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Abstract: An equitable edge coloring of a graph is a proper edge coloring for
which the difference between any two-color classes is at most one. Consider a
graph G with an edge set E(G) and a set of vertices set V(G) Let A(G) and y(G)
represent, respectively, the largest degree and chroma number of G. If there is a
proper A(G)-coloring of G such that the sizes of any two colour classes differ by
no more than one, then we can claim that G is equitably colorable. It follows
that if G is fairly "A(G)-colorable," then AG> y (G). In contrast, we cannot
ensure that G must be equally -colorable even if G satisfies AG> y (G).The
minimum cardinality of G for such coloring is called equitable edge chromatic

number. In this article, we determine the theorem on equitable edge coloring

for sunlet graph Sn’ Wheel graphWn , Helm graph H n s fan graph Fl o

Gear graph Gn and Double star graph K respectively.
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1. Introduction

Let us consider all graphs are finite, simple and undirected graph G. The concept of
edge coloring introduced by Tait in 1880. Clearly Zl (G) > A(G), where A(G) is
the maximum degree of graph G.In 1916, Konig was proved that every bipartite graph
can be edge colored with exactly A(G) colors. Xia Zhang and Guizhen Liu [7] prove

that the equitable edge-colorings of simple graphs.
In 1949 Shannon proved that every graph can be edge colored with

3
< E A(G) colors. In 1964, Vizing [6,8] given the tight bound for edge coloring that

A(G)S}((G)SA(G)+1 In 1973, Meyer [4,10] presented the concept of

equitable coloring and equitable chromatic number. After few years, as an extension
of equitable coloring, the concept of equitable edge coloring was introduced by Hilton
and deWerra [1,10] in 1994. K. Kaliraj [12] proved that equitable edge coloring of
some join graphs. Veninstinevivik et.al [5] proved the equitable edge coloring of

splitting graph of helm and sunlet graph. In 2020, Manikandan et.al [3,13] proved

that an equitable edge coloring of strong roduct of Pn and Cn .

2. DPreliminaries
Definition 2.1[5]
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The n- sunlet graph Sn is got by joining n pendant edges to all the vertices of the cycle

C

n

Definition 2.2[5]
Forn>4, the wheean is obtained by joining a vertex V, to each of the N -1

vertices Vi,V y Vg of Cn—l’

Definition 2.3[5] The Helmgraph H , is the graph attained by a Wn by adjoining a
pendant edge to each vertex of the N —Jlvertices of the cycle in Wn .

Definition 2.4:TheGeargraph Gn is obtained from a wheel graph Wn by insert a

new vertex to each edge of the N—1 cycle in Wn .

Lemma 2.5[5]: Let G be a simple graph, then Ze (G) > A(G) .
3. Main results

Theorem3.1.Forany N >3, the equitable chromatic index for sunlet graph is

%:(S,) =3.
Proof.
Let V(S,) ={u,,Vv, :1<k <n}and Let

E(Sn) = {ek,sk 1<k < n} , where the edges {ek 1<k < n}
represents the edge {Vka +1(mod n) 1<k < n} Jthe edges

{Sk 1<k < n} represents the edge {Uka l<k < n}

Define an edge coloring C: E(Sn) —> {1, 2, 3} as follows. Let us partition the edge

set of sunlet graph E (Sn) as follows.

Case ():n=0(mod 3) (i.e) 3, 6, 9...

E ={e.6,&....6,,}U{S5 S5, S, } G.1)
E,={e,.e.8...6, JU{S,,55-s S, 5 } (3.2)

E, ={93,66,67....,en}U{SZ,S5,....,Sn_l} (3.3)
From the equation (3.1) to (3.3), clearly the sunlet graph S| is equitable edge colored
with 3 colors. Also we observe that the color classes E;, E, and Ej are independent

sets of S, and its satisfies the in equiality|| E, |—| Ej <1, for 1+# . Hence

)(; (Sn) <3. Since A=3and )(é (Sn) > A =3 Therefore }(‘;(Sn) =3. When
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N=3,6,9,..., ie consider N=6,for which the color classes
|E,HE,|HE;|=4 and which implies that ||E;|—|E,||<1. Thus, it is
equitable edge colored with 3 colors. Therefore ¥, (S) < 3. The maximum degree
of sunlet graph is 3(A=3) and by lemma 2.5, #,(S;)>A=3. Hence
Ze (Se) =3.

