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CONTROLLABILITY OF FRACTIONAL
INTEGRO-DIFFERENTIAL DAMPED DYNAMICAL SYSTEMS
WITH CONTROL DELAY

ABDUR RAHEEM, MOHD ADNAN, AND ASMA AFREEN

ABSTRACT. The primary objective of this research paper is to investigate the
characteristics of the controllability problem in both linear and nonlinear frac-
tional integro-differential damped dynamical systems with control delay. We
have successfully derived necessary and sufficient conditions for establishing
controllability in linear fractional integro-differential damped dynamical sys-
tems with control delay. Furthermore, by employing Schauder’s fixed point
theorem, we have demonstrated sufficient conditions for achieving controlla-
bility in nonlinear fractional integro-differential damped dynamical systems
with control delay. To illustrate the theoretical aspects, several examples
have been provided.

1. Introduction

Differential equations of fractional order arise more commonly in various science
and applied engineering research fields, such as fluid flow [23], signal processing
[16], and so many different applied fields [11, 12, 15, 20, 24]. We see to [22], for a
new pamphlet on fractional calculus. On the other hand, controllability is one of
the essential vital tools in mathematical control theory and the most important
structural property of the dynamical system. In the brief overview of the dynamical
systems’ controllability development, the reader can see the literature review [14].
Extensive research has been conducted on the controllability of nonlinear systems
in finite-dimensional spaces, primarily employing fixed-point principles, refer to
[2, 13], for further details. Utilizing fractional-order derivatives and integrals in
control theory has shown superior outcomes compared to traditional integer-order
approaches. Numerous authors have examined the controllability of fractional
dynamical systems in finite-dimensional spaces, including references to [1, 7, 17,
21] and additional sources mentioned in [6] and [18]. Recently, Balachandran
et al. [3, 5] and other researchers have established adequate conditions for the
controllability of nonlinear fractional dynamical systems by employing Schauder’s
fixed-point theorem.

The kernel of the classical controllability operator e has several useful prop-
erties, including uniform convergence and the semigroup property. However, when
considering the corresponding fractional system (t*'E, o(At*),0 < a < 1), the
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controllability operator’s kernel becomes singular at ¢t = 0 and does not adhere to
the property of a semigroup. This makes it challenging to generalize the theory
to all fractional systems. Many constraints and restrictions must be imposed to
ensure the solvability of these problems. One of these problems arises from the
presence of the term t*~!, which can be avoided by excluding it from the kernel
of the controllability operator. For example, in [9], the author utilized a fractional
integrator I(‘)"_1 in the control and nonlinear terms of the given fractional system
to mitigate these issues. The issue of approximate controllability has been success-
fully resolved by utilizing the analytic resolvent method and capitalizing on the
continuity of a resolvent. On the other hand, the author Matar [19] investigated
the controllability of linear and nonlinear fractional integro-differential systems of
order 0 < o < 1.

The controllability of linear and nonlinear fractional damped dynamical systems
has been investigated in multiple studies. Balachandran et al. explored this topic
in their research [4]. They provide insights into the controllability of these systems.
Moreover, He et al. [10] mainly focused on the linear fractional damped dynamical
system with a time delay in control. They established a necessary and sufficient
condition for the controllability of this system. Zhongyang and Feng investigated
the controllability of the following nonlinear fractional damped dynamical system
with a time delay in control [25]

CDga(t) — A CDEz(t) = Bu(t) + Cul(t — o) + f(t, 2(t), u(t)), for t >0,

where A CDg x(t) represents the fractional damped term, u denotes the control
input, and ¢ is the time control delay.

In light of the above discussion and mainly motivated by [9, 10, 19, 25], we study
the controllability of the following fractional integro-differential damped dynamical
system with a delay in control:

CDRIE) ~ F CDEOE) = GIw(€) + Mu(E — 1)

HEDE),1E), €20, W
9(0) = o, V(0) = v, ~
v(€) =0, £e€[-0],

where © D59, ¢ D@y are Caputo fractional derivatives of ¥ of order 1 < p < 2 and
0 < g < 1, respectively. 9(:) € R" is a state vector, v(-) € R™ is a control vector,
F € R"™"™ and G, M € R™ "™ are any matrices; ¢ > 0 is the time delay; and
f:]0,4] x R™ x R™ — R™ is a continuous nonlinear function. We establish the
controllability results of the system (1.1) using Schauder’s fixed point theorem.

2. Preliminaries

Definition 2.1. The system represented by equation (1.1) is controllable over
the interval [0, £], if for any given vectors g, 11,192 € R™, there exists a control
input v € L*(—¢, /) that can steer the system’s corresponding solution with initial
conditions ¥(0) = 19 and ¥ (0) = 11 to satisfy the condition ¥(¢) = 1)s.

