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CLASSICAL SOLUTION TO A MULTIDIMENSIONAL
STOCHASTIC BURGERS EQUATION VIA
FORWARD-BACKWARD SDES

ALBERTO OHASHI AND EVELINA SHAMAROVA

ABSTRACT. In this paper, we address the problem of existence and unique-
ness of a global classical solution to a multidimensional stochastic Burgers
equation without gradient-type assumptions on the force or the initial condi-
tion. The equation is first transformed to a random PDE, and then solved via
the associated forward-backward SDE. Additionally, we obtain a new a priori
gradient estimate valid for a large class of second-order quasilinear parabolic
PDEs which becomes an important tool in our approach. Also, we study the
stochastic Burgers equation in the vanishing viscosity limit.

1. Introduction

In this article, we obtain the existence and uniqueness of a global classical
solution to the multidimensional stochastic Burgers equation

y(t,z) = h(z) —&—/0 [vAy(s,z) — (y, V)y(s,x) + f(s,z,y)|ds + n(t,z)  (1.1)

on [0,T] x R™, where h is a random initial data, f is a deterministic function rep-
resenting force, and 7(¢, x) is a noise smooth in z and rough in time. In particular,
7(t,z) can be a stochastic integral fotg(s,x)dBS, assumed to be defined for each
x, but this choice does not affect our analysis. Importantly, we do not assume that
any of the functions f, 7, or h are of gradient form.

In the past two decades many works have been dedicated to the problem of
Burgers turbulence (see, e.g., [1, 3, 4, 6, 8, 11, 13, 22, 23]), that is, the study of
solutions to a Burgers equation with a random initial condition or force. In the
extensive survey on Burgers turbulence [2], Bec and Khanin refer the multidimen-
sional extension of a stochastic Burgers equation in the non-potential case as an
important open question. The authors illustrate that when the forcing and the
initial data are potential (i.e., represented as gradients of other functions), the po-
tential character of the velocity field is conserved by the dynamics, so the situation
carry many similarities with the one-dimensional case [2]. Further, the authors in
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[2] explicitly pose the question of what happens when the potentiality assumption
of the flow is dropped.

Our main motivation in studying the multidimensional viscous Burgers equation
with smooth random forces is its application to the theory of hydrodynamical
turbulence [2, 8, 24]. As such, equations of form (1.1) are frequently used as a
model of randomly driven Navier-Stokes equations without pressure [7, 31].

In this work, we propose a method of obtaining a global classical solution to
stochastic Burgers equation (1.1) based on a fixed point argument of the associated
forward-backward SDE (FBSDE) and a gradient estimate. First, we transform
(1.1) to a random PDE, and then introduce a sequence of stopping times making
the noise globally bounded. This allows us to apply FBSDE techniques similar to
the case of deterministic PDEs [15, 30], and also, to make use of our own result
on a gradient estimate for PDEs by means of FBSDEs.

The interest in Burgers turbulence is motivated by its applications in cosmology
[33], fluid dynamics [12], superconductors [5], etc. It is known that the Burgers
equation arises as an asymptotic form of various nonlinear dissipative systems [2].
That is why a one-dimensional stochastic Burgers equation has been intensely
studied over the last two decades in a variety of contexts and based on different
techniques. The literature is vast, so we refer the reader to the series of works
[6, 13, 14, 20], and references therein. The stochastic multidimensional potential
case, i.e., when the force and the initial data are of the gradient form, has also been
studied by some authors [1, 8, 10, 11, 25]. Since the potential Burgers equation
can be reduced to a one-dimensional parabolic equation by a number of known
approaches (see, e.g., [8, 10, 11]), the analysis is significantly simplified. We remark
that in the present article, we consider the non-potential case for both, the random
force and the initial condition, which does not allow us to apply any of the above
techniques.

Further, we would like to mention article [9], where the authors prove the ex-
istence and uniqueness of a global strong solution to a non-potential multidimen-
sional stochastic Burgers equation in the L,-space with the number p bigger than
the dimension of the equation. Although the stochastic Burgers equation in [9]
has the form similar to (1.1), the approach of the aforementioned work completely
differs from ours. Besides, from the hydrodynamical turbulence point of view, L,-
solutions do not appear suitable since they do not convey the meaning of the
solution to (1.1) as the velocity of a fluid at a given point z in the space [29].
Also, our noise term is not assumed to take any specific form, unlike [9]. In fact,
the choice of the forcing term 7)(t,z) in physics literature is frequently made on
the basis of the covariance of the form cov (7' (t,z), 7’ (¢',2")) = 6(t —t')pij(x — 2')
(see, e.g., [7, 31]). However, the above relation is not satisfied by the stochastic-
integral-type noise. Remark that in [9], the choice of the noise term as a stochastic
integral plays a crucial role in the analysis. Another advantage of our method is
the use of the associated FBSDE, which may allow the results of paper [17] on a
forward-backward stochastic algorithm for PDEs to be applied to tackle equation
(1.1) numerically.

Furthermore, we mention that in the deterministic case, the global existence
and uniqueness of a classical solution to the multidimensional Burgers equation is



MULTIDIMENSIONAL STOCHASTIC BURGERS EQUATION VIA FBSDES 81

known due to the results of Ladyzhenskaya et al [28], and follows as a particular
case of a more general theory for systems of quasilinear parabolic PDEs. How-
ever, the results of [28] are not applicable to equation (1.1) since the noise is not
differentiable in time.

As a byproduct of our approach, we obtain an a priori gradient estimate valid for
a large class of quasilinear second order parabolic PDEs. Our bound is obtained
exclusively by using the associated FBSDE. Previously, a gradient estimate by
means of FBSDE techniques was obtained in [16]. However, the result of [16]
cannot be applied to the present case. Indeed, in our work, the gradient estimate
is used in the process of construction of the solution by glueing the solutions on
short-time intervals, i.e., we deal with solutions defined on subintervals of [0, 7]
but not on the entire interval. In this situation, the results of [16] do not guarantee
that the gradient bound will be uniform over the length of the subinterval, while
our result does guarantee that. Thus, our gradient estimate appears completely
suitable for solving some class of PDEs by means of FBSDEs. Additionally, our
approach to obtaining this bound is significantly simpler and shorter than in [16],
although it is valid for a smaller class of PDEs.

Also, we remark that the classical book on quasilinear parabolic PDEs by La-
dyzhenskaya et al [28] only provides an a priori gradient estimate for an initial-
boundary value problem on a bounded domain.

Finally, we study the vanishing viscosity limit of equation (1.1). We investigate
this problem only locally. Namely, we prove that on a small random time interval,
there exists a unique classical solution to the inviscid stochastic Burgers equation
and the solutions to viscous stochastic Burgers equations with the same force terms
and the initial data converge to the inviscid solution uniformly in space and time.
Note that even on a short time interval, many authors investigated the vanishing
viscosity limit in hydrodynamics problems. As such, Ebin and Marsden [18] proved
the convergence of local Sobolev-space-valued solutions of the Navier-Stokes equa-
tion to local solutions of the Euler equation. Golovkin [21] and Ladyzhenskaya [27]
obtained the aforementioned convergence uniformly in space and time. Further,
Ton [32] studied the local vanishing viscosity limit of a multidimensional determin-
istic Burgers equation in an Lg-space. Furthermore, BrzeZniak et al [9] proved that
viscous solutions to a potential stochastic Burgers equation converge locally to an
inviscid viscosity solution. It is known that even if the initial data and the force
are smooth, a one-dimensional inviscid Burgers equation develops discontinuities
(shocks) at a finite time, and, therefore, fails to have a global classical solution.
Thus, one cannot expect a global uniform approximation of inviscid solutions by
viscous. Finally, we remark that the inviscid multidimensional stochastic Burgers
equations is also studied by means of the associated stochastic forward-backward
system.

