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LOCATING CONNECTED DOMINATION NUMBER ON
SOME OPERATIONS OF GRAPHS

N.MEENAL' & K. SARANYA*

Abstract: In the current era, domination plays a vital role in communication Networks,
Security process, locating connected domination reduces the cost of the intender needed

for security purpose and also invoke more connection between the circuits in the Network.

In this articles, the locating connected domination number is obtained for Cartesian
product of the graphs P, X K, for n = 2,3,4. For the tensor product P, @ K, of the path P,
and complete graph K, the locating connected domination number is characterized for n =
3,4. Also the the locating connected domination number for the strong product of the two
paths P, X P, for n = 2,3, and P, X C, for n =2,3. the locating connected domination
number is obtained for Corona product of the graphs C, K,V n.

Keywords: Dominating set, locating dominating set, locating connected dominating set,

Cartesian product of two graphs.
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Introduction
A graph G = (N, L) is a combination of a set N of nodes and a set L
of lines. That is, L is a set of unordered pairs {n, I} of distinct elements
from N. The order and size of G is the number of nodes and lines
respectively, denoted by p and q. If | = nn; € L(G), then n; and n; are said to
be adjacent. Nodes n; and n; are said to be incident with lines l. The open
neighborhood A(n) of n is the set of nodes adjacent to a nodes n in a graph
G. The open neighborhood of set S of nodes S € N (G) is A(S) =
Unes A(n). The closed neighborhood of a set of nodes S © N (G) is A[S] =
A(S) US. The number of lines incident with n is the degree of a nodes n,
denoted by deg(n). The minimum and maximum degrees of nodes in N
(G) are denoted by d(G) and A(G), respectively. If 6(G) = 4(G) = r, then the
graph G is regular of degree r, or 1 - regular.
A few different types of graphs considered in this article are as follows:
1. Path P, of order p> 2 has size g = p - 1, is connected
2. Cycle C, of order p > 3 has size q = p, is connected and 2 - regular.
3. Complete graph K, has the maximum possible lines p (p—1) / 2.
4. The Cartesian product of two graphs G and H are denoted by G x H and

is described as

e N(GxH)=N(G)*xN(H)
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e Twonodes (n,n) and (I, | ) are adjacent in G x H if and only if
any one of the condition holds
e n=landn is adjacent to l'in H, or
e n’'=["and nis adjacent to | in G.
5. The tensor product is above the first condition hold and
e Nodes (n,]) and (I)n) are adjacent in G x H if and only if
e nisadjacent ton'in G and
e [isadjacent tol'in H.
6. The strong product is above Cartesian product two condition hold and
e nisadjacent to ] and nis adjacent to 1".

7. The corona graph G; ©® G; of two graphs G; (with n; nodes and n; lines)
and G; (with n; nodes and [, lines) is defined as the graph obtained by
taking one copy of G; and n; copies of G;, and then joining the ith
nodes of G; with an lines to every nodes in the ith copy of G,.

The tensor product is also called direct product, Kronecker product,
Cardinal product, weak direct product. It was introduced by Alfred North
Whitehead [3] and Bertrand Russell in their principia Mathematica(1912). It is
also equivalent to the Kronecker Product of the adjacency matrices of the
graph[3]. The strong product was introduced by Sabidussi in 1960[2]. In that
setting, the strong product is contrasted against a “weak” product but the two are

different only when applied to infinitely many factors.

A subset S of N(G) is called

i) Dominating set if every node in N - S is adjacent to
atleast one node in S.

ii) Connected dominating set, if the induced subgraph is
connected.

iii) Locating dominating set, if for every pair of distinct
nodes n; and nz, A(n;) NS = A(ny) N S.

iv) Locating connected dominating set, if both the

conditions (ii) and (iii) are satisfied.
The corresponding sets with minimum cardinality of (i), (iii) and (iv) are
called vy - set, y; - set, yicp - set respectively.
A set S which is both connected and locating dominated is called

locating connected domination set and the corresponding number is
denoted by y;cp(G).

1. Main Results
Theorem:2.1
The Locating connected domination number of the Cartesian product
of two graphs P,and K, denoted by P, X K, is given by yrcp(P2 XKJ) =1, t > 2.
Proof:
Let K, be the complete graph on r nodes with N(K,) = {a/’, a7, . . . a,}
Take 2 copies of K, with node set {a;, a;, . . . a,a;, a;, . .. .a,/} to the form

of the Cartesian product of P; and K, with
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G=z=DP, xK.
Then the set S={a, a;, . ... a/} will form a y;cp - set of G.
Since S contains the nodes of the first copy of K,, obviously S is
connected.
claim: S will form locating dominating set N - S={aj, a;,....a}

Ala)NS=a'Vi=12,...1.

Which ensure that all nodes in N - S have distinct neighbours.