Lemma 2.2. [10] Let a > —1 be a given parameter. Assuming that ¢({2,s) > 0
is a continuous function with respect to s on the interval [€1, fs], and satisfying the
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following condition:

Lo
/ (be — s)*p(la,s)ds =0, (2.1)

4y

then it follows that p(ls, s) is identically equal to zero for all s € [¢1,{2].

3. Controllability of linear systems

Consider the following linear system corresponding to (1.1)

9(0) = 1o, V'(0) = ¢, (3.1)

{ CDyI(€) = F CDgo(€) = GI' (&) + Mu(€ — 1), €20,
v(€) =0, ¢£e€l[—,0].

In this section, we talk about the solution and controllability of the system (3.1)
that needed in the next section.

Lemma 3.1. The solution of system (3.1) for & € (0,1] is expressed as follows:

WE) = ot EBpga(FE T
3
+ / (€ — 8P By gt (FE— 8P 0))Gu(s)ds,  (3.2)
0

and for € >

DE) = o+ EByga(FE
E—1
[ (€= By (R 17000

+(E =5 — )P By gp(F(E—5— L)”_q)./\/l)u(s)ds

+ (€ By g (- )0l (33)

-t

Proof. Taking the Laplace transform of system (3.1), we have

sPL{O(E)} — sP719(0) — sP720(0) — Fs1L{I(&)} + Fs719(0)
= GsT L (€) + ML{v(E 1)},
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L{9(€)} = (sPT— Fs?) " sPL{o} — (sPT — FsU) " Fs1L{xpo}

+(sPT — Fs?)71sP=24py + (sPT — Fs9)~1s?71L{Gv (&)}
+(sPT — FsO) 1 L{Mu(€ — 1)}

= L{ho} + (s"7U = F) P12y + (P — F) s TL{Gr ()}
+(sP7U — F)LsTIL{Mu(€ — 1)}

= L{to} + LIEE)—q2(FE )
+L(EP T Ep—gp—q+1(FE))L{GV(E)}
FLEP T By g p(FEPT)) L{MUV(E — 1)}

= E{wO} + £(§Ep—q72(}_€p_q))wl
+£(£p7qu—q,p—q+l(]:£piq> * gz/(f))
+£(§p_1Ep—q,p(}—fp_q) * Mu(§ —1)). (3.4)

By applying the convolution theorem to (3.4), we obtain
5{79(0} = £{¢0}+£(§Ep q,2(]:§piq))w1

+£/ =)' Epgpqt1 (-7:(5 - 5)p_q))gV(s)d5

+£/ — )P B, (F(E— S)p_q))Mu(s —)ds. (3.5)
Applying the inverse Laplace transform to (3.5), we get
19(5) = Yo+ ngfq,Z(fgp_q)wl +

/O6 ((f - S)p_qufq,p*qH(‘7:(5 —s)P” ))gy( )ds
b (€ 7 By (P& 7)) Mt — s

For £ € (0,¢]
HE) = o+ EEp—q2(FE Y1 +

/OE ((f ) Ly SN (v [ S)p_q))gu(s)ds
and for £ >
19(5) = Yo+ pr_qQ(]-'gP—tI)wl
+ /O“ ((5 — $)PTIE, 4y g1 (F(E—s)P~ ))gy( )ds
+/;L ((5 — )Py gy g1 (F(E - S)””))Qu(s)ds

+ /Og_L ((5 —s— )P B,y p(]:<§ -8 L)p—Q))My(s)dS
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19(5) = ¢0 +§Ep—q72(]:£piq)¢1
E—1
JF/ {(5 - 5)p7qu—q,p—q+1 (]'—(f - 5)piq)g
0

HE—s— )P By p(F(E—s— L)pfq)./\/l} v(s)ds

* / i (6= 51" 1By g1 (F( = 5)771) ) Gu(s)ds

Define

(FIGGM)=8+F5+F>5+F35+---+F 15
+77+f77+.7:2n—|—]-'377+...+]:n—177’ (3.6)

where n is order of F and ¢ =Im(G), n =Im(M). Then the space (F|G, M) is
spanned by the columns of the matrix

G, FG, F2G,. .., F"1G, M, FM, F°M,..., F""' M.

Lemma 3.2. For any z € R" let us define the function Q(§) : R* — R" as
follows:
For & € (0,4,

Q)= = / § [(5 — )P By g g1 (F(E— 5)"1)GG"
(€= 8P By g p i1 (F(E—s)P~9) T | 2ds, (3.7)
and for € > 1,
Q)= = /0 - {(E =) By p—qr1(F(E —5)P7)G
HE 5= 0P By g (F(E = 5= 0P M|

X[ =) g pqi1(F(E—5)"7)G

1T
+(E =5 = )P Epgp(FE—s— )P M| zds

13
* /7 [(6 = 8)"  Ep_qp—q+1 (]:(5 - s)piq)ggT
X (€= 8)P By g p g1 (F(E—5)P0)" | 2ds. (3.8)

Then Im(Q(€)) = (F|G, M) for & > 0.
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Proof. We know that, Im(Q(&)) = (F|G, M) is equivalent to

n—1 n—1
KerQ(¢) = () KerG"(F")" (] KerM™ (FT). (3.9)
i=0 j=0

We will only present the proof for the scenario when £ > ¢. The proof for the case
when £ belongs to the interval (0, ] follows a similar approach and will be omitted
here.