The organization of our paper is as follows. Section 2 is dedicated to the problem
of existence and regularity of the solution to equation (1.1). In detail, in subsection
2.1 we discuss different forms of the noise that fit to our assumptions. Subsection
2.2 deals with the local existence, smoothness, and regularity of solutions to (1.1).
Remark, that papers [15] and [30] seemingly deal with techniques similar to those in
subsection 2.2. However, in [30], the FBSDEs under consideration are decoupled
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(unlike ours), while the assumptions of [15] (e.g., B.A2, Appendix B) are not
satisfied by our FBSDE coefficients which fail to be Lipschitz together with their
first and second order derivatives. Thus, we are not able to directly apply the
existing results in this topic and have to perform the arguments under different
assumptions. Further, subsection 2.3 deals with an a priori gradient estimate for
some class of quasilinear parabolic PDEs. The estimate is uniform over subintervals
of a given time interval. The authors are not aware if gradient estimates with the
aforementioned property exist in the literature. In subsection 2.4, we obtain the
main result of this work, which is existence and smoothness of solution to equation
(1.1). Finally, section 3 is dedicated to the vanishing viscosity limit.

2. Existence and uniqueness of solution to equation (1.1)

In this section, we show that under assumptions (A1)—(A3) below, equation
(1.1) possesses a unique global solution y(t, z) which is C2-smooth in z and con-
tinuous in t.

2.1. Assumptions and choice of the noise. Let (Q,F,F;,P) be a filtered
probability space satisfying the usual conditions.
Assume the following:

(A1) f(t,z,y) is an R"-valued deterministic function of class Cy*([0, T] x R?").

(A2) n(t,z) is an R"-valued stochastic process which is F;-adapted for each x;
moreover, a.s., (t,x) is of class Cp* ([0, 7] x R”) and 7(0,z) = 0.

(A3) For each x € R™, h(x) is an Fp-measurable random variable, which, more-
over, is of class C3(R") a.s.

Below, we give a few examples of the noise process n(t, x) satisfying (A2).

Ezample 1. n(t,z) = fgg(s,x)st = 2?21 gi(s,)dB%, where B} are indepen-
dent real-valued F;-Brownian motions, and the stochastic integral is defined for
each © € R™. Let us show that n(¢,z) verifies (A2) for some integrands g(¢,x).
Namely, we assume:

(i) For each x € R", g(t,x) is a progressively measurable stochastic process
with values in R4*" which takes the form g(t,z) = §(t, ¢(z)) for some R!-
valued random function ¢(z) such that for each z it is a random variable
independent of By, t € [0,T].

(ii) For each t € [0,T], g(t, -) is of class C;™*(R!) a.s., a € (0,1); ¢ is of
class C}(R™) a.s., and, furthermore, EfOT lla(t, )

1

p>2+0+(4+6%)2, where§ =1a"'(n+1).

p .
||C§+Q(Rl)dt < oo for some

Remark 2.1. Recall that the space CF+*(R™), a € (0,1), k € N, is defined as the
(Banach) space of functions ¢(z) possessing the finite norm
¢l oo gomy = ISl my + [Vl
where the Holder constant [J]% is defined as
) — ('
O 60 1)

2’ ER™, |.’L' _x/‘a
o< |z—='|<1
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Remark 2.2. Assumptions (i) and (ii) are satisfied, in particular, when the func-
tions g(t, - ) have a common compact support D C R™. Then, take §(¢,z) = g(¢, x)
and ¢(z) = z&(x), where &(x) is a C°°-cutting function for D, i.e., {(x) = 1 if
x € D, &(z) = 0 if z is outside of Ds, a small é-neighborhood of D, and, more-
over, 0 < &(x) < 1. Furthermore, assume that g(t, ) satisfies the regularity and
integrability assumptions from (i) and (ii).

Lemma 2.3. Under assumptions (i) and (ii), there is a version of the stochastic
integral fo s,x)dBs which belongs to the space C 4([0,T] x R™).

For the proof of Lemma 2.3, we need the next lemma.

Lemma 2.4. Assume that for each x € R™, ((t,z) is a progressively measurable
R4*"_yalued stochastic process such that for each t € [0,T), ((t,z) belongs to class

CH(R") and EfOT 1< (s, ')||Cl+a gnyds < 00 for a number p as in (ii). Then, the
stochastic integral fot ((s,w)dBs possesses a C%1([0,T] x R™)-modification.

Proof. Let, for any function 9(z), Ak (z) = e~ (d(z+ee) =9 (x)). It is immediate
to verify that

t t’
E‘A’;/ ((s,x)dBs — AF, C(s,a)
0

0

T
<A(p.T)E / 1CC5, Mooy (I = £/1°7 + | = 2/ + ¢ — |5 1)

for some constant y(p,T). The statement of the lemma holds by the choice of p
(as in (ii)) and Kolmogorov’s continuity theorem. O

Proof of Lemma 2.3. Lemma 2.4 implies that the stochastic integral f(fg(s, z)ds
possesses a C%“-modification. This immediately implies that fot J(s, P(x))ds pos-
sesses a 02’4—modiﬁcation, i.e., its derivatives in = are bounded. O

Ezample 2. Assume g(t, - ) takes values in L(H, H*(R")), where H is a Hilbert
space and H*(R™) is a Sobolev space with sufﬁciently large k. Further, let B; be
an H-valued cylindrical Brownian motion. Then, n(t fo -)dBs can be
understood as an H¥(R")-valued stochastic integral. ThlS 1mp11es that n(t, ) is
in CY*([0, 7], R™) by Kolmogorov’s continuity theorem and Sobolev’s imbedding
HE(R™) < CAR™).

Ezxample 3. Let Wi(t,x), i = 1,...,n, be independent space-time white
noises, and let Wg(t,x) be a regularization in & of W(t,z), that is, W;(t,x) =
(Wi(t, -) * po)(z), where p. is a standard mollifier supported on the ball of ra-
dius e. Alternatively, one can write WZ(t,x) = (W'(t, -) * 9}, pe)(z), where
Wi(t,z) is an (n + 1)-parameter Brownian sheet. The filtration F; can be taken
as follows o{Wi(s,2),0 < s < t,i = 1,...,n,2 € R"} Vo{h(z),z € R"} VN,
where N is the collection of P-null sets. Remark that cov (Wi(t,z), Wi (t',z')) =
S(t—t")pij(z—2a'), where ¢;;(y) = 5u Jgn P<(2)pe(2+y)dz. Since we are interested
in noises of class C2’4(R”), define 7 (t, z) as Wi(t,z)é(x), where &(x), z € R”, is
a C*-cutting function for a bounded domain D C R™ (see Remark 2.2).
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Remark 2.5. Everywhere below, the set full P-measure, where 7(¢,2) and h(x)
belong to classes 02’4([0,T] x R™) and CF(R™), respectively, and n(0,z) = 0, will
be denoted by Q.

2.2. Local existence for stochastic Burgers-type equations. We start with
the following lemma whose proof is straightforward.

Lemma 2.6. The substitution
g(tax) = y(t,x) _n(ta .’t) (21)

transforms (1.1) to the following Burgers-type equation with random coefficients:

{atg(t,m = VAj(t,2) = (0(t,) + 5, 02)d (1, 2) + F(t,,9), 22)
Q(O,I) = h(:L'),
where

F(t,z,9) = f(t, 2, +n(t,z)) + vAn(t,z) — (§+ 0, 0.)n(t, x). (2.3)

Everywhere below throughout this subsection, we assume that 7, F', and h
possess deterministic bounds in the spaces Cp%([0,T] x R™), Cy"*([0,T] x R*"),
and CZ(R™), respectively. Moreover, the force term F' is not assumed to necessarily
take form (2.3).

In Theorem 2.8 below, we prove the existence and uniqueness of a local Fy-
adapted C,*-solution to (2.2). First, by doing the time change 7(t,z) = §(T —t, z),
we transform (2.2) to the backward equation

T
y(t,z) = h(zx) —|—/t [vAG(s,x) — ((t,z) + 5, V)§(s,x) + F(s,z,y)|ds (2.4

with F(t,z,y) = F(T —t,z,y) and 7(t,z) = n(T —t,z).
The following lemma will be useful.

Lemma 2.7. Let W; be a one-dimensional Brownian motion and B be a o-algebra
independent of the (augmented) natural filtration F}V of Wy. Assume that ®; is

FV' Vv B-adapted and Efg |®|2ds < 00, t > 0. Then, E[fg <I>SdW3|B} =0 a.s.

