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Abstract. This paper studies the stochastic analogue of the Benjamin–
Bona–Mahony equation, which is a model of long waves in nonlinear disper-

sive media with dissipation, as well as the solvability and solution stability
of this equation. To this end, the stochastic Benjamin–Bona–Mahony equa-
tion is considered as a special case of a stochastic semilinear Sobolev-type

equation. The paper also establishes the type of phase space defined as the
set of admissible initial data and proves the existence of infinite-dimensional
stable and finite-dimensional unstable invariant manifolds of the stochastic
Benjamin–Bona–Mahony equation.

Introduction

When studying mathematical models of long waves propagating in one direction
in dissipative and dispersive media, the following equation was obtained [1]:

λzt − zxxt = νzxx − zzx. (0.1)

Equation (0.1) is commonly referred to as the Benjamin–Bona–Mahony equation.
This equation was studied as an improvement of the Korteweg-de Vries equation
when constructing a model of small-amplitude surface gravity waves. [2] and
[3] considered equation (0.1) as a one-dimensional case of the Oskolkov equation
system. They investigated the solvability of the initial-boundary value problem
for the Benjamin–Bona–Mahony equation at λ ∈ R+. [4] studied this problem at
an arbitrary value of λ ∈ R. They showed that its phase space is the union of
two connected components. The review paper [5] presents results on the stability
of the Benjamin–Bona–Mahony equation. The purpose of this paper is to study
a stochastic analogue of the Benjamin–Bona–Mahony equation. To this end, we
consider equation (0.1) as a special case of a semilinear stochastic Sobolev-type
equation

L
o
η=Mη +N(η). (0.2)

Here, the stochastic process acts as the desired quantity, its derivative is considered
as a Nelson–Glicklikh derivative [6], L and M are linear and bounded operators,
and N is a nonlinear operator. The number of articles studying stochastic Sobolev-
type equations has been constantly increasing, [7] considered a linear equation of
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form (0.2) (i.e., at N ≡ O) in the case of a relatively bounded operator, [8] a
relatively sectorial operator, and [9] a relatively radial operator. [10] investigates
multipoint problems for equation (0.2), while [11] studies high-order stochastic
Sobolev-type equations. [12] considers the nonlinear equation

L
o
η=M(η). (0.3)

where L is the linear operator and M is the nonlinear operator demonstrating the
conditions for the existence of the solutions to equation (0.2).

In this paper, we follow the results of [12] on the solvability of nonlinear
equations of form (0.2), as well as [13] and [14] on the stability of semilinear
Sobolev-type equations. The rest of the paper consists of three sections. The
first section defines the concepts of a random variable, a stochastic process, the
Nelson–Glicklikh derivative, random K-variables, and K-”noise” spaces. The sec-
ond section considers the solvability of equations of form (0.2) and establishes the
existence of stable and unstable invariant manifolds. The third section applies the
results of the second section to the stochastic Benjamin–Bona–Mahony equation
and shows the existence of solutions to this equation and their stability in terms
of invariant manifolds.

1. Spaces of random K-variables and K-”noises”

Let CL2 be the space of continuous stochastic processes η = η(t, ω) with the
norm

∥η∥2 = sup
t∈I

(Dη(t, ω)),

with the interval I ⊂ R. Let us fix η ∈ CL2 and t ∈ J . The σ-algebra generated
by the random value η(t) will be denoted by N η

t . Eη
t denotes the conditional

expectation function E(·|N η
t ), where N

η
t is the σ-algebra generated by the random

value η(t).

Definition 1.1. [6] Let η ∈ CL2. The Nelson–Glicklikh derivative
o
η of the sto-

chastic process η at the point t ∈ J is the random value

o
η=

1

2

(
lim

∆t→0+
Eη

t

(
η(t+∆t, ·)− η(t, ·)

∆t

)
+ lim

∆t→0+
Eη

t

(
η(t, ·)− η(t−∆t, ·)

∆t

))
,

if there is a limit in the sense of a uniform metric on R.