To proof (3.9), first we show that

n—1 n—1
KerQ(¢) C ) KerG™(F")" (] KerM™ (FT). (3.10)
i=0 §=0
If 2 € KerQ(£) and z # 0, then
E—1
0=QE): = [ (€= By (FE- 700
HE—s = )P By g p(F(E—s - L)pq)M}
X {(f ) R (}_(f - 5)p_q)g
T
+(E—s— )P By p(F(E—s— L)pq)./\/l:| 2ds
3
+ZT/ [(f ) R O (-7:(5 - 3)p_q)ggT
(€= )P By g pqi1 (F(€ — s)M)T} zds. (3.11)
E—1
0 = / H ((f - 5)pinp—q,p—q+1 (]:(5 - 5)piq)g
0

2

T
+(E—s— L)pflEp,q,p(]:(f —5— L)pq)/\/l) z|| ds

3 T 2
+/ GT (&~ 8P IE, 4 pqi1 (F(E—s)P" 1) 2| ds, (3.12)
which implies that
E—1
0 = /O ((5 - 5)p_qufq,pfq+1 (}—(f - 5)p_q)g
T |2
+(E=s— )P By gp(F(E—5s— L)p_q>./\/1) z|| ds, (3.13)
and
¢ T 2
0 = / G (&= 8)P By g pqi1 (F(E—5)P79) 2| ds. (3.14)
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By using Lemma 2.2 and equation (3.14), we have
) S R
0=G"Ep gpqr1(F(E—s)) 2 =97 z,
P—q,p q+1( ) kZ:oF(’f(P—q)pr_qul)
onsé€[§—1,&. (3.15)
By taking s = £ in (3.15), we get GT2 = 0. Further, it follows from (3.14) that

¢ — s p—q T = (‘/—_'T)k(g_ S)k(piq)
/ﬂ(g N ,;)F(k(pftIprqul)

2
0

3

13 T e T\k _ \k(p—9q) 2
0 = / (€ —s)P 1 g Z+QTZ (F)ME =) 2| ds,
- C(p—q+1) —T(k(p—q)+p—q+1)
which means that
3 gT 2
0 = / — )P —————7|| ds,
ﬂ(g ) F(p—q+1)
and
3 >© T\k(¢ _ g)k(p—a) 2
0 = / (&—s)P1 QTZ (F)HE=s) z|| ds,
~ —T(k(p—q) +p—q+1)
¢ o0 TVk(¢ — g)(k=D(p—a) ||?
— —T(k(p—q)+p—q+1)
By Lemma 2.2 and equation (3.16), we get
0 Tk (¢ _ o\(k=1)(p—q)
0 = QTZ (F)"(E =) z, on s € [£—1,€&]. (3.17)
—T(k(p—q)+p—q+1)
Taking s = & in (3.17), yields
GTFTz=o.
By mathematical induction, we obtain
GI(FTYrz =0for k=2,3,...,n— 1. (3.18)

According to the Cayley-Hamilton Theorem, there exist functions
Q0(£),21(€),Q2(8),...,2,-1(&) defined over the interval [0, c0), such that

n—1
Epfq,pﬂwl(]:fp_q) = Z Qz(ﬁ)]ﬂ (3'19)
i=0
From (3.18) and (3.19), we get
T
(Bp-ap-ar1 (FE)G) 2=0, foral € > 0. (3.20)

By using (3.13) and (3.20), we get

E*L
/
0

2

(({ —s— )P B,y (F(E—s— L)pfq)M)Tz ds. (3.21)

39



ABDUR RAHEEM, MOHD ADNAN, AND ASMA AFREEN

Similar to (3.15), (3.17) and (3.18), we have
ME(FTYez=0, k=0,1,2,...,n—1. (3.22)

From the Cayley-Hamilton Theorem, there exist functions
m0(&), m1 (&), m2(E),. .., mn—1(§) defined on [0, 00), such that

n—1
Epqp(F(E)P™7) = Zﬂj(@}—j- (3.23)
§=0
From (3.18) and (3.22), we have
n—1 n—1
= ﬂ KergT(]:T)i m KGYMT(.FT)j,
i=0 j=0
that is,
n—1 n—1
KerQ(¢) C () KerG"(F")" (] KerM™ (FT). (3.24)
i=0 j=0

Conversely, we show that

n—1 n—1
[ KerG™ (F)" () KerM™(FT)7 € KerQ(€).
i=0 j=0

Let 2z € N2, KergT (FT) ﬂ;:ol KerMT(FT)I, (3.18) and (3.22) are true. For
5 —t<s S 57
T
(€—s) (Ep—q,p—qﬂ(]:(f - 5)piq)g) z
-1