Proof. Let 0 = 57 < ... < s, =t be a partition. Note that for a simple 7}V v B-
adapted integrand ® =), ®; I, it holds that

i+1)7

E[/Ot @desw} :E{Z@(Ww _Wsi)ug]
= ZE[@E[(WMI - W, )IFY v B)|8] =o0.

Further, we note that if a sequence {@En)} of simple F}V V B-adapted integrands
is such that Efé(@ﬁ”’ — ®,)?ds — 0, then by the conditional Jensen’s inequality
and 1t0’s isometry, E(E[ [y (8" — @,)dW,|B])* — 0. O

Everywhere below, the symbol E, will denote the conditional expectation with
respect to Fr_.
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Theorem 2.8. Let, the functions 7(t, x), F(t,x,y), h(z) satisfy the assumptions:

1) F(t,x,y) and 7j(t,z) are Fr_;-adapted for each x,y € R™.

2) 7i(t,z) and h(z) a.s. belong to spaces Cy> ([0, T] x R™) and C2(R™), respec-
tively, and possess a deterministic bound K with respect to the norms of
the spaces.

3) F(t,z,y) is of class C%2([0,7] x R?") and satisfies the estimate
[F(t 2, y)| + Ve F(t2,9)| + [V, ) Fltz,y)] < K1+ |y]) as.

Then, there exists a constant v, depending only on K, such that on [T — vk, T,
there exists an Fr_.-adapted Ci’z—solution g(t, ) to equation (2.4).

Proof. In what follows, ~;, u;, ¢ = 1,2,..., are positive deterministic constants
that may depend only on p and K; in particular, they do not depend on v. We
will track the dependence of some constants on v because it is important for the
next section. Furthermore, the constants vx, Yx, Yk, VYK, YK are positive and
deterministic, that depend only on K; they determine the length of the interval.
Without loss of generality, these yx-type constants are assumed to be smaller than
1.
We prove the existence of an Fr_;-adapted C’; _solution to (2.4) by means of
the associated FBSDEs (see [15], [30]):
XtT)m =T — f: ("7(87 X;—J) + YSTJ))dS + m(Wt - W‘r) (2 5)
Y = h(XP) + [ P (s, XD, YT0) ds = [ 27 dW, '

where W; is an n-dimensional Brownian motion independent of the filtration Fp_;,
and the upper index 7,z means that the process X;* starts at = at time 7 > 0.
For each 7 € (0,T), define the filtration

(QZ)Tgth = O'{WS — WT, S € [T, t]} VFr_,. (26)

In what follows, when it does not lead to misunderstanding, we will often skip the
upper index 7,z in (X;"*,Y,"", Z[") and similar processes to simplify notation.

Step1. Boundedness of B, |Y,""|P and modified FBSDE. Consider the backward
SDE in (2.5). From the assumptions of the theorem and It6’s formula, it follows
that E, |Y;"*|P is bounded, a.s., for any solution Y;"* to this BSDE and for any
G7-adapted process X;'*. Indeed, since

(I9”) b = plglP~2(g, h);
(19P) " hiha = p(p — 2)|9|P~*(g. 71 ) (g, h2) + plg|P~2(ha, o)
for p > 2, then, a.s.,

T n T
E, [Y/” + p(p — 2)/ B, [V~ S (22, Y2)l) ds +p/ E, [|Val?|Z.] ds
t Pt t

:IET|h(XT)|p+2p/ E, [|[YaP~%(F(s, X.,Y.), Vo) ds.  (2.7)
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Since |F(t,z,y)] < K(1 + |y|), then Young’s inequality and Gronwall’s lemma
imply that for every (7, z),

E. Vi <7 and |Y7%| < (71)F as. (2.8)

Moreover, v; is the same for all (7, x) € [0,T] x R™.

Now let § = (’yl)% for some fixed p, and let (5(y) = &5(y)y, where &5(y) is a
C-cutting function for the ball Bs of radius ¢ centered at the origin (see Remark
2.2). We modify F by introducing (s(y) instead of y as follows:

Fé(taxay) = F(t,x,@s(y)) (29)

Together with Assumption 3), this implies that | Fs| is uniformly bounded by K (1+
9). Further, consider the modified FBSDE

{X; P =w— [T (s, XPY) + YT ds + V20 (W, — W)

: 2.10
YT = W(XE") + [ Fs(s, X7®,Y7") ds — [ Z7dW,. (210)

According to the results of [15] (Theorem A.1), there exists a constant Jg, depend-
ing only on K (remark that ¢ also depends only on K), such that whenever T'—7 <
YK, system (2.10) possesses a unique G7-adapted solution (X", Y;”", Z]"") on
[7,T] such that X;** and Y;”" have continuous paths a.s.

Step 2. Continuity of the map (7,z) — Y* and solution to the original FB-
SDE. First, we prove that the map [T — 9k,T] x R" — C([T — 9k, T)), (1,2) —
(X™®,Y™") has an a.s. continuous version for some constant 0 < 4x < k.
This continuity will be required, in particular, for the proof of differentiability of
(X", Y,”") with respect to z. Extend X7 to [T — 9, 7] by x, and Y* by Y»*.
By Corollary A.6 from [15], there exists a constant yx < Jx such that for any
x, 2 eR”, 7,7 € [T -k, T),

T, T/7l', T,T Tl7$l
E sup |X)°-X/"P+E sup |YJ*-Y, |
te[T—k,T) te[T—k,T)

< 72(|x 2P+ 1+ |zP)|r — 7"|g)7 (2.11)

where p > 2. Pick p > n. Then, by Kolmogorov’s continuity criterion in Banach
spaces (see, e.g., [26]), there exists a continuous modification of the map [T —
Yk, T] x R" — C([T — Ak, T)), (1,2) — (X7, Y™%). In particular, the map
(7,2) = Y is continuous a.s. This and (2.8) imply that sup, , [Y,*| < J a.s.

Further, according to Corollary A.4 of [15] and by the continuity in (7,z) ob-
tained above, a.s.,

Y, = Y75 for each r € (T — Ak, T), t € [7,T], x € R". (2.12)

Therefore, (X;*,Y,"", Z]") is also a solution to original FBSDE (2.5) on [r, T.

Step 8. Differentiability of the FBSDEs solution in x. Boundedness of
E, |0X["|P and E, |0Y,""|P. Now we proceed with the proof of differentiability. In
Steps 3 and 4, we will write F instead of Fj (defined by (2.9)) to simplify notation,
and thus assuming (without loss of generality) that F is bounded together with
its spatial derivatives up to the second order.

For any function a(z), define Afa(z) = e '(a(z + cer) — a(z)), k =
1,...,n, where {e;}}_, is the orthonormal basis in R™. In particular, A’gXt =




MULTIDIMENSIONAL STOCHASTIC BURGERS EQUATION VIA FBSDES 87

e~ W(X]TTE — XT®), k= 1,...,n, and ALY, AFZ, are defined similarly. Fur-
ther, for a function ® (which can be any of the functions F, h, 1, or their gradi-
ents with respect to the spatial variables), we define Vo®(t, u,v) = 9, P (¢, u,v),
V3®(t, u,v) = 0,P(t, u,v). Furthermore, we define
VR0, = [ Va®(t, X; + AeAEX,, Vi), (2.13)
VR0, = [ Va®(t, Xy, Yy + AeALY;)d), '

and note that

1
Vekp, — / Vad(t, (1 — )X + AXTTH Y,)d), (2.14)
0

and similar for Vg’két. In case of just one spatial variable (like in h or 1), we write
V instead of V5 and V=¥ instead of Vg’k. Note that

AF®, = ViFe, AP X, + ViR e, ARY,. (2.15)
It is immediate to verify that the triple (A¥X;, AFY;, A¥Z,) solves the FBSDE
AFXy = e, — [T (ALY, + VoFR,AEX,) ds, (2.16)
ARY; = Ve AE Xy + [T (VEFE,AEX, + VEFEARY,) ds — [ Ak Z,aw,

on the same time interval [r,T], where we proved the existence and uniqueness
of solution to (2.5). Additionally, we define (AkX;, AkY;, AkZ,) as the unique
solution to FBSDE (2.16) whose coefficients are taken at ¢ = 0. Remark that
setting ¢ = 0 in (2.14), we obtain Vo®(t, X;,Y;) on the right-hand side. The
existence and uniqueness of the triple (AfX;, AFY;, Ak Z,) follows from Theorem
A.1in [15].
Let us show that for p > 2, a.s.,
max {E, |AYX, [P E |AYY; P} <45 foralle >0, ¢t € [r,T]. (2.17)

It6’s formula and the BSDE in (2.16) imply

T n
E. ARV [P+ p(p — 2)/ E, [|ASYL[P Y T [(AEZ], AEY,) ] ds
t

j=1

T
+p/ E. [|ARY, P72 |AFZ,|)ds = E, [|[VEFhr AR X |P]
t

T
- 2p/ E, [|AFYP=2(Ve " FL AR X, + VSR ARY,, AFY,)] ds.
t

From here, by the forward SDE in (2.16) and Young’s inequality, it follows that a.s.
E |AFY P < vy (1 + fTT E.|AkY; P ds) for all t € [, T] and £ > 0, which, together
with the forward SDE in (2.16), implies (2.17).

