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A NEW SUBCLASS OF MEROMORPHIC FUNCTIONS WITH
POSITIVE COEFFICIENTS DEFINED BY INTEGRAL
OPERATOR

K. SRIDEVI AND T. SWAROOPA RANI

ABSTRACT. The target of this article is acquire coefficient bounds, radii of
starlikeness and convexity, convex linear combinations, integral transforms
and neighborhood results for the subclass positive coefficient meromorphic
functions.

1. Introduction

Let X indicate the class of meromorphic functions of the form

n(w) = é + ) b (1.1)
n=1

which are regular in the punctured unit disc
Ur={w:weC and 0 < |w| <1} =U\ {0}.

A function n € ¥ is given by (1.1) is said to be meromorphically starlike and
meromorphically convex of order w if it delights the pursing

Y LA CON R
%{ () }> , (wel) (1.2)
and — R {1 + w:(f;;’)} >w, (wel) (1.3)

for some w, (0 < w < 1) respectively and we say that n is in the class ¥*(w) and
Y .(w) of such functions respectively.

The class ¥*(w) and different subclasses of ¥ have been examined broadly
by researchers [1, 6, 8, 9]. Over the few years, numerous authors have explored
the subclass of positive coefficient meromorphic functions. Juneja and Reddy [3]
discussed the X, function of the form

n(w) = % +> ™, (L, > 0), (1.4)

which are regular and univalent in U7*. The functions of this class are called to
be meromorphic function with a positive coefficients. Jung et al. [4] defined the
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integral operator on the normalized analytic functions and Lashin [5] modified
their operator for meromorphic functions in the following manner.

Lemma 1.1. Forn e X given by (1.1), if the operator PY : ¥ — ¥ is defined by
R® 1 r wy ©—1
© _ h hatt
Pin(w) = gy [ 1 (1o0)” nioy (15)
0

(h>0,0>0 and w e U) then it can be shown that

1 9]
n=1

©
where L(n, h, p) = (T’ZH) and I is the familiar Gamma function.

Now we present the pursuing subclass of ¥, correlated with the integral operator
Pyn(w).

Definition 1.2. A function n € ¥ is said to be in the class agh(w, N) if and only
if satisfies the inequality

w(byn(w)) _
u (R = 1)(Pyn(w)) + Nw(P,;f’n(w))'} ~ (1.6)

where 0 <7< 1,0<p<,0<w<land 0 <N <1,

In this article, we get the inequalities of coefficient, distortion theorems, closure
theorems radius of starlikeness and convexity for the class Uﬁh(w, N). In addition,
we discussed integral operators and neighbourhood results for this class as well”.

2. Coefficients Inequalities

Our to begin with hypothesis gives a fundamental and adequate condition for
a function 7 to be with in the class o} (@, R).

Theorem 2.1. Let n(w) € 3, be given by (1.1). Then n € o, ,(w,R)

= i[n—kw—wN(l—Fn)]L(n,h, ), <1—w. (2.1)

n=1
Proof. If n € o) (@, R) then
] w(Pfn(w) |
(R = 1)(Pn(w)) + Rw(Pyn(w))’
-1+ § n L(n, h, p)lpw™ !

=R = n=l > w.
—14 > (XN=14Xn)L(n,h, p)l,wnt!
n=1
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—14 i n
By letting w — 17, we have { = z=1 } > .
=1+ X L(n,h,p)(R—1+Rn) L(n,h,0)ln
n=1

This shows that (2.1) holds.
Conversely, suppose (2.1) holds. Since

Rz)>w & [z—1|<|z+1-2w|
It is adequate to show that

w(Byn(w))" = [(R = 1) Pn(w) + Rw(Bn(w))’]
w(Pyn(w)) + (1 = 2@)[(R = ) Pn(w) + Rw(Pyn(w))’]

Using (2.1), we see that

w(Pyn(w)) — (R = 1) Pyn(w) + Rw(Prn(w))’]
w(Pyn(w)) + (1 = 2@)[(R = 1) Pn(w) + Rw(Pyn(w))’]

io: (1 = R)(n+ 1)L(n, h, p)lpw™ Tt
n=1

< 1

_x1_wy+ijm1+u_2wmy+u_zwxn—Uum%mpwﬂwﬂ
S (1= R)(n+ D)L(n, b o)l
S — n=1
2(1 =) — 3 [n(L+ (1 22)8) + (1 - 22)(8 ~ ]L(n. b, o)l
<1.
Thus we have € o, (w, ). O