= Qi€ — 5)(€ — 8)PTIGT(FT)'2

3

=0
~ 0. (3.25)
And for 0 < s <& —u,
(€= 9By poaia (e = 75 +
T
(E—s— )P By gp(F(E—s— L)pq)./\/l) z
n—1
= Qi€ —s)(t — )" IGT(FT)'2 +
i
Ti(€—s—0)E—s— ) IMI(FT) 2
=0
= 0 (3.26)
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By using (3.25) and (3.26), we obtain (3.12), after that we can say that 0 =
2TQ(&)z. Therefore, z € KerQ(&), that is

n—1 n—1
() KerG" (F)" () KerM” (F")7 € KerQ(9). (3.27)
i=0 j=0

From (3.24) and (3.27), we have that (3.9) is true and the proof of Lemma 3.2 is
completed. 0
Lemma 3.3. R(0,0) = (F|G, M).

Lemma 3.4. R(0,0,0) = (F|G,M).

See, [10] for the proof of Lemma 3.3 and 3.4.

4. Main results

The main results of this section can be stated as follows:

Theorem 4.1. The systems (3.1) is controllable if and only if

ranklG, FG, F*G, ..., F" 'G, M, FM, F*M, ..., F" ' M] = n. (4.1)

Proof. From (3.6), the condition (4.1) is equivalent to (F|G, M) = R".
First, we show that R™ C (F|G, M).

Case I: If the control arrived time ¢ > ¢.

Then assuming that system (3.1) is controllable, for any ¥ € R™ and initial
state g = 0, ¥»1 = 0, and initial control ¢ = 0, according to the definition (2.1),
there exists a control v(s) such that

E—t
0 = [ (€= B (FlE =57 70)0

H(E—5— )P By g (F(E— s — L)p*Q)M)u(s)dS

4 / ‘ ((ffs)pqup_qyp_q_H(]:({fs)pfq)>gl/(s)ds. (4.2)

—t
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From (3.19), (3.23) and (4.2), we have

e = | N S o917
=0

n—1

HE—s—)P Y i —s— L)]:j/\/l)u(s)ds
=0
13 n—1 ‘
+/ (E—s)P 1 Z Q; (€ — s)F'Gu(s)ds,
t i=0

E—1

) = nffi@( AR
=0

b [ e opmene o)t

b FM( [ s e s - o)

=0

) = nzlfig( / (€= 70— 5))ul)ds
=0

n—1 E—1

+jz_;)}"j/\/l(/0 (f—S—L)p_lﬂj(f—s—L))u(s)ds. (4.3)
Assume that
13
([ =i = re). (14)
and
E—t
</0 (E—s—u)P Im(E—s— L)) v(s)ds = G(€ —1). (4.5)
From (4.3), (4.4) and (4.5), we get
n—1 n—1
9(&) =Y F'GF() + Y FMGE—0). (4.6)
i=0 j=0

From (4.6), we conclude that ¥ € (F|G, M). Thus, R* C (F|G, M), and (4.1)
holds.
Case II: If the control arrived time ¢ € (0, ], the proof follows a similar approach
and will be omitted here.

For the converse part, assume that condition (4.1) holds, then we have to show
that the system (3.1) is controllable. There are two cases.
Case I: The control arrived time ¢ € (0,:]. The condition (4.1) holds, then
R™ C (F|G, M). For any ¥ € R” and any initial state 1o, 1, let

k=19 — o — EBp—q2(FE ™). (4.7)
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For k € R™ = (F|G, M), by Lemma 3.3, we have k € R(0,0). From [10, Definition
2.1], there exists a control v* € L(0,¢) with initial control zero such that

3
k = /0 (€= 5)P U Ep_gp—q+1(F(E—$)P79))Gr*(s)ds. (4.8)
From (4.7) and (4.8), we have
9 = o+ EE,_q2(FE™ My +

3
/0 (€= 8)P " Ep—qp—g+1 (-7:(5 - 5)p_q))gy* (s)ds, (4.9)

which means that the system with control delay is controllable for control arrived
time ¢ € (0, ¢.
Case II: The control arrived time ¢ > ¢. Assume that condition (4.1) holds, then
R™ C (F|G,M). For any ¥ € R™ and any initial state 1,1 with zero initial
control, let

ko= 0=t — By g FE& (4.10)

For k € R" = (F|G, M), by Lemma 3.4, we have k € R(0,0,0). By [10, Definition
2.1], there exists a control v(§) € L'(0,¢) such that

b= /osb ((5 =)' Ep g p-qi1 (‘7:(5 o S)qu)g

HE—s— )P By p(F(E—s— L)pfq)./\/l>u(s)ds

+ (6= By (FlE— ) )Gr(e)ds. (411)