Now let (x(t) = AFX, — AK X;. Similarly, we define (y(t) and (z(t). The
FBSDE for the triple (¢x (t), (v (t),{z(t)) takes the form

Cx(t) = [1 Gy (s) + VEF, Cx (s) + €X)ds,
Cr(t) = VoFhy (x (T) +or + [ (V5F s Cx(s) (2.18)
FVSEE Gy (s) + €Y )ds — [ Cz(s5)dWs,
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where £X = (Voky, — Ve )AL X, €Y = (V5" F, — V*F)AL X, + (V5*F, —
V;koS)A’;,YS, and ¢ = (VEFhp — ngkhT)A’;,XT. Note that V%7, and VE*hp
are bounded by K, and V?’kﬁ's, i = 2,3, are bounded by K(1 + ¢), which fol-
lows from (2.13). Then, by standard arguments (which include an application
of Ito’s formula to |Cy|?, elevating the both parts to the power %, and mak-
ing use of the estimate E| ftT(Cy(s),CZ(s)dWsﬂg < (T — 7)5E sup,, 7y [Cv [P +
sIE(ftT |<Z(5)\2ds)g), there exists a constant ¥, < jx such that on the interval
[, T] whose length is smaller than ¥k, for p > 2,

P
2

T
E sup |Cx (¢)|P + E sup |Cy (1) P +E(/ |CZ(5)|2ds)
[TvT] t

[r,T]
T
< 76 (Eler” + IE/ (EXP + (€Y [Pds) < yrle —€'|P. (2.19)

T

The last inequality holds by the definition of ¢, £X, €Y, and by virtue of (2.14)
and (2.11). Combining (2.19) with Corollary A.6 from [15], we obtain that there
exists a positive constant Y < ¥ such that for all x,2’ € R”, 7, 7" € [T — 4k, T,

and ¢ € [1,T],

E sup [AFX]® — ALXTT|P+E sup |AFYT — ARYT P
telr,T) te[r,T]

<slle—&P+lz—a'|P +|r —7'|5). (2.20)
By Kolmogorov’s continuity criterium, there exists a continuous version of the map
[0, +00) x [T — Ak, T) x [T — Ak, T} x R* — R2" (e, 7,t,2) — (AFX]" AFYT).
This means that the map [T — 4, T] x [T — Ak, T] x R* — R?", (1,t,2)
(X7"*, ¥ is differentiable in z, and the derivative is continuous in (7, x)
a.s. In particular, there exists an a.s. continuous derivative 9 Y,*, and, by (2.17),
a.s.,

1
10:Y"| < (v3)* for all (1,2) € [T — 4k, T] x R", (2.21)

where 0 = J,,.. This holds for all k£ € {1,...,n}. Moreover, 73 does not depend
on v.

Step 4. Second order differentiability of the FBSDE solution in x. Boundedness
of E,|82,Y;""|2. Below, we use the symbol 9y, for d;, and 97 for 82, . As in Step
3, we write F instead of Fy to simplify notation.

Remark that (2.19) implies the differentiability in = of Z;"* with respect to
the norm (E fTT lo(s)[2ds) 2. Further, the FBSDE for (8;X;, d).Y:, 0k Z;) takes the
form:

Xy = ex + [1 (OnYs + Vigs0,X, ) ds (2.22)
Y: = Vh(X) o Xr + [ (VaFsOh Xy + Vs F0yY)ds — [ 047, AW,

where V7, = Vii(s, X,), Vhr = Vh(X7), ViFs = Vi F(s,X,,Y,), i = 2,3.

As in the previous step, define AL9pX, = e 1 (Op X[ — O XT%), i =
1,...,n, and, similarly, AL9,Y;, AL9yZ;. Applying the operation Al to FBSDE
(2.22), using formula (2.15), and noticing that for any functions a; (z) and as(x),
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Allay(z)as(z)] = ar(z)Alas(z) + Alay (z)as(z +ce;), we obtain the FBSDE for
the triple (ALO,X;, ALOLY:, ALOLZ,)
AL X, = — [T (ALOY: + Vils ALdp X + 0X,)ds
ALY, = VheALO X1 +re + [ (V2 F AL X, (2.23)
TV ALY, + 0¥ )ds — [T AL Z, dW,

where
19§ ViV, ALX O, X" np. = Vo' Vhy ALX 7 8,€XT’9”+“1‘;
19Y =Vy Vo F AL X0, XT tee + V' V3 F, ALY, 0, Yo tee (2.24)

+V§ZV2F ALY, O XTwreei V5 Vs F, ALX O YT e teer,

Further, the triple (A{0x Xy, ALOxY;, AbOkZ;) will denote the unique solution to
FBSDE (2.23) whose coefficients 9., nr., and 9} _ are taken at ¢ = 0. The

S,€
existence and uniqueness of the above triple follows from Theorem A.1 in [15]. Let

us show that, a.s.,
max{E, |A 0, X;|*, B, |ALOY;[?} <y foralle >0, t € [1,T). (2.25)

1t6’s formula implies
|A;akYt|2+/ |ALO Z,)?ds = |Vh(XT)A;6kXT+nT7E\2+2/ (VoF, ALOp X
t t

T
+V3F A’ OLYs +1955,A2(Q)kys) d8+/ (Aiast,AiastdWS).
t

From here, by using the forward SDE in (2.23), we conclude that there exists a
constant Yx < Yk, depending only on K, such that for 7 € [T — g, T,

T
E, AL Y2 < u2(1+/ E- (|95 + 19 °)ds + Ernrel?)  as.

By the assumptions of the theorem and (2.17), the right-hand side of the above
inequality is bounded a.s. This implies (2.25).

Now let us prove the existence of a continuous sgcond deri\_/ative of the map
Yor Let (x(t) = ALOkXe — ALOXe, (v(t) = ALOY: — ALOWY:, (z(e,t) =
ALOyZy — Ag,ath The FBSDE for the triple ((x(t),Cy (t),(z(t)) takes the form:

Cx(t) =— f (CY + VijsCx(s) + 79?{5 - 1955,) ds
Cy(t ) = Vhr(x(T) +nre —Nrer + ftT (V2FiCx(s) (2.26)
FV3FyCy (s) + 97— 0¥, )ds — [ Cx(s) dW,
Note that FBSDE (2.26) has a similar structure with FBSDE (2.18). Thus, similar

0 (2.19), we conclude that there exists a constant ¥x < i such that for 7 €
[T - ’?K? T]v

r 5
Blex (OF + B OF +B( [ 1C()Pds)” < pa(Blre =P+

/ [0, — 0%, P+ 10Y. — 9 L Plds) < pale — ' (2.27)
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n [r,T]. The last inequality holds by (2.11) and (2.20). Combining (2.27) with
Corollary A.6 from [15] (similar to the previous step), we obtain that there exists
a positive constant yx < Yk such that for all x,2’ € R", 7,7" € [T — vk, T], and
ter,T],

E|AL0 Y, — ALY, [P < ps(le — /P + |x — 2P + | — 7| 5).
By Kolmogorov’s continuity criterium, there exists a continuous version of the map
[0, +00) X [T — vk, T] x R" — R", (¢, 7,2) — ALy Y. This means that the map

[T — vk, T] x R* - R", (1,2) — Oy Y,* is differentiable in z; and the derivative
in continuous in (7, z) a.s. Further, (2.25) implies that
|02Y"| < iz as. (2.28)

We remark that ps depends only on K and does not depend on v. Moreover, (2.28)
holds uniformly in (7,z) € [T — vk, T] X R™ by continuity. This implies that there
exists a set 0 of full P-measure such that for all w € Q, Y% is twice continuously
differentiable in x, and, moreover, the derivatives of Y,”* up to the second order
are bounded.

