lemma 2.16. This complete
the proof. �

Finally, we will discuss the existence result by using Schauder fixed point theorem.
For this, we need the following hypothesis:

(H3) F : (a, b] × R × R × R → R is a function such that F(·, y(·), z(·), w(·)) ∈
C
β(1−α)
1−γ,% [a, b] for any y, z, w ∈ C1−γ,%[a, b], and for all y, z, w ∈ R there

exist L > 0 and M≥ 0 such that

|F(t, y, z, w)| ≤ L(|y|+ |z|+ |w|) +M.

Theorem 3.2. Suppose that (H2) and (H3) hold. Then NGFIDE (1.8)-(1.9) has

at least one solution in Cγ1−γ,%[a, b] ⊂ C
α,β
1−γ,%[a, b].

Proof. Let Bε =
{
y ∈ C1−γ,%[a, b] : ‖y‖C1−γ,% ≤ ε

}
with ε ≥ Ω/(1 − θ) for θ < 1,

where

Ω =
M|K|

Γ(α+ 1)

m∑
j=1

ηj

(
ξ%j − a%

%

)α
+

M
Γ(α+ 1)

(
b% − a%

%

)α−γ+1

.

Consider the operator N on Bε defined in (3.1). We conclude the theorem by
considering the following three steps:
Step 1. First we prove that N (Bε) ⊂ Bε. By hypotheses (H2) and (H3), for any
y ∈ C1−γ,%[a, b] and ‖y‖C1−γ,% we have∣∣(N y)(t)

(
t% − a%

%

)1−γ ∣∣
≤
[L(1 + (Hb +Kb)(b− a))Γ(γ)

Γ(α+ γ)

m∑
j=1

ηj
(ξ%j − a%

%

)α+γ−1

+
L[1 + (Hb +Kb)(b− a)]Γ(γ)

Γ(γ + α)

(b% − a%
%

)a]‖y‖C1−γ,%
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+
M

Γ(α+ 1)

m∑
j=1

ηj

(
ξ%j − a%

%

)α
+

M
Γ(α+ 1)

(
b% − a%

%

)α−γ+1

.

This is

‖N y‖C1−γ,% ≤ θε+ Ω ≤ ε,
which gives N (Bε) ⊂ Bε.

We shall prove that N is completely continuous.
Step 2. N is continuous. Let {yn} be a sequence such that yn → y in Bε. Then
for each t ∈ (a, b], we have∣∣ ((N y) (yn) − (N y)(t))

(
t% − a%

%

)γ−1 ∣∣
≤ |K|

Γ(α)

m∑
j=1

ηj

∫ ξj

a

s%−1

(
ξ%j − s%

%

)α−1

×
∣∣F(s, yn(s),

∫ s

a

H(s, τ)yn(τ)dτ,

∫ b

a

K(s, τ)yn(τ)dτ
)

−F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)∣∣ds

+

(
t% − a%

%

)1−γ
1

Γ(α)

∫ t

a

s%−1

(
t% − s%

%

)α−1

×
∣∣F(s, yn(s),

∫ s

a

H(s, τ)yn(τ)dτ,

∫ b

a

K(s, τ)yn(τ)dτ
)

−F
(
s, y(s),

∫ s

a

H(s, τ)y(τ)dτ,

∫ b

a

K(s, τ)y(τ)dτ
)∣∣ds

≤ Γ(γ)

Γ(γ + α)

|K| m∑
j=1

ηj

(
ξ%j − a%

%

)α+γ−1

+

(
b% − a%

%

)α
×
∣∣∣∣F(·, yn(·),

∫ s

a

H(s, τ)yn(·)dτ,
∫ b

a

K(s, τ)yn(·)dτ
)

−F
(
·, y(·),

∫ s

a

H(s, τ)y(·)dτ,
∫ b

a

K(s, τ)y(·)dτ
)∣∣∣∣

C1−γ,%
,

this implies∣∣∣∣N yn −N y∣∣∣∣C1−γ,%

≤ Γ(γ)

Γ(γ + α)

(
|K|

m∑
j=1

ηj
(ξ%j − a%

%

)α+γ−1
+
(b% − a%

%

)α)
×
∣∣∣∣F(·, yn(·),

∫ s

a

H(s, τ)yn(·)dτ,
∫ b

a

K(s, τ)yn(·)dτ
)

−F
(
·, y(·),

∫ s

a

H(s, τ)y(·)dτ,
∫ b

a

K(s, τ)y(·)dτ
)∣∣∣∣

C1−γ,α
.
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Thus, N is a continuous operator.
Step 3. Finally, we prove that N (Bε) is relatively compact.
Since N (Bε) ⊂ Bε, it follows that N (Bε) is uniformly bounded. By following
the procedure as we did in Step 3 in Theorem 3.1 , one can easily prove N is
equicontinuous on Bε.
As α ≤ γ < 1 and noting (3.7), for any 0 < a < t1 < t2 ≤ b one has

|(N y)(t1)− (N y)(t2)|

≤
‖F‖C1−γ,% |K|Γ(γ)

Γ(α+ γ)

m∑
j=1

ηj
(ξ%j − a%

%

)α+γ−1

×

((
t%1 − a%

%

)γ−1

−
(
t%2 − a%

%

)γ−1
)

+ |(Qy)(t1)− (Qy)(t2)|

≤
‖F‖C1−γ,% |K|Γ(γ)

Γ(α+ γ)

m∑
j=1

ηj
(ξ%j − a%

%

)α+γ−1∣∣ t%2 − t
%
1

(t%1 − a%) (t%2 − a%)
∣∣1−γ

+
‖F‖C1−γ,%Γ(γ)

Γ(γ + α)

∣∣( t%1 − a%
%

)α+γ−1 −
( t%2 − a%

%

)α+γ−1∣∣→ 0,

as t2 → t1. Thus, Q is equicontinuous.
Hence, N (Bε) is an equicontinuous set and therefore N (Bε) is relatively compact.
As a consequence of Steps 1 to 3 together with Arzelà-Ascoli theorem, we can
conclude that N : Bε → Bε is completely continuous. By applying Schauder fixed
point theorem, we complete the proof. �

4. Example

In this section, we will show the applications of our main results with two examples.