Case (i):N=1 (mod 3)

E :{el’e4’e7""’en—3}U{33’86’""’Sn—l}U{Sn} G.4)
E,={e, & 6.6, U{e }U{s,.S .55} 635

E3 = {eS’eG’e9""’en—l} U{sl’SZ}U{SS’SS""" Sn—Z} (3.6
From the equation (3.4) to (3.6), clearly the sunlet graph Sn is equitable edge colored
with 3 colors. Also we observe that the color classes El, E2 and E3 are independent
sets of S and its satisfies the in equiality|| E; | —| Ej €1, fori# . Hence
Z; (S,) <3. Since A=3and Zé (S,) = A =3 Therefore }(é (S,)=3. For
example, in the case(ii) when N =1 (mod 3) , i.e consider N =10, for which the
color classes | E E E, |=7and | E, |=6, which implies that || E || Ej I<1.
Thus, it is equitable edge colored with 3 colors. So that }(é (810) < 3. The maximum
degree of sunlet graph is 3(A =3) and by lemma 2.5, )(; (Slo) > A = 3. Hence
Ze(S;0) =3.

Case (iii): N=2 (mod 3)
E ={e.e.e...6}U{S5 S5 1Sy} (3.7)
E,=16,8. 6o Ul UfS0 S Sp§ya) 09

E, =185, 80, U518, JULS5. 80080} G9)

From the equation (3.7) to (3.9), clearly the sunlet graph Sn is equitable edge colored
with 3 colors. Also we observe that the color classes El, E2 and E3 are independent
sets of Sy and its satisfies the inequiality|| E; | —| E; ||<1, for each (i, J) . Hence
2.(S,) <3.Since A=3and #,(S,)=A=3 Therefore #,(S,)=3. For
example, in the case(iii) when N = 2 (mod 3) , i.e consider N =11, for which the
color classes | E; || E, |= 7 and | E; |= 8, which implies that || E, | —| E, |[<1.
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Thus )(é (811) < 3. The maximum degree of sunlet graph is 3(A =3) and by

using the lemma 2.5, )(é (S,;) = A =3 . Hence )((; (S,,)=8.

Figure 1: Equitable edge coloring of sunlet graph with 5 vertices

Theorem 3.2For any N =4, the equitable chromatic index for wheel graph is
Z.(W,) =n—1.

Proof. Let VW, ) ={V, }U{V, :1<k <n—1}and

Le EW,) ={g, :1<k <n—-1}U{s, :1<k <n—1}, where
the  edges {9 :1<k<n-1} represents  the  edge
VoV :1<k <N—1} the edges {S, :1<K <N} represents the edge

{ViViy 1<k <n-—1}

Construct an edge coloring C: E(\Nn) —){1, 2,3,..... , n—l} as follows. Let us

partition the edge set for wheel graph E (\Nn) as follows.

E :{gl,sz} (3.10)

E, ={05;} G.11)
E,={0,5,} 6.1
E, ={0,.5] 6.13)
Es = {0556 (.14
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En—4 =904 Sn—S} (3.15)

{

E. .= {gn_srsn_z} (3.16)

E,={0, 25 619
{

En—l - gn—l’sn} (3.18)

From the equation (3.10) to (3.18), clearly the wheel graph Wn is equitable edge

colored with N—1 colors. Also observe that color classes El’ Ez,...., En—l are
independent  sets  of Wn , the cardinality of the color classes
| E1 |=| E2 |:| E3 | ..... =| En_2 |:| En—l |: 2 and its satisfies the in-equiality

IE |-|E, <L, for i# j. Hence z,(W,)<n—1. Since A=n-—land
Z.(W )>n—1. Therefore y,(W,)=n-1. For example, consider N =8,
vertices, such that the color classes | E, || E, |4 E;|..... 5/ E, |=2 and which
implies that || E; | —| E, ||<1. Thus, an equitable edge colored with 7 colors and

so that )(; (\Ng) < 7. The maximum degree of wheel graph is / (A =7) and by
lemma 2.5, Ze (\NS) > A =7. Hence Ze (\NB) =7.