—t

Then from (4.10) and (4.11), we have

E—t
¥ = 7/10 + pr*qz(}—gpiq)d)l +/0 ((f - 3)pinp*q7p*q+1 (]:(5 - 5)piq>g

H(E =5 = 0" By g (F(E =5 = )7 M) w(s)ds

+f (€= 9 By (e~ 570))Guts)ds, (4.12)

which means that the system with control delay is controllable for control arrived
time ¢ > ¢. The sufficiency is shown and thus, the proof is completed. ([l
Remark 4.2. Let @ be invertible, then the control 7(§) € R™ is defined by for
e (0,
0, Ee—u,l—1,
v =4 0 . §e(l—1,0], (413)
(0= &P 1By gp-qr1 (F(L = EP7))G] Q7 'yr, €€ (0,4,

y1 =2 —Po — EEp_q 2(FEP )Y,
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and the control 7(£) € R™ is defined by for ¢ >«

O? 5 € [_L7 O]?
K(z — P, g p g1 (F(L=EP71)G
HE) =+ €= By gy (FE - 6= ) M)] Q7 (4.14)

E S (O,K - L]7
(6= )P 9By g pqir (F(E = PG Q7 g, €€ (€ -1,

where

Y2 = o —1ho — EEp_q2(FEP™ )1,

is optimal and steers the system (3.1) from initial state 19, to final state 1 at
time £. That means under the control (4.13) or control (4.14), respectively, the
solution of systems (3.1) satisfies ¥(0) = 1o, ¥’ (0) = 11 and 9(¢) = 2.

Corollary 4.3. The system (3.1) is controllable if and only if Q() is invertible.

Proof. For the proof of the above corollary, see [25]. O

5. Controllability of nonlinear fractional systems with control delay

Using Lemma 3.1, the general solution of nonlinear fractional integro-differential
damped dynamical system (1.1) is given by

E—1
WO = o+ By gaFE M+ [ (€= 9 By (FlE = 57 7")0

+(E—s— L)p_lEp,q,p (.7:(5 —5— L)p_q)/\/l)u(s)ds

+ (€= By gy (P~ 7)) Gol5)ds

—t

+f (€= P By (FIE— 5777)) 5 905) (). (5.1)

Let W be the Banach space of all continuous R™ x R™-valued functions defined
on interval J = [0, ¢], denoted as

W ={(z,v) : 2 € M(J,R"),v € M(J,R™)},

equipped with uniform norm ||(z,v)|| = ||z]| + ||v||, where ||z|| = sup{|z(¢)]|, & €
J} and |v|| = sup{|v(¢)], £ € J}, that is, W = M(J,R™) x M(J,R™), where
M(J,R") ={z: J — R"|z is continuous on J}, M(J,R™) = {v:J — R"|v is
continuous on J} are Banach spaces. For R™ and R™ we denote the max norm by
|- |n and | - |, and use the notation | - |, if there is no confusion.

For every (z,v) € W, let the following nonlinear fractional integro-differential
damped dynamical system:

CDgﬂ(g) -F C‘Dgﬁ(g) = gIliqy(g) + MV(£ - L) + f(f?zvv)a f > Oa
D(0) = tho, V'(0) = ¢, (5.2)
v(€) =0, €€ [—,0
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By using (5.1), the solution of system (5.2) can be written as

E—t
9E) = o+ 5Ep*q,2(]:§piq)1/’1 +/0 ((f - 3)pinpfq,p*q+1 (}—(5 - 5)piq)g

HE—s— )P By p(F(E—s— L)pfq)./\/l)u(s)ds

+/5 <(§ L oY (- s)p*q)>gy(s)d5

3
+/ ((5 — )P B, (F(E— S)p_q))f(s, z,v)ds.
0
For crispness, let us acquaint the following notations and constants:

H1(§, 8) = (5 - ‘9)p_qu*q,pfq+1 (-7:(5 - 8)p_q)g +
(E—s— )P By, (f(g _s— L)P—Q)/\/L
Hy(&5) = (=)' "Bpgp—q+1(F(E—9)"7)G,

by = sup ||+ EE,_q2(FEP )],
£€[0,4]

by = sup ||Ep—q,p(]:(‘£_3)p_q”>
£€[0,4]

by = sup ||Epfq,pfq+1 (7(5—8)17_'1”7
£€(0,£]

by = sup H /og_b <(£ - S)p_qufq,p*qH (-7:(5 - 5)p_q)g

£€[0,4]

+(E =5 — )P By gp(F(E—s— L)p_q)./\/l)ds/\/l

+ /5 ((f = 8)P T By g p—gt1 (}_(5 - 5)p_q)>gds

—L

bs = max sup |[H] (¢,
=12 ¢4
sup|f| = sup{|f(s,2(s),v(s))|;s € J},

di = 4bs|Q7[[2| + ba],
dy = 4by,

e = 4bs|Q7Y [bg[pp_l sup \f|],
co = 4dbytPpT 1,

d = max{dy,ds,bsd;},

¢ = max{cy,ca,bsc1}.