Example 4.1. Consider the nonlocal problem(
%Dα,β

a+

)
y(t) = F(t, y(t), (Hy)(t), (Ky)(t)), t ∈ (1, 2], (4.1)(

%I1−γ
a+ y

)
(1+) = 2y

(
5

3

)
, γ = α+ β(1− α). (4.2)

Denoting α = 3
4 , β = 1

2 gives γ = 7
8 . Let % = 1

2 > 0 and set

F
(
t, y(t), (Hy)(t), (Ky)(t)

)
=

(
t% − 1

%

)−1/16

+
1

4

(
t% − 1

%

)15/16

sin y(t)

+
1

4
Hy(t) +

1

4
Ky(t),

where (Hy)(t) =
∫ t

1
1

(3+t)2 y(s)ds, and (Ky)(t) =
∫ 2

1
1

(4+t)2
y(s)

1+y(s)ds.

We can see that(
t1/2 − 1

1
2

)1/8

F
(
t, y(t), (Hy)(t), (Ky)(t)

)
=

(
t1/2 − 1

1
2

)1/16

+
1

4

(
t1/2 − 1

1
2

)17/16

sin y(t)
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+
1

4

(
t1/2 − 1

1
2

)1/8

(Hy)(t) +
1

4

(
t1/2 − 1

1
2

)1/8

(Ky)(t) ∈ C[1, 2] (4.3)

i.e. F(t, y, (Hy)(t), (Ky)(t)) ∈ C1/8,1/2[1, 2].
Moreover,

|F(t, y, (Hy)(t), (Ky)(t))−F(t, ȳ, ¯(Hy)(t), ¯(Hy)(t))|

≤ 1

4

(
|y − ȳ|+ |(Hy)(t)− ¯(Hy)(t) + |(Ky)(t)− ¯(Ky)(t)|

)
.

So, we have L = 1
4 , Hb = 1

16 and Kb = 1
25 .

Some elementary computations gives us

|K| =
∣∣∣(Γ(0.875)− 2

(( 5
3

)1/2

− 1

1
2

)−1/8)−1∣∣∣ ≈ 0.9521 < 1

and

θ =
Γ(0.875) 1

4 (1 + 1
16 (2− 1) + 1

25 (2− 1))

4Γ(1.625)

×
(

0.9521× 2
(( 5

3

)1/2

− 1

1
2

)5/8

+

(
21/2 − 1

1
2

)3/4 )
= 0.0837× 2.2260

≈ 0.1864 < 1.

All the assumptions of Theorem 3.1 are satisfied with |K| ≈ 0.9521 and θ ≈ 0.1864.
Therefore, problem (4.1)-(4.2) has at least one solution in C1/8,1/2[1, 2].

Example 4.2. Consider the nonlocal problem(
%Dα,β

a+ y
)
(t) = F(t, y(t), (Hy)(t), (Ky)(t)), t ∈ (1, 2], (4.4)(
%I1−γ
a+ y

)
(1+) = 3y

(8

7

)
+ 2y

(4

3

)
. (4.5)

Denote α = 1
2 , β = 3

4 and % = 1
2 > 0. So γ = 7

6 and
(
ξ1 = 8

7

)
≤
(
ξ2 = 4

3

)
. Set

F(t, y(t), (Hy)(t), (Ky)(t)) = sin
(

1
3 |y(t)|

)
+ 1

3Hy(t) + + 1
3Ky(t), t ∈ (1, 2],

where

Hy(t) =

∫ t

1

1

(3 + t)2
y(s)ds,

and

(Ky)(t) =

∫ 2

1

1

(4 + t)2

y(s)

1 + y(s)
ds.

It is easy to see that F(t, y(t), (Hy)(t), (Ky)(t)) ∈ C1/8,1/2[1, 2] and

|F(t, y,Hy(t))| ≤ 1

3

(
|y|+ |Hy(t) + |Ky(t)|

)
.

So, we have L = 1
3 , M = 0, Hb = 1

16 and Hb = 1
25 .
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Moreover,

|K| =
∣∣∣(Γ(0.875)−

(
3
(( 8

7

)1/2

− 1

1
2

)−1/8

+ 2
(( 4

3

)1/2

− 1

1
2

)−1/8))−1∣∣∣
≈ 0.1973 < 1

and

θ =
Γ(0.875) 1

3 (1 + 1
16 (2− 1) + 1

25 (2− 1))

3Γ(1.375)

×
(

0.1973× 3
(( 8

7

)1/2

− 1

1
2

)3/8

+ 2
(( 4

3

)1/2

− 1

1
2

)3/8)
= 0.1502× 1.5699

≈ 0.2358 < 1.

With the values of |K| and θ, problem (4.4)-(4.5) satisfies all the conditions of
Theorem 3.2. Thus, problem (4.4)-(4.5) has at least one solution in C1/8,1/2[1, 2].

Acknowledgment. ????? (optional)
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