Thus S is a Locating dominating set. Again < S > = K,, which implies is
connected.

Also if any one node is removed from S, then S will no longer be
a LCD - set.
Thus YLCD(PZ XKr) = | S | =T

Illustration:2.2

For the graph given in Figure 2.3, the y;cp - set is encircled and

Yien(P2 X Ke) = 6.

al

5 atf ag
(P, X K¢) = a
a3 ag s
Figure2.3
Ps X P>
Theorem:2.4

The Locating connected domination number of the Cartesian
product of two graphs P;and K, denoted by P; X K, is given by y;cp(Ps
XK)=r+1,r>2.

Proof:

Let K, be the complete graph on r nodes with N(K,) = {a|, a,, . . .
a}

Take 3 copies of K, with node set{a;, a;, ... a,a;, a;,....a, a", 2", . ..
a,'} to the form of the Cartesian product of P, and K, with

G=DP;xK.
Then the set S={a/, a;, ... .a/, a" } will form a y;cp - set of G.

Since S contains all the nodes of the second copy exactly one
node of the third copy of K,, obviously S is connected.
claim: S will form locating dominating set N - S={aj, a5, ....a, a;", a," .

P P 1"}
Ald)NS=a'Vi=172,...r
AN NS={" a}lVi=12,...r
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Which ensure that all nodes in N - S have distinct neighbours.
Thus S is a Locating dominating set. Again <S > = K, +1, which implies is
connected.

Also if any one node is removed from S, then S will no longer be
a LCD - set.
Thus yrcp(Ps XK) = |S| =1+ 1.

Illustration:2.5
For the graph given in Figure 2.6, the y.cp - set is encircled and

Yien(Ps X Ks) = 6.

a1 a1 a1
a; o a as a a3
(P; X K;) =
a a4 b a4 = a4
Figure 2.6
Ps; X Ks
Theorem:2.7

The Locating connected domination number of the Cartesian
product of two graphs P, and K, denoted by Py X K, is given by y;cp(Ps4
xK) = 2r, r>2.

Proof:

Let K, be the complete graph on r nodes with N(K,) = {a/, a,, . . .

a}
Take 4 copies of K, with node set
NP, xK) ={aj, a5, .. . a,a1, 27, ....a,2a 2" ...a 4" a",...a "} to
the form of the Cartesian product of P, and K, with

G=P,xK.
Then theset S={a/, a;,....a’ a", a", ... a" } will form a y;cp - set of
G.

Since S contains all the nodes of the first copy and second copy of
K., obviously S is connected.
claim: S will form locating dominating set N - S={a;, a;,....a, a;", a,"

car- 1}
Ala)NS=a' Vi=12,...r.
Al NS=a"Vi=12,...r.

Which ensure that all nodes in N - S have distinct neighbours.
Thus S is a Locating dominating set. Again < S > = 2K,, which implies is

connected.
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Also if any one node is removed from S, then S will no longer be
a LCD - set.
Thus yicp(Py XK) = |S]| = 2r.

Illustration:2.8

For the graph given in Figure 2.9, the y.cp - set is encircled and

Yien(Ps X K) = 6.

P, xKg =
ar’ "
a1 a1 a”
al’ " -
& = a2 -
as ot N as
3 ag
as
2 a3 a4 ag as" a3 &
a4 -
) a4
Figure2.9
Ps; X Kg
Theorem:2.10

The Locating connected domination number of the tensor
product of two graphs P;and K, denoted by P; @ K, is given by y;cp(P; @
K)=2r-1, r>2.

Proof:

Let K, be the complete graph on r nodes with N(K,) = {a}, a;, . . .
a}

Take the node set of namely by, b, bs, and P; be the path on 3 nodes.
NP; @ K) = {aby, asby, . . .aby, ajby, asby, . . aby, ajbs, asbs, . . .abs} to
the form of the Cartesian product of P; and K, with

Gz=P QK.

Let {a;, by, . .. a,b;} denote the first copy of K,, and { ajb;, a;b,, . . aby}
denote the second copy of K,, and { a;bs, a;bs, . . .a,bs} denote the third
copy of K..

Then the set S = {a;b,, a;b,, . . . a.1bs, a;bs, asbs, . . . a,bs} will form
aYicp - set of G.

Since S contains all the nodes in second copy except last node and

all the nodes in third copy of K,, obviously S is connected.
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claim: S will form locating dominating set N - S = {a;b;, a;by, . .. a,b}, a,_
1by}

Ala;b) N S ={a;b,, asb,, . .. a,_ by}

Ala;b) NS ={a;b,, asby, . .. a,_1by}

A(ab)) NS ={a;b,, a;b,, ... a,_1b}

Ala, b)) NS ={abs, asbs, ... .a,_bs}

Which ensure that all nodes in N - S have distinct neighbours.