We also define the control function

1/(5) — HlT(ev g)Q_I:% 5 S [07£ - L)7
H2T(€7 f)Q_ly, 5 € [‘€ - L7£]7
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where

Yy = '(/}2 - ¢0 - ng—qﬂ(]:Ep_q)wl

4
— [ (=9 B (Pl = 5770 ) 15,2000

where 19 € R™ are chosen arbitrary.

Lemma 5.1. [8] Assume that the function f is locally bounded in v and satisfies
the condition such that

o)

|[v| =00 |’U|

=0 (5.5)

uniformly in w € J, we can conclude that for any given pair of constants ¢ and
d, there exists a constant r such that if [v| < r, then c|f(w,v)|+d < r for allw € J.

The main results of this section are presented in the following theorems.
Theorem 5.2. Assume that f is a continuous function that satisfies the condition

(A%

=0 5.6
R Y (5.6)

uniformly in £ € J, and the linear fractional integro-differential damped dynamical
system (8.1) with delay in control is controllable. Then the nonlinear fractional
integro-differential damped dynamical system (5.2) with delay in control is control-
lable on J.

Proof. By the assumption, system (3.1) is controllable. By Corollary 4.3, @ is
given in (3.2) is non-singular. We define the operator © : W — W, such that

G(Z’ U) = ("‘97 V)’ (Z,/U) G W?
where ¥(§) is given by (5.3), such as
E—1
WO = o+ EBpgaFE N+ [ (€= 9 By (FlE = 57 77)0

H(E—5— )P By g p(F(E—s— L)P*Q)M)u(s)ds

+/5 ((5 R L Y v (= 8)p’q)>g1/(s)ds

—t

£
+/ ((f — )P B, (F(E - s)p_q))f(s, z,v)ds, (5.7)
0
where v(§) is given by (5.4). We indicate v;(€), where ¢ = 1,2 such as
vi(€) = HI(L.&Q™'y,
vi(€) = HI(6EQ (2 — o — LBy g 2(FO ™)y

¢
—/0 ((€ — )P By (F(C— s)p_q))f(s, z, v)ds] (5.8)
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The function f satisfies the condition (5.6), hence by Lemma 5.1, for every pair
of constants c¢,d there exists a constant r > 0 such that if |(z,v)| < r, then
d+c|f(& z,v)| <r forall £ e J.

Let L(r) = {(z,v) € W : ||(z,v)|| <r}. If (2,v) € L(r), then from (5.8) and (5.7),
we have

w(© = |HI€OQ7 [ = o — LBy o (FE )0
14
_/0 ((E — )P By (F(0— s)pfq)>f(s, z, v)ds] H
(@) < IHT(GONQ [[vha] + by + balPp™  sup | f]]
i) < bs|Q M [[W2] + b1] + bs|Q 7 [b20Pp sup | £]]
w©l < L+ Loupls
mOl < (d+eswlf)
()| < g, (5.9)
and
IO = o + EBpqa(FE 1) +
E—1
| (€= B (Fle = 97
+(E—s— )P By g p(F(E—5s— L)p_q)/\/l>1/(s)ds
3
[ (€ 9 B (P& = 5177 ) Gus)ds
3
[ (€= 97 By (FLE= 9770 5,200
[D(E)] < b+ balvi(s)] + batPp~ sup | f|
d d
PO = F b T+ S suplfl] + 2 sup f
d ¢
9] < 5 + 5511p|f|
e < 5 (5.10)
Therefore, if ||z|| < § and [jv|| < Z, then |(z,v)| = [[z|| + [[v]| < r, for all s € J.

Thus, (5.9) and (5.4) give us [|v|| < 7 and (5.10) gives us ||¢]| < 5.

Therefore, the mapping © maps L(r) into itself, implying ©(L(r)) C L(r). Since
the continuity of f ensures the continuity of the operator ©, we can conclude
that © is completely continuous, as guaranteed by the Arzela-Ascoli theorem.
Consequently, L(r) is closed, bounded, and convex. By applying the Schauder
fixed-point theorem, we can assert that the operator © has a fixed point (z,v) €
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L(r) such that ©(z,v) = (z,v) = (¢, v). Hence, we obtain the following such that

KO = bt By gaFE it [ (€ By (FE 57
+HE—s— )P E, o, (F(&—s— L)p_q)M>V(S)d8
+ /i ((5 - s)p_qu_qm_qH(]:(f — s)p_q))gu(s)ds
3
+/0 ((5 — )P Epgp(F(E~ 5)piq))f(sv z,v)ds.

Thus, 9(€) is the solution the system (5.2) and it is verify that 9(¢) = 5. Hence
the system (5.2) is controllable on J. O

If p; € £Y(J), j=1,2,...,a, then ||p;|| is £' norm of p;(-), defined as

lps | = /] 19, (s)|ds.