Figure 2: Equitable edge coloring of wheel graph with 6 vertices

Theorem 3.3For any N =>4, the equitable chromatic index for helm graph is

Z2.(H)=n-1.

Proof.

Lee V(H,) ={v, }U{v 1<k <n—-1}U{u, :1<k <n—1} and

Let

E(H)={e :1<k=n—-1}U{f, :1<k<n-1}U{s, :1<k<n—-1}
where the edges {ek 1<k <n —1} represents the edge
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{vov, 11k <n-1},

the  edges {fi:l<k<n-1} represents  the  edge
{ViVisagmod nay (1<K <n—1} the edges
{Sk 1<k<n —l} represents the edge
{viu, :11<k <n-—-1}

By construction an edge coloring € E(H,) —{1,2,3,...,n—1}as follows. Let

us partition the edge set for helm graph E(H n) as follows.

E ={e,f,s} (3.19)

E, =1l f,.5,] 620
E,={e, f,.5,} 6.21)
E,={e, f.S,} (.22
E ={e, f.,s,} (6.23)
E, s ={€s fs Soa 524
E, . ={€ fraiSis) (3.25)
E, s ={€ s frziSia) (.26
E,,=1{€ 5 11 5] 527
E,.={e s frs S 528

From the equation (3.19) to (3.28), clearly the helm graph Hn is equitable edge

colored with N—1 colors. Also observe that the color classes independent sets of

H
| E = E, Ei E, |..... = E,. . Ei E. . |=3 and its satisfies the inequiality

no the cardinality of the color classes

| E, |—| Ej €1, forany (i, j). Hence){é(Hn) <n-1. Since A=n—1and

}((;(Hn) > A=n-1. Therefore }(;(Hn) =N-1. For example, consider the
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helm N =8, vertices, the color classes | E, | E, |5 Ey [ 5| E, [= 3 and
which implies that || E; | —| E, ||[€1. So that the equitable edge colored with 7
colors. So that ¥, (Hg) < 7. The maximum degree of helm graph is 7 (A =7)
and by lemma 2.5, it follows that ¥, (Hg) > A =7. Hence y,(Hg) =7.

Uy
®

2

Figure 3: Equitable edge coloring of helm graph with 6 vertices

Theorem 3.4For any N =>4, the equitable chromatic index for gear graph is
Zzla (Gn) =n-—1.

Proof.

Lee V(G,) ={V, }U{u, :1<k <n-1}U{y, :1<k <n—1}and
Let

EG,) ={e :1<k<n-1}U{f :1<k<n—-1}U{s :1<k <n-1}
,where the edges {ek 1<k<n —1} represents the edge
{VOVk 1<k <n—1}, the edges { fk 1<k <n —1} represents the
edge {Vk u, l<k=<=n —1} and the edges
{Sk 1<k <n —1} represents the edge
{ukvk+1(mod n-1) l<k=n _1}

An edge coloring is define as C: E(Gn) —){1, 2,3,..., n—1} as follows. Let us

partition the edge set for gear graph E (Sn) as follows.
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E, ={e, fs.s,} (3.28)
E,={e, f..s,} (3.29)
E,={e, f,.5,} (5.30)
E,={e, f.,s,} (3.31)
E ={e,, f,,5} (.32
E, . ={€ s frsSia) 5.33)
E, s ={€ s frs Sus) (.34
E,,={€ 2 frsS02) (3.35)
E,.={e s fsSus} (336

From the equation (3.28) to (3.36), clearly the gear graph Gn is equitable edge

colored with N —1 colors. Also observe that the color classes are independent sets of

G
| E1 |=| E2 |=| E3 | ..... =| Em2 |=| En—l |= 3 and its satisfies the inequiality

N the cardinality of the color classes

IE, | -1E, <1, fori# j. Hence 7,(G,) <n—L1. Since A=N—1 and by
lemma 2.5, 2,(G,)>A=n~-1. Therefore y,(G,)=n—-1. For example,
consider the gear graph with N =8, vertices, such that the color classes
|E, HE, [H Ey|.... | E; |=3 and which implies that || E; |~ | E, [I<1, for
i # . Such that the equitable edge colored with 7 colors. Thus ¥, (Gg) < 7. The

maximum degree of gear graph is 7 (A=7) and /(; (GB) >A=7. Hence
4 e (Gg) =7.
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Figure 4: Equitable edge coloring of gear graph

Theorem 3.5For any positive integer, the equitable chromatic index for double star graph is

Z(;(Kl,n,n) =n.
Proot. Let V(K 0) ={VotU{V :1<k <n}U{u, :1<k <n}

and

Lee E(K ) ={e 1=k =n}fU{f 1<k <n}, where the
edges {ek 1<k < n} represents the edge{VOVk 1<k < n}, the edges

{ fk 1<k < n} represents the edge {Vkuk l<k < n}
respectively.