Corollary 2.2. Ifn € 0, (w,R) then

(1-w)
[n+ @ — @X(1+n)|L(n, hp)

n =

The estimate is sharp for F,(w) given by

1 (1—-w)
F =— nop=1.2.3....
n(w) w [n+ @ — @X(1 + n)|L(n, p)w yn=12,3

3. Growth and Distortion Theorem

Theorem 3.1. Ifn € o)), (w,X) then

1 (1- ) 1 (1-w=)
Z_ < < - . .
r (14 w-—2wX)L(1,h, p)r* )l = r * (1+ @ —2wR)L(1, A, p) r 31
The estimate is sharp for
1 1l-w
P 2
) = e — 2oL ) © (3.2)
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&)
Proof. Since n(w) = L + 3 £,w", we have
n=1

)l < 43t < Y b
n=1 n=1

since,

o0 1 o
by < .
; T (14 w—2wXN)L(1,k,p)

Using this, we have

() < 5 + e
= T U = 2N L(L B )
Similarly
() = =
M= (1+w—2wN)L(1hp)r'
The estimate is sharp for n(w) = + + = le_N)L(l o) W- O

Theorem 3.2. Ifn € 0}, (w,R) then

1 l1-w , 1 l1-w
2

2T i w eI g S TS e s eyt W=

The estimate is sharp for the function (3.2).

4. Closure Theorems

Let the functions Fj(w) be given by

1 o0
= — lppw™, k=1,2,3---. 4.1
o Z KW (4.1)
We are going to demonstrate the taking after closure theorems for the class
oy n (@, N).
Theorem 4.1. Let F,(w) € agh(w, W), for every k =1,2,3,--- . Thenn(w) given
as

1 o
= — n >
" + 7;:1 Lyw™, (L, >0)

1s in the class op (w,N), where £, = % 21 b, (n=1,2,---).

Proof. Since Fy(w) € orgﬁ(w, R), it takes after from Hypothesis 2.1 that,

Z n+w—wX(1+n)Ln,hp)lyr <1—cw, forallk=1,2,--- ;m. (4.2)
n=1
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Hence

[n+w —@X(1+n)|L(n, kA, p)l,

NE

3
Il
A

1 m
R(1L+ )] (- o )bk
[n+w —@wR(1+n) mz n, b, 0)l i

NE

n=1 Pt
—~ Z <Z n+w — oR(1+n)|L(n, h, WW)
< 1 o 1

We have, from Theorem 2.1, n(w) € o), (@, R). O

Theorem 4.2. The class Uﬁh(w, R) is closed under convez linear combination.
Proof. Let Fi(w) € 0, ,(,R). t is enough to demonstrate that function.
H(w) = REy (w) + (1 = N)Fa(w), (0<R<T)

is also in the class Uf;h(w, R). Since for (0 < R < 1),

oo

[RE, 1 + (1 — R)E,, o]w™.

S\’—‘

n=1

We examined that

D {ln+ @ — @R+ n)|L(n, h, 0)}REp 1 + (1= V)0, ]

n=1

=R {[n+ @ — @R(L+n)|L(n, h, )}

n=1
=) > {n+ @ — @R+ n)|L(n, b, ©)}n 2
n=1
<l-w
With the help of Theorem 2.1, we have H(w) € o, (@, R).

Theorem 4.3. Let Fy(w) =1 and

1 1-
= — Z i w”, formn=1,2,---.
w n=1

[n+ @ — @X(1 +n)|L(n, h, p)

Then n(w) € o} (@, R) < n(w) may be expressed like

n(w) = > N, F(w), where X, >0 and > N, = 1.
n=0 n=0
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Proof. Let

o

n(w) = Z N, Fy (w)
n=0

7W+Z;M+W—WMLHMMmh@ :
Then
f: R (1 — @) [n+ @ — @X(1 + n)|L(n, h, p)
n=1 [n+w—WN(1+n)]L(n7ﬁ7 p) (1—W)

n=1

By Theorem 2.1, we have H(w) € o} ,(w, R).
Conversely, let n(w) € o), (@, R). By Theorem 2.1, we have

l-w
0, < — 1.2,
S ¥ e —eR( g "
Maybe it’s written like R,, = [7l+w_wx§£g)]L(n’ﬁ’gJ)€n forn=1,2,--- and Rg =
1— >N,
n=1

Then n(w) = > N, F,(w). O

n=0

5. Radius of meromorphic starlikeness and meromorphic convexity

Theorem 5.1. Let n € ag’h(sz). Then n is meromorphically starlike of order
P (O < p< 1) in |w| < Tl(vaa ha £, p)a where

— (1-p01-w) ==t
ru(@ X ko, p) = inf [(n 2= I+ @ — N+ L g) (51)

Proof. Let n(w) € o, ,(w@,X). Then with the help of Theorem 2.1, we have

[n+w — @wX(1+n)|L(n, h, p)l, < (1 —w). (5.2)
It’s enough to expose that
/
‘1+“m“”‘§1—p (5.3)
n(w
S n+ 1), w
ww)| _ |20
= |1+ = = <l-p