For crispness, let us acquaint the following notations and constants:

g = sup H(&Ep—qg(]'—ffiq) — & By q2(FE))n ’7
£1,62€[0,4]
e = s (65 By (F & - 57)
£1,£2€10,¢]
—(&2 = )" Bpgp(F(&2 — 5)p7q)> H7
g = swp (€= )" By (F(&2 — 517 .
£2€[0,¢]
&1—t
ga = sup / ((51 - S)p_qufq,pfq+1 (]:(51 - S)p—q)g
£1,62€[0,4] 0

+(& —s— )P Ep g p(F(& — s — )P )M
—(& — s)p_qufq,pqurl (]:(52 - s)p_q)g

(2 =5 = P By g (F(& — s — )" )M ) ds

)

gs = sSup
£1,82€(0,4]

+(& —s— )P By gp(F(& —s— L)p_q)/\/l)ds

Ea—t
/5 ((52 ) I O (]:(52 - 3)p_q)g

1—1L

b
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&1
g6 = sup / ((51 - 5)pinp—q,p—q+1(]:(§1 - 5)p7q))gd5 )
516[0,5] §I*L
&2
gr = sup / ((52 - 5)p_qu—q,p—q+1(]:(§2 - 5)p_q)>gd3 ;
&2€(0,4 |l J&2—0
_ p,—11H)—1 . Pr—10.
ej = max {4bobslPp~H Q7 |lp;ll, 4b2Pp~ ;I },
¢ = max{e;,bse;}.

Theorem 5.3. Assume that oj : R" x R™ — RT is measurable functions and
o« J = RT is L1(J) functions, where j = 1,2,...,« such that

(e

&0 < 3 00 (.11)
Then the controllability of (3.1) zmplzes the controllability of (5.2), if
—_ < e
Tli>120 (r Zlc] sup 0; (0, v) : [|(9,v)| < r) +00. (5.12)
J

Proof. Define the operator © : W — W such as O(z,v) = (9J,v), where ¢ and v
are given by (5.3) and (5.4), respectively.

Assume that U(r) = sup{o;(¥,v) : |(z,v)|| < r}.

From (5.12), 3 rg such that

[e3%
ro— Y ¢&b(ro) >d
j=1
This implies that
Z ’I“o +d<rg.

Also,
L., ={(z,v) € W : ||(z,0)]| < ro}.
If (z,v) € L, then by (5.4) and (5.3), we have

vi(€)| = HHZ‘T(& HQ ™! [(% — g — LEy_q2(FP~9)ihy

_ /Oé ((f — )P g (F (- 5)””))]‘(5, z,v)ds]

i ()]

IN

I (6, )1Q M [[a] + b1+ batPp™ Y (|95 [1W5(ro)]

j=1

b5|Q M [[Jeba] + ] + bs|Q M| [b2"p™" Y [0511W(ro)]

j=1

vi(6)]

IN

(e

d .
@ < T T D W)
j=1
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1 «
m@l < 7(d+e Y w)
j=1
el < Fveed
This implies that
vl < 2,
and
I = [0+ €Bpga(Fer
E—t
+/ ((5_5>p_qufq,p7q+1(]:(§_S)p_q)g
0
HE—5— )P By g (F(E—s— L)p_q)./\/l)l/(s)ds
3
[ (€= 9 B (FlE = 5177 )Gus)ds
3
+ [ (€= By (FE = 5770)) 10,200 |
O < by balua(s)| + barp ™ 3 Ny 195 (ro)
j=1
9O < 2[R DY w0)] + b S s 500)
= 7 44 4j:1]0 2pj:1pjgo
d ¢«
W& < 2+02];‘I’j(7’0)
To
19l < ER

Hence, © maps L,, into itself, that means ©(L,,) C L,,. Further, we need to
show that ©(L(r)) is equicontinous V r > 0. Let for every (z,v) € L(r) and
§1,& € J, &1 < o, we have

vi(&) —vi(&)] = H (HI(6,6) — H (0,£)Q7" [(w —po — LB, _qo(FP~ )y

¢
_/0 ((f — )P By g (F(C - s)p_q))f(S’ % U)ds}

H(HiT(Zv &) — H (¢, 52))“

lvi(&1) — vi(&2)]

IN

x HQ‘IH [|w2| + by + balPp Za: ||m||\lfj(r)], (5.13)
j=1
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and