Define an edge coloring C:E(Kl,n,n)_>{l’ 2,3,...,2n} as follows. Let us

partition the edge set for double star graph E (K, ) as follows.

1,n,n

E ={e.f,} (3.37)

{e, T} (3.38)
e, 6.39)
E,={e, f;} (.40)
CRA

(3.41)

Es ={e; fs} (3.42)
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En—2 = {en—Z’ fn—S} (3.43)
En—l = {en—l’ fn—z} (3.44)
E,={e, f..} (3.45)

From the equation (3.37) to (3.45), clearly the double star graph Kl,n,n is equitable
edge colored with N colors. Also we observe that the color classes are independent

sets of Kl,n,n , the cardinality of the color classes
| E = E, = E, [..... = E., = E, |=2 and its satisfies the inequiality

IIE || Ej €1, for 1+ j‘Therefore;(;(K )<N. We know that A=n

1,n,n

and Ze(K ) > A =N. Hence Z‘; (K ) =N. For example, Consider N = 6,

1.n,n 1,n,n

vertices, the color classes are | E1 |:| E2 |:| E3 | ..... :l E7 |= 2 and which implies

that || E |—| E, |[€1. Thus, equitable edge colored with 6 colors. Therefore

Ze‘z(Kl,G,G)S6‘ The maximum degree of double star graph is 6. Hence

Ze (Kl,a,e) =6.

Figure 5: Equitable edge coloring of double star graph

Theorem 3.6For any positive integer, the equitable chromatic index for fan graph is

Z;:(Fl,n) =n.
Proof. Let V (F ) = {Vo JU{V, :1<k <n}and
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Lee E(F ) ={0, 1=k =<n}U{h 1<k <n—1}, where the
edges { @) 11 <K < N} represents the edge{VoV) 11 <K < N}, the edges
{hk 1<k <n —l} represents the edge
{ViVi 1 11 <K < N —1} respectively.

An edge coloring is define € E(F, ) —{1,2,3,...,n} as follows. Let us partition

the edge set for fan graph Fl,n as follows.

9. hn—l} (3.46)
g

{

{9,} (.47)

10:h} (3.48)
E,={g,h} (5.49)

{95, hs} (3.50)
Es ={0.h,} (.51)

En—2 - {g n-21 hn—4} (3.52)
En—l = {gn—11 hn—3} (3.53)
En = {gn’ hn—l} (3.54)

From the equation (3.45) to (3.54), clearly the fan graph Fl,n is equitable edge

colored with N colors. Also we observe that the color classes E.L' E2""" En are
independent  sets  of Fl,n , the cardinality of the «color classes
| E Ei E, [..... = E.. Ei E, |=2and | E, |=1, its satisfies the inequiality

| E, |—| EJ- I<1, for 1# j. Hence){é(Flyn) <N. We know that A=N and by

lemma 2.5 Ze (Fl,n) 2> A =N. Therefore Ze (Fl,n) =N. For example, consider the

fan graph with N = 6, vertices, such that the color classes

| E1 |=| E3 | ..... =| E6 |= 2 and | E2 |=1, which implies that || E1 | —| E2 ||S 1.
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Thus, the equitable edge colored with 6 colors. Therefore Z;(Fl,s) <6and

Ié(Fl,s) > A =6.Hence Zé(Fl‘e) =0.

Vo

Figure 6: Equitable edge coloring of fan graph

4. Conclusion

In this article, we determined the equitable chromatic index of Sunlet, Wheel, Helm,

Gear, Double star and Fan graph. The proofs establish an optimal solution to the

equitable edge coloring of these graph families. The field of equitable edge coloring of

graphs is broad open. It would be further interesting to determine the bounds of

equitable edge coloring of various families of graphs.
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