Step 5. Solution to random PDE (2.4). Define §(7,z,w) = Y,*(w) for each
w € Q. Note that 7(7,z) is Fr_,-measurable and by (2.12), a.s.,

Y, =y(t, X;") forallr,t € [T —vk,T], z € R™ (2.29)

Let us prove that g(¢, x) is a solution to (2.4). The idea of the proof is similar to
that of Theorem 3.2 in [30]. However, we deal with the random coefficient case.
Define Lu = vAu+ (u+ 7, V)u. We have

Yt + h,w) = g(t,z) = [y(t + h,x) — gt + b, X5 + [0t + b, X[2,) — 9(t, ).

Since y is of class Cg’z, we can apply Ito’s formula to the first
term. Further, by (2.10) and (2.29), we substitute the second term
with — tt+hFg(s,Xﬁ’x,g(&Xﬁ’w)ds + f:+h ZH*dW,. Remark that, by (2.8),
Fs(s, Xt (s, Xt%)) = F(s, X5 (s, X5*)) so we can skip the index 6. Thus,
we obtain that, a.s.,

t+h t+h
y(t+h,z)—y(t,x) = —/ £g(t+h,X§’z)ds—\/2u/ Vi(t+h, XE7)dW,
t t

t+h t+h
f/ F(S,XE’I,Q(S,Xﬁ’I))der/ Zb AW,
t t
for all (t,z,h). Fix a partition P = {7 = tg < t; < --- < t, = T}. Taking the
conditional expectation E, and summing up, we obtain that, a.s.,
n=l i B
y(r,x) — h(z) =E, Y / (Lg(tigr, XE") + F(s, X507, (s, XL0"))) ds.
P t;
(2.30)

Indeed, the conditional expectation of the stochastic integrals is zero by Lemma
2.7. Note that the expression under the integral sign is bounded, a.s., since Lj(t, x)
is bounded by what was proved in the previous steps.
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Further, £y(t,x) and F(s, X1, (s, X)) are a.s. continuous in (¢, x). Letting
the mesh of P in (2.30) go to zero, by the conditional bounded convergence the-
orem, we obtain that §(t,x) solves (2.4) on [T — vk, T] x R™. Further, by (2.8),
(2.21), (2.28), and by equation (2.4) itself, we conclude that, a.s., g € C§’2. Finally,
as we have already mentioned in Step 1, g is Fr_,-adapted for each x € R™. The
theorem is proved. O

2.3. Gradient estimate. In this section, we present an FBSDE stochastic
method to obtain a uniform in r bound for the gradient 9,y(¢,z) of the solution
y(t, z) to the following final value problem:

Ory(t,x) + %tr(axmy( )U(t,x)a(t,x)—r)
+p(t, z,y(t,2), 0n)y(t, ) + f(t, 2,y (t, x), Day(t, x)o(t,2,y)) =0, (231)
y(T,z) =h(z), zeR" terT], r=0.

Here o(t,z) " is the transpose to the matrix o, tr(amy(t :v) (t,x)o(t,z)") is the
vector whose I-th component is the trace of the matrix 92 v, (¢, z)o(t,z)o(t,z) T,
where y; (¢, ) is the I-th component of y(t, z), and (p(t, z, y(t, z)), ;) is the formal
scalar product of ¢ and the vector 0, with the coordinates (8%1, 8%2, cee Bgn)'
Equation (2.31) is assumed to be R™-valued, o(t, z), ¢(t, z,y), and f(t,z,y, z) take
values in R™*"™, R"™, and R™, respectively, and the arguments of these functions
are of appropriate dimensions.

It is well known that the FBSDE associated to (2.31) takes the form (see e.g.

[15])

T,T t T,T T,T T,T
{Xt =z + [To(s, X7, YT )ds + [ o(s, XD AW, (2.32)

Y, = h(X7") + ft (s, XD*, YY" ZT%)ds — ft Z7"dW,

where 7 € [r,T], W; is an n-dimensional Brownian motion.

Consider a probability space (Q, F,P), and for each fixed 7 € [0, 7], define the
filtration FY, = o{W, — W,,s € [r,1]} VN, where N is the collection of P-null
sets. The solution (X", Y;"", Z]"") to (2.32) is understood in the same way as in
[15].

In the remainder of this section, we make use of the following assumptions.

(B1) The functions f, ¢, o, and h, are differentiable with respect to their spatial
variables; the derivatives 0,0 and Vh are bounded by a constant K, and
the other derivatives satisfy the linear growth condition on [0,7] x R™ x
R™ x R™*™:

‘8(m,y)@| + |a(m,y,z)f| < K(l + ‘y|)
(B2) Assume there exists a constant L > 0 such that for all (¢, z,y, z) € [0,T] x
R™ x R™ x R™*™
(h(@)[ +lo(t,2)| < L; et z,y)| < L(1+ |2 + [y);
[f(t 2.y, 2)] < L1+ [y| + [2]).
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(B3) Finally, assume there exists a constant A > 0 such that for all (¢,2) €
[0,T] x R™ and ¢ € R™,

(o(t,z)o(t,2)T¢,¢) > ¢
Lemma 2.9. Assume y(t,x) is a C;’z([O,T] x R™)-solution to final value problem
(2.31) on [r,T] x R"™. Then, for any 7 € [r,T),
(X775, y(t, X7), ay(t, X[ )o (8, X7T)) (2.33)
is a solution to FBSDE (2.32) on [1,T)].

Proof. The existence and uniqueness of solution to the SDE
t t
XPt—ot [ pls XTTy(s XPds + [ ols XPDAW.  (230)

is a classical result under (B1) and (B2).

Now assume that (X", Y;"", Z]"") is given by (2.33). Then, the forward SDE
in (2.32) is satisfied. Applying It6’s formula to y (¢, X;°") at times ¢ and T, we can
easily check that the above triple verifies the backward SDE in (2.32). O

Our main result in this subsection is the following.

Theorem 2.10. Assume (B1)-(B3). Further assume that y(t, ) is a C}*-solution
to final value problem (2.31) on [r,T] x R™. Then, there exists a constant yr k.,
that depends only on T, K, L, and \, such that for all (z,t) € R™ x [r,T],

|02y(t, 2)| < V1.1, LA- (2.35)
In particular, the constant yr i 1,x does not depend on r.
Proof. Everywhere throughout the proof, ’yg), 1 =1,2,..., will denote constants
depending only on the set of parameters A.
Step 1. Boundedness of y(t,z). Let (X", Y,"", Z["") be the solution to (2.32)
on [7,T] given by (2.33). For simplicity of notations, in what follows, we skip the

upper index 7,z using it just where it is necessary.
It6’s formula and the backward SDE in (2.32) imply

T T
B+ [ BIZPds = Bb(XP 4 E [ 207(5, X0 Ve, 2, Y)ds. (230)
t t
By Assumption (B2), there exists a constant W(Ll) such that

T T T
1
IE\Yt|2+/ E|Zs\2ds<L2+7(Ll)/ IE|YS\2d5+§/ E|Z,|2ds.
t t

t

By Gronwall’s inequality, for all ¢ € [, T,
2
EIVi[? <7
Since Y;"" = y(t, X;""), where X;"* is the unique solution to (2.34), then
ly(r,2)| < Mrr, (2.37)

where My, 7 is a constant that depends only on L and T'.
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Step 2. Transformation of the PDE. Rewrite PDE (2.31) with respect to

g(t,x) = éy(t,x), (2.38)
where o = 3Mp, 7. We obtain
Ay(t, ) + 5t1(93,9(t, ) (00 ") (t,2)) + (@t 2, §(t,2)), 9:)4(t, )
+1f(t, 2, ay(t,z),a0,4(t,x)o(t,x)) =0, (2.39)
§(T,z) = gh(x).
Let X; be the solution to SDE (2.40) below

t t
X: = x—l—/ (p(s,Xs,ozg(s,Xs))ds+/ o(s, Xs)dWs. (2.40)
By Lemma 2.9, the triple
Xt7 }/t = g(t, Xt), Zt = 3m§(t, Xt)O'(t, Xt) (241)
is the solution to the associated FBSDE

Xt—ac—i—f (s, Xg, aYs) ds—i—f sX)dVVS7 (2.42)
Y, = 1h(Xr) +fta (5, Xs,aYs, aZ,)ds — ftZdW '

Although the solution triple, defined by (2.41), is different than the triple defined
by (2.33)-(2.34), we denote it again by (X¢,Y:, Z;) for simplicity of notation.