9(6) = 9(&)] < [(EEpaa(FE ™) ~ &Byqa(FE )|

+H Aglb ((51 — )P By g pqi1 (F (& —5)P79)G

+(& =5 = )P By p(F(&1 — s — )P )M
_(52 - 3)p_qu7q,p*q+1 (]:(52 - 3)p_q)g

(g2 =5 = 1" By (F(&2 =5 = )" ) M) v(s)ds
AL

§2 = 8)P By gp—gt1 (]:(52 - 5)p_q)g
&1—t

+(& —s— )P~ 1Ep q,p( (&2 —s— L)p_q)M)V(s)ds

+ /:1 ((51 — )P UBy g1 (F(&1 — 5)p’q))gu(s)ds

1—L

+ /;2 ((52 — ) By g p—g1 (F (&2 — S)p_q))gy(s)ds

2—L

&1
S T GERECE
—(& — S)pflEp_qm (]:(52 — s)pfq))f(s, z,v)ds

H b — )P E,_ g (F(& — 8)P79) f(s, 2,v)ds||,

< o +g4\V( )+ g5lv(s)] + gslv(s)| + grlv(s)]
+g2 Y NollW5(r) + g3 Y llos11%5(r)
j=1 j=1
r
< g1+ (g4+g5+ge +g7)§
+g2 Y N 9sl1%5(r) + 93 Y Mg 1%5(r). (5.14)
j=1 j=1

Hence, it can be observed that the right-hand sides of equations (5.13) and (5.14)
do not rely on specific choices of (z,v). Consequently, it is evident that ©(L(r))
exhibits equicontinuity for all » > 0. By applying the Arzela-Ascoli theorem, we
can establish that © is a compact operator. Since, L(r) is a nonempty, closed,
bounded, and convex set. Therefore, the Schauder fixed-point theorem guarantees
the existence of solution. Moreover, since ¥(£) = 1), it follows that the system
described by equation (5.2) is controllable on J. O
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6. Applications

Example.1. Consider the following system

“DFI(E) — F CDgo(€) = GI'w(€) + Mu(§ — )
3(0) = vy, ¥'(0) =0, ’
V(g) = Oa f € [—L,O],

with 1 <p<2, 0<q<1,
P8 ) e ) vo- ()

() — %
v() = (,,2(5)> and f(&,9,v) = ( +190+ ) .

A simple calculation shows that

0 0 2 2
G FG M ]-'/\/l)—(l 0 0 0>, (6.2)
and
rank (G FG M FM) =2. (6.3)

From Theorem 4.1, we say that corresponding linear system of (6.1) is controllable.
We see that f(&,9, ) is continuous and satisfies the condition (5.6), and thus the
system (6.1) is controllable by Theorem 5.2.
Example.2. Consider the following system
“DgI(€) — F Dgo(€) = GI' () + Mu(§ — 1)
HIE0(E),1(0), €20, 6

" T
v() = |8 | and f(§V,v)= 0 .
v3(§) 0

A simple calculation shows that

000 2 2 2
(G FG F°¢ M FM FM)=(0 0 0 1 0 0], (6.5)
100000
and
rank (G FG F*G M FM F*M)=3. (6.6)
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From Theorem 4.1, we say that corresponding linear system of (6.4) is controllable.
We see that f(&,9,v) is continuous and satisfies the condition (5.6), and thus the
system (6.4) is controllable by Theorem 5.2.
Example.3. Consider the following system

CDRIE) ~ F CDE) = GTw(€) + Mu(€ 1)
€ D(E),1(0), €20, o)

n(e\ " 0
V(f): VZ(E) s f(f,ﬂ,l/): W .
v3(§) 0

A simple calculation shows that

o O O
o OO
S O N

0
(G FG F¢6 M FM J—'2M)_(0
1

(==l
S O N
v
—
[=)
3
=z

and
rank(g FG FG M FM ]-'2/\/1):2. (6.9)

In this case, by Theorem 4.1, we see that the corresponding linear system of (6.7)
is not controllable.

Moreover, f(&,9,v) is continuous and satisfies the condition (5.6), but the system
(6.7) is not controllable.

Example.4. Consider the following system

CDhoNE) ~F D) = O1" )+ Mu(e—)
+1(E D(E),(€)), (6.10)
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A simple calculation shows that

000 2 2 2
(G FG6 FG6 M FM FM)=|0 0 0 1 0 0], (6.11)
100000
and
rank (G FG F’G M FM F?M)=3. (6.12)

From Theorem 4.1, we say that the corresponding linear system of (6.10) is con-
trollable. Furthermore,

In order to obtain desire results, it is enough to show that the condition (5.12)
holds under the following settings:

1
=1, o(V,v) = —.
a=1 o(dv)=5
Hence,

— 1
lim <r — sup 019) = +00,

r—00

and thus by Theorem 5.3, the system (6.10) is controllable on J.

7. Conclusions

This study revolves around investigating controllability, a crucial qualitative
characteristic of fractional dynamical systems. Controllability pertains to the sys-
tem’s ability to navigate the entirety of the configuration space through admissible
actions. Our research paper provides proof of a set of necessary and sufficient
conditions that establish the controllability of linear and nonlinear fractional inte-
grodifferential damped dynamical systems with control delay in finite-dimensional
spaces. We have used the MittagLeffler matrix function, Arzela-Ascoli Theorem,
and Schauder fixed-point theorem as essential analytical tools in our analysis. By
leveraging these tools, we have obtained significant insights into the controllability
properties of fractional dynamical systems. Moreover, in the future, this study can
be extended for multiple delays in control under various settings.
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