Thus S is a Locating dominating set. Again <S> = P,, which implies is
connected.

Suppose we take the nodes in second column of LCD - set, S
does not distinct neighbourhood. Also if any one node is removed from
S, then S will no longer be a LCD - set.

Thus y.ep(Ps @ K) = |S| =2r - 1.

Illustration:2.9
For the graph given in Figure 2.10, the y.cp - set is encircled and

Yien(Ps ® K) = 6.

b1 agbt ajh:
a1 a4 ‘-\‘ 4’5\\ {

IR

ba ®

Figure2.10
Theorem:2.11 Ps ® Ki

The Locating connected domination number of the tensor
product of two graphs P, and K, denoted by Py @ K, is given by y;cp(Ps @

K)=2r, r>3.
Proof:

Let K, be the complete graph on r nodes with N(K,) = {aj, a,, . . .
a}
NP, ® K) ={a;by, a;by, . . .aby, aiby, asby, . . aby, ajbs, asbs, . . .abs, ajby,
aby, . . . .a,by} to the form of the Cartesian product of P, and K, with

G=P QK.
Let {aj, by, . . . a,b;} denote the first copy of K, and { a;b,, a3b, . .
a.b;} denote the second copy of K,, and { ajbs, a;bs, . . .a,bs} denote the
third copy of K., and {a;by, a;by, . . . .a,bs} denote the fourth copy of K..
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Then the set S = {a;b;, a;by, . . . aby, ajbs, asbs, . . . abs} will form a yicp -
set of G.

Since S contains all the nodes in second column and all the nodes
in third column of K,, obviously S is connected.
claim: S will form locating dominating set N - S = {a;b;, a;by, . . . aby,

alb4, azb4, PN arb4}
A(albl) ns-= {azbz, azbz, “e. arbz}

A(azbl) ns-= {ale» azbz, “e. arbz}
A(arbl) ns-= {ale» azbz, RIRIRE P 1bz}
A(alb4) ns-= {azbz, aabz, e arb3}
A(azbl) ns-= {alb% aaba, e arb3}

A(a,by) NS ={abs, a;bs, . .. a,_ b3}

Which ensure that all nodes in N - S have distinct neighbours.
Thus S is a Locating dominating set. Again <S> = P,, which implies is
connected.

Suppose we take the nodes in second column of LCD - set, S
does not distinct neighbourhood. Also if any one node is removed from
S, then S will no longer be a LCD - set.

Thus y1cn(Ps ® K) = [S| =2r.

Illustration:2.12
For the graph given in Figure 2.13, the y;cp - set is encircled and

Yieo(Ps ® K) = 8.

bl Py
b ® a 24 - a1b1 Q"‘%\\";@l“:" atha
= 00 X XA
) ST e OO e
Rt
" asb1 /\\?,'\‘5/,\\ ashs

Figure2.13
Ps ® Ks
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Theorem:2.14
The Locating connected domination number of the strong
product of two graphs P, and P, denoted by P, X P, is given by y.cp(P; X

P)=r1>3.
Proof:

Let P, be the complete graph on n nodes with N(P,) = {a;, a;, a3 . . .
. a).
The set {a;by, a1bz, asby, asby, .. ... a;b1,a,b,} to form a strong product P,
and P, with

G=P, XD
Then the set S = {a;b,, a;b,, . . ... a,b;} will form a y;cp - set of G.
Since S contain all nodes in second copy of P,, obviously S is

connected.
Claim:

S will form a locating dominating set
N - S ={a;b;, asby, asb; .. .. aby}
N(a;by) = {aib,, a;b,}
N(a;by) = {arb,, a;by, ash}

N(ab,) = {a,_ 1b,, a,b;}

Which ensure that all the nodes in N - S have distinct
neighbours.
Thus S is a Locating dominating set. Again <S> = P,, which implies is
connected.

Also if any one node is removed from S, then S will not a LCD - set.

Thus YLcp (P,X P)= IS| =r.

Illustration:2.15
For the graph given in Figure 2.16,
the yicp - set is encircled aibi, a1k and yicp(P; X P))
=5,
aibis azba
al azbiy azba
b az
agb prashy
a3
asby by asha
b2 a4
X as =
Figure2.16
P. X Ps
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Theorem:2.17

The Locating connected domination number of the strong
product of two graphs P, and C, denoted by P, X C, is given by y;cp(P2 X

C)=r,r>4.
Proof:

Let C, be the complete graph on r nodes with N(C,) = {a;, a;, a3 . .
..ah
The set {a;by, a1b, asby, asbs, .. ... a;b1,a,b,} to form a strong product P,
and C,with

G=P, X C,
Then the set S = {a;b,, a;b,, .. ... a,b;} will form a yicp - set of G.
Since S contains all nodes in second copy of C,, obviously S is

connected.
Claim:

S will form a locating dominating set
N - S ={a;b;, asby, asb; .. .. aby}
N(a;by) = {aib,, a;b,}
N(a;by) = {arb,, asby, ash;}

N(ab) = {a,_ 1b,, a,b;}

Which ensure that all the nodes in N - S have distinct
neighbours.
Thus S is a Locating dominating set. Again <S> = P, which implies is
connected.