> n+2_p n
= Z(l_p)fnlwl <1, for 0< p < 1and | < r1(w, R, B, 0, ).

n=1
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By Theorem 2.1, (5.3) that’s going to be true if

n+2—p nal l-w
_ <
( 1—p )|w| ~ [n+w —@X(1 + n)]L(n, h p)

1
l—-w n+1

(n+2—p{[n+wo—oR(1+n)]L(n,hp)} -

= ful < |
This completes Theorem’s evidentiary record. O

Theorem 5.2. Let n € Ug’ﬁ(w,N). Then n is meromorphically convex of order
p(O g p< 1) mn |w| < TQ(w7N7ha 2, p)a where

s o) g [ M DLy
n>1 n(n+2—p)(1—w)
(5.4)
Proof. Let n(w) € 0,(w,N). Then by Theorem 2.1, we have
Z n+w —@X(1+n)|L(n,h,p)l, < (1 —w). (5.5)

Its enough to expose that

for |w| < ry = ro(w, N, A, g, p), where r3(w, N, I, p, p) is defined as (5.4). Then

)
S o+ Do | S nln+ D

11
|- S
T -+ E nlpwn—1 1— 3 nly|wntt
n=1 n=1
This will be bounded by (1 — p) if
S M2 e <1, (56)

n=1

y (5.5), it takes afterward (5.6) is true if

nn 2= p) s [t = @O )L, B )

>1
1—p = e =
or
1- — wN(1 L =
n(n+2—p)(1-m)
TThis completes Theorem’s evidentiary record. O
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6. Integral Operators

In this section, we look at the integral transform of functions in the class
oy n(@,N).

Theorem 6.1. Let 7 € ag’vh(w, R). Then the integral operator
1
F(w) zc/ucn(uw)du, 0<u<1,0<e< )
0

is in o, ,(6,R), where

(c+2)(1+w—2wR) —¢(l —w)
c(l—w@)(1—-20)4+ (14+w@)(1—2R)(c+2)
The result is sharp for

6:

1 l—-w

n(w) = E—’— )w

(1+w —2wX
Proof. Let n(w) € 0, ,(,R). Then

F(w) = c/lu”n(uw)du
0

> c
—_— ",
+;c+n—|—1 v

gl

It is adequate to show that

> c{[n+0—R(1+n)|L(n,hp)}
Z (c+n+1)(1-9)

0, <1. (6.1)

n=1

Since 1) € 0, (@, R), we have

i [n+w—w(>i(1_;v;)]L(n, hed, oy (6.2)
Note that (6.1) is fulflled if
cn 46 —oR(1 + n)] [n 4+ w — @X(1 +n)]
(c+n+1)(1-6) — (1-w) '

Solving for §, we have

(c+n+n+w—wR(1+n)]—cn(l —w)
0 < = G(n).
c(1-—m)[1-=R1+n)+[n+w—wX(1+n)(c+n+1)
A quick calculation will show that G(n) is increasing and G(n) > G(1). Using this,
it follows.

O

For the selection of X = 0, We achieved the outcome of Uralegaddi and Gangi
[11].
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Remark 6.2. Let n € X7 (). Then integral operator

1
F(w) = c/ucn(uw)du, 0<u<1,0<c<o0)
0

CO * _ 14+wtew
is in ¥} (), where § = 522,

The result is sharp for

7. Neighbourhoods for the class o (w, X)

In this section, we look at the neighbourhood of the class o (ww, R), which we
define here.

Definition 7.1. A function n € X, € of(w,N) if there exits a function g €
o8 (w,R) such that

M) gl e wet0<p<1). (7.1)

Resume previous work on areas of regular functions by involving Goodman [2] and
Ruscheweyh [10], we define the j—neighbourhood of function n € £, by

Ns(n) = {g €X,g(w) = i + anw” and ann —by| < 6}. (7.2)
n=1 n=1

Theorem 7.2. If g € 0} ,(w,R) and

(14w — 2wR)L(1, h, p)

o= A e 2N h o) — (1 — =) (73)

then Ns(g) C o (@, N).

Proof. Let n € Ns(g). Then we find from (7.2) that

o0

> nlly —ba| <6, (7.4)

n=1

which yields the coefficient inequality

oo

> n = bn| =6, (n€N). (7.5)

n=1
Since g € o, (@, R), we have
= l-w
14+ @ —2wR)L(1,h,p)

bn <
(

n=1
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So

that
S 10, — by,
aw) |5
g(w) 1— Z b,
n=1

0(1+ w — 2wR)L(1, h, p)
(1+w—2wR)L(1,h,p) — (1 — @)
=1- 9]

provided g is given by (7.3). As a result by definition, € ag,h(w, N)

(1]
2]

(3]

(4]

(5]
(6]
(7

(8]
(9]

(10]

(11]
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