Step 3. Boundedness of Eexp{%fTT|Vg](s,Xs)\2ds}. Note that (2.37) and

(2.38) imply that |§(7, x)| < % for all 7 € [r,T] by the choice of «, and, therefore,
by (2.41),

Yz < forallt € [1,T] as. (2.43)

1
3
By It6’s product formula and (2.42), we obtain

T T
1 1
|Yt|2+/ |Zs|?ds = —a2|h(XT)\2+2/ (af(s,Xs,aY;,aZs),Ys)ds
t t

T T T 1 T
+2/ (n,stWs)@%(H/ IYlsds+/ |Y|§ds)+§/ EARE
t t t t
T
+2/ (Ys, ZsdWS,).
t

By (2.43), there exists a constant *y( ) such that

1 T
5/ 17, 2ds v§4>T+2/ (Y, ZodW,).
t t

This implies

L %) ! ~ [y
exp {f |Zs|2ds} <A exp {2 (Ya, Z,dW,) - 23 | (Y., Z)%ds
2Ji t i=1"1
2 T
xexp{f/ |Zs|2ds}.
9 /i
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Therefore,

1 /T T no T 4
exp {Z/ |Zs|2ds} < ’y(L5)T eXp{Z/ (Ys, ZsdWy) — 22/ (Y'S,Z;)2ds}.
¢ t =i
(2.44)

Note that on the right-hand side we have a Doléans-Dade exponential of a mar-
tingale considered as a process with respect to 7" while ¢ is fixed. Indeed, by (B2)
and (2.41), the Novikov condition E[exp{} ;" ; LT(YS,Zz)st}} < oo is fulfilled.
Therefore, the expectation of the exponential on the right-hand side of (2.44)
equals to one. Finally, representation (2.41) for Z, and (B3) imply

i

N A 2 5)
E exp {Z IVi(s, Xs)| ds} <y (2.45)

Step 4. Obtaining an a priori bound for 0,y(t, x). Since any solution to the final
value problem (2.31) is bounded by My 1, introduce ¢ and f as follows

@(ta Z, y) = So(tv €T, ngT,L (y)) and f(ta z,Y, Z) = f(tv Z, nyT,L (y)a Z)v
where {7, , (y) is a C*-cutting function for the ball Byy,. , introduced in Remark
2.2. Note that by (B1), ¢ and f possess bounded derivatives w.r.t. the spacial
variables. Let 7§?}L,T be the common bound for these spatial derivatives. This
bound depends on K, and on T, L via the constant Mr ;. Observe that the
solution (X, Y:, Z;) to FBSDE (2.42), given by (2.41), is also a solution to

Xe=a+ [L@(s, Xy, aYy)ds + [Lo(s, Xs)dWs,
Yy = 2h(Xr) + [T Lf(s, Xs,aYs,aZy)ds — [ Z,dW,.

Let (0, X5, 0.Ys, 0, Z) denote the derivative of the solution to FBSDE (2.46) w.r.t.
the initial data x. Further, for the function f(t,:z:,y, z), Vof = 0.f, Vaf = ayf,
and V4 f =0, f . For the function ¢, the derivatives V4 and V3 are defined similarly.
In case of just one spatial variable, as in the function o, we skip the index 2. Remark
that under (B1)-(B2), the differentiability of the solution X, to SDE (2.34) is
well known and the derivative process satisfies

(2.46)

t t
61Xt:I+/ V¢581X5d3+/ Vo0, X, dWs,
where

@(m I) = @(ta T, a@(t, l‘)),

s and o are abbreviations for ¢(s, Xs) and o(s, X;), respectively. An application
of Itd’s formula gives

t n t
10, X% =1+ 2/ (Vps0, Xy, 0, Xs)ds + 22/ (Vor0, X, 0, Xs)dWE
T k=1 T

n t
+3 [ Vot X, [Pds, (2.47)

k=1YT
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k

where o0f = (05, ex). Define

9. Xs  :
198 _ m lf 8$XS 7é O7
0 otherwise.

Equation (2.47) becomes

t n t
10, X, > =1+ 2/ (V0s,00)|0: X Pds + Y [ [Vobo[?|0.X,[*ds
T k‘ 1 T

+2Z/ (Voko,,10,)0, X2 dWk.

This implies the following representation for |9, X;|?

nential:

t n
10, X |* =~ exp { / [2(Vgads,05) + > (IVokd” + 2(Vakv,, 195)2)}43}
T k=1

xexp{Qi/t(Vafi‘}s,ﬁs)de—4i/t(VU§198,195)2d5}.
k=17 k=1YT

In the above expression, the term 23 ;_; :(Vafﬂs, ¥s)?ds was added and sub-
tracted so we could get the estimate

via the Doléans-Dade expo-

t
19, X, |2 gexp{z/ 2|V .| +3\vas|2)ds} (2.48)

T

n t n t
+exp {4}2/7 (Vafﬁs,ﬂs)de8§/T (Vofﬁs,ﬁs)zds}.

Since v¢(t7 CE) - vQ@(ta z, aﬂ(t, ﬂf)) + OZV3Q5(t, z, O‘g(t x))é)xg(t, x)a
(6) 4(7§?)L r)’a’

~ 6 ~ ~
V&l < 2L r L+l Vii(s, X)) S &y + =50 + 75 [Vii(s, X[

Taking the expectation of the both parts of (2.48), we obtain

A T
E[9, X,|? < 'yg()LT)\Eexp{Z/ Vii(s, X,) |ds}+1 WL (2.49)

where the last inequality holds by (2.45).
Further, let us estimate E|9,Y;|?. Applying It6’s product formula and using the
backward SDE in (2.46), we obtain that

T

1

E|0,Y;|? +/ E|0, Z,|*ds = QEWhTazXTF
t

T
1 P A .
+2/ E(av2fsast +v3fsaafyts+v4fsax23a6w}/s) 'Yﬁ(TL(]E|8 )(T|2
t

T T 1 T
+/ 1E|axXS|2ds+/ E|8IYS\2ds>+§/ |8, Z,|*ds. (2.50)
t t t
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By (2.49) and Gronwall’s inequality,

10
R ALRR

Evaluating at ¢ = 7, and taking into account that y and y are related by the
formula y(t, ) = aj(t, ), we obtain the final estimate, i.e., there exists a constant
vk, T,x such that

|02y (7, )| < Yk.L,7A-
The theorem is proved. ([l

2.4. Global existence. We start with a lemma on the uniqueness of a C;’Q—
solution to Cauchy problem (2.2).

Lemma 2.11. Assume (A1)-(A3). Then, problem (2.2) can have at most one
pathwise Cp*([0,T] x R™)-solution on [0, T).