Also if any one node is removed from S, then S will not a LCD - set.

Thus YLcp P, XC)= IS| =r.

Mlustrtion:2.18
For the graph given in Figure 2.19, the y;cp - set is encircled and

Yien(P, X C) = 4.

alby 1
b1 a1 a4 ajhl a
X = 1
b2 a2 a3 & ok
ash b2
Figure2.19
P> X C4
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Thorem:2.20
The Locating connected domination number of the strong
product of two graphs P, and C, denoted by P; X C, is given by y;cp(P; X

C)=2r-2,r>4.
Proof:

Let C, be the cycle graph on r nodes with N(C,) = {a;, a;, a3 . . . .
a}.
The set {a;by, a1bs, a1bs, asby, azby, azbs ... .. a,by, a,bs, a,bs} to form a
strong product P; and C, with

G=P,XC,
Then the set S = {a;b,, asb,, . . .abs, ajbs, asbs . . . a,_1bs} will form
aYiep - set of G.

Since S contains all nodes in second copy except one node and all the
nodes in third copy except one node of C,, obviously S is connected.
Claim:

S will form a locating dominating set
N - S ={a;by, by, . . .. aby, a;bs, a,bs}
N(albl) = {azbz» arbz}
N(azbl) = {albz» azbz, a3b2}

N(a,b)) = {a, b, aby}
N(a;b,) = {a;bs, a;bs, a;b,, a,b}
N(a,bs) = {a, - 1bs, aby, ajbs, a,_ b3}
Which ensure that all the nodes in N- S have distinct neighbours.
Thus S is a Locating dominating set. Again <S> = P,, which implies is
connected.
Also if any one node is removed from S, then S will not a LCD - set.
Thus yicp (Ps X C) = |S| = 2r - 2.
Illustration:2.21

For the graph given in

Figure 2.22, the y;cp - set is aibl arhy 113
encircled and vy cp(P; X Cs) = 8.
a 7b3
a;
il Ela}
a1 = s )
a3 3
a, aath s b)cd b
al
X * = asbi et ashs
a ashy )
a_:
a3
Theorem:2.23 Figure 2.22
Ps X Cs
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The Locating connected domination number of the corona product of two
graphs C,and K, denoted by C, © K. is given by y1.cn(C. © K,) = nr, for n > 3.
Proof:

Let C,be the cycle graph on n node with N(C,) = {a}, az, a3, . . . . . a,}
Take n copies of K, the complete graph on r node with
NC, O K)={a,1',a,2"....a,r", a1, a2, ... anr', a,1" 22", . ...
.a,,r'} to form the corona product of C, and K, with
G=C.0OK

Then the set S = L_Qli' U :yi{al,i'} U :yll{az,i'} ..... U tyi {a,,i'} will form a yicp - set of
G.

Since S contain all the nodes in the cycle and take all the nodes in complete
Graph except last node of K,, obviously S is connected.
Claim:

S will form a locating connected dominating set

N-S={a,r', a1, a1, ....a,r"

A, rYNS={a,1a,2"....a,r-1"

Alay,r') NS={a,1" a2, ....a,r-1"

Ala,rYNS={a,1"a,2",..... a,r - 1"
Which ensure that all nodes in N - S have distinct neighbours.
Here leave one node for every copy of K,, which ensure that all nodes in N - S have
distinct neighbours.

Thus S is a Locating dominating set. Again < S > = P,, which implies is connected.
Suppose if any one node is removed from S them S will not distinct neighbours.
Also if any one node is add from S, then S will not minimum cardinality set, then S
will not a LCD - set.

Thus y1cp(C, © K)) = |S| =nr.

Illustration:2.24
For the graph given in Figure 2.25, the yicp - set is encircled and y1cp(Cy O
K5) = 8 a4
a3
a1y a2
a1, 4 al.l ) =
C4 @ Ks = ary
» a3 .z
e as 23,1 .
d3.3
a4,
3 :
: 3.2
9 234
Figure2.25
CsOKs
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Conclusion
The locating connected domination number for several operation

namely Cartesian product, tensor product, strong product, corona product

is established. To extend the work for generalization the result for the

operations namely Cartesian product, tensor product of any two graphs

and characterizing their bounds are the future work. To write an

algorithm for determining the tensor product of any two graphs is posted

as an open problem.

3.
L.
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