Proof. Assume there are two solutions y1,y2 € 02’2( [0,T] x R™) to problem (2.2),
and let y = y1 — ya. Then, y(¢, x) solves the problem

{m(a@ = vAy(t,z) — (nt,z) + y1, V)y(t,z)

(@t @) + Oua)y(tw) =0, y(0,3) =0, (2.51)

where ®(t,z) = fol Oy F(t,x, \y1 + (1 — N)y2)dA. Then, y(t,z) = 0 since we can
express y(t, ) via the fundamental solution to (2.51). O

Let us proceed with the global existence. Define the sequence of stopping times
Ty =T Ainf {t € (0,T]: [In(t, )lci@n > N}, (2.52)

where N > 0 is an integer. Note that since 5 € Cy*([0,T] x R™) on o, then the
stopping time Ty is non-zero on )y. Furthermore, we define

nn(t,z) =n(t ATy,z) and hy(z) = h(z) H{\|h|\cg(wn><N} . (2.53)

Note that for each w € Qy, HnN||Cg’4([O,T]><R") < N.

The existence and uniqueness of a global solution to (1.1) is case n = ny is
given by Lemma 2.12 below.

Lemma 2.12. Let (A1)-(A3) hold. Then, there exists a unique Fy-adapted Cg’2—
solution to

y(t,x) = hy(z) + /0 [f(s,2,9) = (y, V)y(s, ) + vAy(s, z)|ds + nn (t, ). (2.54)

Proof. Define F (t,x,y) by (2.3) via nn. Then, |Fn(t,z,y)| +|V (o Fn(t, 2, )|+
Vi En(t 2 y)| < Kn(1+ |y[), where Ky > N is a deterministic constant
depending only on N. Consider the backward equation associated to (2.54) by
means of substitution (2.1) and the time change:

T

t (2.55)
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Here Fx(t,z,y) = Fx(T —t,2,y) and fix(t,z) = ny (T — t,z).

By Theorem 2.8, on a deterministic interval [T — v, ,T|, where v, is the
small constant defined by Theorem 2.8, there exists an Fp_;-adapted Ci’Q—solution
gn(t,z) to equation (2.55). Then, yn(t,z) = gn(T — t,z) + nn(t,x) is an Fy-
adapted Cg’Q—solution to (2.54) which exists on some set Qn C Qo, P(Qy) = 1.
Remark that for each w € Qu, gn(t, z,w) is also a pathwise solution to (2.55).
By Theorem 2.10, 9,§n (¢, z,w) is bounded by a constant ug, r depending only
on Ky and T but not depending on the length of the time interval vg, . Further
remark that pg, 7 is the same for all w € Q.

Now take t; = vk, and consider the equation

y(t,2) = yn(tr, ) + / [ (5,2,9) — (4. V(s ) + vAy(s, 2)] ds

1 +nn(t,x) —nn(ti,z). (2.56)

Note that F; = o{Bs, s € [t1,t]} VFi, and yn (t1, x) is Fi,-measurable. Further, by
what was proved, 0, yn (t1, z) is bounded by px, 7. Hence, by Theorem 2.8, there
exists a constant vy, such that on the time interval [t1,%; + 7} ], there exists

a Cg’Q—solution to (2.56). Furthermore, for each ¢ € [t1,%1 + 7} ], this solution

is Fi-adapted. In the similar manner, a Cp-solution to (2.54) can be built on
the next successive interval [ta, s + vj |, where to = vk + Y, - It is important
to mention that the initial condition on each short-time interval has a bounded
derivative in z (by the constant g, ) by Theorem 2.10. By glueing the solutions
on short-time intervals, we obtain a Cg’Q—solution to (2.54) on [0, T]. Remark that
this solution is unique by Lemma 2.11 since (2.54) can be reduced to equation of
type (2.2) by substitution (2.1). O

The main result of this work is Theorem 2.13 below which gives the existence
of an Fi-adapted Cg’Q—s‘olution to equation (1.1).

Theorem 2.13. Assume (A1)-(A3). Then, there exists a unique CS’Q—solution to
equation (1.1) which is Fy-adapted for each x € R™.

Proof. Consider equation (1.1) for a fixed wy € NyQn, where Qp is the set of
w, where yy solves (2.54), i.e., we regard (1.1) as a deterministic equation. Then,
n(t, z,wp) can be regarded as a bounded function in ¢ and x. Applying Lemma
2.12, to deterministic equation (1.1), we obtain the existence and uniqueness of a
Cy*-solution y(t, z,wp). Pick an integer N > 0 such that ||A(- ,wo)llczmny < N.
Then, h(-,wp) = hn(-,wp). Further note that on [0, Ty (wp)], equations (1.1) and
(2.54) coincide. By Lemma 2.11, yn (¢, z,wo) = y(t,z,wo) on [0, Tn(wo)]. Since
Tn(wo) — T as N — oo, then yn(t,x,wo) — y(t,z,wp). This is valid for any
wo € NNy . Therefore, y(t, z,w) is Fi-adapted. O

3. Vanishing viscosity limit

Here we investigate the behavior of the solution to (1.1) when the viscosity v
goes to zero. Throughout this section, the Cg—norm of the function h(z) is assumed
bounded in w. At first, we assume that n(¢, z) = nn (¢, z), where ny (¢, z) is defined
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by (2.53). This will allow us to prove that the local vanishing viscosity limit for
equation (2.2) exists on [0, v, ], where vk, is defined in the proof of Lemma 2.12.

In what follows, 3;, i = 1,2,..., denote positive constants, and E, denote the
conditional expectation with respect to Fr_..

Lemma 3.1. Assume (A1)-(AS3). Further assume that n = nn, and |[h|cz is
bounded in w € Qqy. Then, for all w € Qq, the system of forward-backward random
equations

{X;’“ =@ — [ (s, XP20) + Y7*0)ds, (3.1)

Y7o hOG0) + [ (s X0, Y0 ds

. . 0 0 L . .
possesses a unique solution (X", Y,""7) on [T — vk, T| which is continuous in
(1,2,1).

Proof. Forward-backward system (3.1) is a particular case of FBSDE (2.5). There-
fore, if T — 7 < gy, then (3.1) has a unique solution (X;"° ¥;"*°) for each
fixed w € Q. Further, the uniform boundedness of ¥, is a direct conse-
quence of the backward equation in (3.1) and Gronwall’s inequality. Further-
more, (2.11) can be proved for (3.1) pathwise and without involving expecta-
tions. This implies the uniform in t € [T — vk, 7] continuity of the solution
(X770 ¥ "% in (1,2) (as before, it is assumed that (X7"°, YV;""") is extended
to [T =k, 7] by (2, Y7 %09)). Therefore, the solution (X;*°, ¥;"*") is continuous
in (r,2,t) € [T — vrpn, T] X R" X [T — vy, T O
For each (t,z,w) € [T — vk, T] X R™ X Qq, we define

golt, w) = Y, (3:2)
Let for any viscosity v € (0,vp], where vy > 0 is a fixed parameter, 7, (¢, )
denote the unique Fr_;-adapted C;’Q—solution to (2.4). In the lemma below, we

will treat v as a “time” parameter and §. : [0,v9] X Q — Cp([T — viy,T] x R™),
(v,w) — g, (-, +), as a stochastic process with values in Cy([T — vk, T] x R™).

Lemma 3.2. Under assumptions of Lemma 3.1, there exists a constant Y, <
YKy Such that there is a continuous version of

g.:[0,v0] x Q= Co([T — Ky, T] X R™),  (v,w)— Gu(+, ). (3.3)

Proof. Let (X", Y™, Z"™") be the solution to (2.5) associated to v € (0, ).
As before, sometimes we skip the upper index (7, x) (but keep v). We have
Xy = X7 = [} [n(s, X¥) = 0(s, XD) + Y2 = Y7 ds
+(V2v = V2u) (W, — W),
VY = Y7 = h(X5) — h(XE) + [, (Fs(s, X2, YY) = Fs(s, X2, Y7)) ds
- J (22 = zyaw,,

S

(3.4)

where Fj is defined by (2.9). Note that Z"° = 0. By Gronwall’s inequality, the
forward SDE implies that a.s.

E | X; — X/ |? < B [(T — 7)°E,|Y) — Y/ Pds + (T — 7)|v — |]. (3.5)
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Itd’s formula applied to the BSDE in (3.4) gives

E-|Y) - Y/]? <E-|h(X7) — h(X7)[?

T
428, [ (Fy(o X0 YY) = Fyls XEYD)LYY = Y)]ds as. (30
t
From (3.5) and (3.6) it follows that there exists a positive constant yx, < Vi
such that for each fixed v and 7, a.s.,

lyy (T, 2) —yo (7, 2)| < Baolv — 9| foralle e R, 7 € [T — 4Ky, T (3.7)

Remark that since for each fixed v and 7, Y,7*" and Y™%" possess (,z)-
continuous modifications, (3.7) holds on a set of full P-measure that does not
depend on 7 and x. Further remark that the constant 5 on the right-hand side of
(3.7) does not depend on 7 and x. Therefore, for an integer p > 1,

E sup [y, (1, 2) — yo (7, 2)|?P < Bs|v — DP. (3.8)

z€R™ T[T —Yx y,T]

By Kolmogorov’s continuity theorem ([26], p. 31), there is an a.s. v-continuous
version of the stochastic process 7.: [0, 9] X @ — Co([T — Yk, T] X R™), (v,w) —
:ljl/( N )

Lemma 3.3 below states the existence of a local vanishing viscosity limit of
equation (2.4) for n = ny.

Lemma 3.3. Let assumptions of Lemma 8.1 be fulfilled. Then, there exists a
positive constant By < Vi, such that o(t, ), defined by (3.2), is a C;’l—solution
to equation (2.55) withv =0 on [T — Bk, ,T]. Moreover, asv — 0, a.s., §,(t,x) —
Jo(t, x) uniformly in (x,t) € R"X[T—BKk,, T, where g, is the v-continuous version
defined by (3.3).

Proof. Let us prove that for each fixed x € R™ and 7 € [T — Sk, ,T], we can take
a limit in (2.4) as v — 0 in the space L2(f2), where [k, is an appropriate small
constant. Note that the proof of differentiability of the FBSDE solution (Step 3 of
the proof of Theorem 2.8) holds for the case v = 0 (with Z]"™** = 0). Therefore,
(X70 ¥ is differentiable in z, and (8 X7, 0,Y;"™°,0) satisfies (2.22).
The FBSDE for the triple (0 X} — 0x X?, 0 Y — kY, 01 ZY) takes the form

XY = XD = — [ (Vils, XO) (O XY = 0 X0) + WYY — Y2 + X (s))ds
WYY — Y = VR(XD) (O XY — 0, XT)
+ [T [VaFs(s, X0, YO) (0p XY — 0k X0) + VaFs(s, X0, YO) (0 YY — 0xY?0)
€Y (s)]ds + [ OnZrdW, + <X,

(3.9)
where &F(s) = —(Vi(s,XY) — Vi(s, X))ok XY, <1, = (V(XE) -
VI(X9)0 X5, &(s) = (VaFs(s, XY, YY) — VaFs(s, X0, Y)) XY +

(VaFs(s, XY, YY) — V3Fs(s, X2,Y0))0:YY. From (3.9), by standard argu-
ments, we obtain that there exists a constant Sk, < Yk, such that for all
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7€ [T - PBry,T], x € R", and v > 0, a.s.,
T

e =0T S BB [ (6O 8 s+ 1)

T— KN

By what was proved, we can choose continuous versions of the maps [T'— Sk, T X
R™ — C([T — Bky,T)), (1,2) — O X%, (1,2) — OY ™", (1,2) — X% (1,2) —
Y™ and of the map (7,x) — Y.*. Therefore, the above estimate holds on a set
of full P-measure that does not depend on 7 and x. Hence,

E sup |awgu(7-7 3?) - aw?jO(Tal‘)'Q
z€R™,7€[T—PK T

T
<HE(wE, [ (6P + (€ G )ds + I, P} =0 asv—0
T,T T—Bxy

by (2.17), (3.5), and (3.7). Further, by (2.8) and (2.21), the bounds for g, (¢, x)
and 0,7, (t,x) do not depend on v € (0, vy]. Therefore, as v — 0,

E sup | (G, 02) 7 (t, ) — (To, D) Fo (t, )|
IGR",TE[T*['}KN,T]
<E sup (1@ — To), 02) 7 (t, ) > + |(Fo, 02) (Fo — o) (£, 2)[?) — 0.

z€R",7€[T—PK T
(3.10)

Finally, by (2.28), Ay, (t, ) is bounded uniformly in v € (0,1p] and (¢,z) € [T —
By, T] x R™. This implies that as v — 0,

vE sup |AG, (t,2)]* — 0. (3.11)
zER",TE[T—ﬁKN T

Now equation (2.4), together with Lemma 3.2, (3.10), and (3.11) imply that, a.s.,
for all (¢t,2) € [T — Bry,T] x R™,

T
Jo(t,z) = h(x) —|—/ [(F0, V)Fo(s,x) + Fn(s,z,50(t, x))] ds. (3.12)
t
Further, by Lemma 3.2, for the v-continuous version of the process 3. : [0, 9] xQ —
C(T — Bk y,T) x R™), (v,w) — 7, it holds that, a.s.,

sup |Gy (1,2) — Go(T,2)| = 0 asv — 0.
z€R",7€[T Bk 5 ,T]

The lemma is proved. (]
The following theorem is the main result of this section.

Theorem 3.4. Assume (A1)-(A3). Further, we assume that ||hl|c2 is bounded
inw € Q. Then, there exists a stopping time S, positive a.s., such that on [0, 5]
there exists a Cg’l-solution yo(t, x) to the inviscid stochastic Burgers equation

y(t,z) = h(z) +/0 [f(s,2,y) — (y, V)y(s,x)]ds + n(t, ). (3.13)

This solution is Fi-adapted for each x € R™. Moreover, if §o(t,x) is another
Cg’l-solution to (3.13) on [0,S], where S is a positive stopping time, then, a.s.,
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Jo(t,z) = yo(t,z) on [0,S A S]. Furthermore, if y,(t,z) is the Cg’Q—solution to
(1.1) (whose existence has been established by Theorem 2.13), then there exists
a v-continuous version of y. : [0,19] x @ — Cu([0,S] x R™), (v,w) — y,. In
particular, it holds that lim, oy, (t,x) = yo(t,z) a.s., where the limit is uniform
in (x,t) € R™ x [0, 5].

Proof. Let 3¥ be defined by (3.2) and associated to a positive integer N. As it was
shown in the proof of Lemma 3.3, g’ is a C’;’l-solution to (3.12) on [T — Bk y, T).
Therefore, y¥ (t,2) = gl (T — t,z) + nny(t,2) is a C’g’l—solution to

y(t,x) = h(x) + / [F(s,2.9) — (, V)y(s, 2)]ds + i (£, ) (3.14)

on [0, Bk y]. Define S = Bk, A Ty, where T is given by (2.52). By Lemma 2.11,
yN(t,x) = y,(t,x) on [0, 8] for all v € (0,1], where y, (¢, ) is the unique Cj>-
solution to (1.1). Since, by Lemma 3.3, lim,_oy2 (t,2) = y{'(t,7), a.s., in the
space Cp([0, By ] X R™), then y{¥ (t,2) = yo(t,x) on [0, S]. Thus, we skip the index
N when we consider this solution in [0, S]. Clearly, on [0, S], yo(t, z) verifies (3.13)
a.s.

Assume, equation (3.13) has another Cg’l—solution Jo(t,x) which verifies this
equation on a random time interval [0, 5’], where the stopping time S is positive
a.s. On [T — S,T], we define §o(t,z) = §o(T — t,z) — n(T — t, ), and consider
equation (3.15) below pathwise for each 7 € [T — S, T]:

t
XP = — / (77, XT™0) + go (s, X[00)) ds. (3.15)

Let X7 be the solution to (3.15). Then, it is straightforward to verify that
(X}I’O,go(t,)?}m’o)) is a solution to (3.1). Indeed, it suffices to note that
Auijo(t, X" = (8, X7™°, 02)ijo(t, X7*°) and compute 9,X;*° via (3.15). By
the uniqueness of solution to (3.1) on [T — S A S, T], we conclude that yo(t,z) =
Go(t,x) on [0,5 A S] x R™ a.s. The theorem is proved. O
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