The Nelson–Glicklikh derivative
o
η (·, ω) exists in the interval I (almost in the

interval I), if it exists at all points (at almost all points) of the interval I. Let us
consider a set of stochastic processes, where the trajectories are almost certainly
Nelson–Glicklikh differentiable by J to the l-th order, and introduce the norm:

∥η∥2C1L2
= sup

t∈I

l∑
k=1

D
o

ηl (t, ω),

where
o

η0≡ η. We let ClL2 denote the obtained Banach space, l ∈ N, and call it
the space of differentiable ”noises” (see [6]–[9]).

Let the spaces U and F be separable Hilbert spaces. We use {φk} and {ψk} to
denote the orthonormal basis with respect to the corresponding scalar product in U
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INVARIANT MANIFOLDS 3

and F. We chose a sequence of real numbers K = {λk ⊂ R+}, where
∞∑
k=1

λ2k <∞,

and a sequence of uniformly bounded random values {ξk} ⊂ L2 ({ζk} ⊂ L2).

Let us construct a U-digit random K-value ξ =
∞∑
k=1

λkξkφk and a F-digit random

K-value ζ =
∞∑
k=1

λkζkψk. We complete the linear envelope of the random U-digit

K-values in the norm ∥ξ∥2UKL2
=

∞∑
k=1

λ2kDξk, and the linear envelope of the random

F-digit K-values in the norm ∥ζ∥2FKL2
=

∞∑
k=1

λ2kDζk. We obtain the Hilbert spaces

of U-digit random K-values UKL2 and F-digit random K-values FKL2.
Notably, different monotonic positive sequences K can be chosen for the spaces

U and F. For example, the sequences K = {λ′k} and K = {λ′′k} are such that

lim
k→∞

λ′
k

λ′′
k
= const. Then, the random K-values will be as follows ξ =

∞∑
k=1

λ′kξkφk,

ζ =
∞∑
k=1

λ′′kζkψk.

Let the interval (ε, τ) ⊂ R and {ξk} be a sequence from CL2. A continuous
stochastic K-process is the expression

η(t) =
∞∑
k=1

λkξk(t)φk, (1.1)

if the series converges uniformly in the norm ∥ · ∥UKL2
on any compact set in

(ε, τ), and the trajectories of the process η = η(t) are almost certainly continu-
ous. C(J ,UKL2) denotes the space of continuous stochastic K-processes. The
continuous stochastic K-process η = η(t) is called continuously Nelson–Glicklikh
differentiable on (ε, τ) if the series

o
η (t) =

∞∑
k=1

λk
o

ξk (t)φk (1.2)

converges uniformly on any compact set in (ε, τ) in the norm ∥ · ∥UKL2
, and the

trajectories of the process
o
η=

o
η (t) are almost certainly continuous. Cl(J ,UKL2)

denotes the space of stochastic K-processes continuously differentiable up to the
order l ∈ N.

2. Stochastic Sobolev type equations

Let U and F be separable Hilbert spaces, and the operators L, M : UKL2 →
FKL2 be linear and continuous. The following lemma is correct.

Lemma 2.1. The operator A acting from the space U to the space F is linear
and continuous if and only if the same operator A acting from the space of U-digit
random K-values UKK2 to the space of F-digit random K-values FKK2 is linear
and continuous.
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Based on lemma 2.1 we transfer the results [15, ch. 3] to the space of random K-
values. The set ρL(M) =

{
µ ∈ C : (µL−M)−1 ∈ L(FKL2;UKL2)

}
is called the

L-resolvent set, and the set the L-spectrum of the operatorM . If the L-spectrum of
the operator M is bounded, the operator M is called the (L, σ)-bounded operator.

Remark 2.2. The concept of the (L, σ)-boundedness of the operator M with the
operators L, M : U → F coincides with the concept of the (L, σ)-boundedness of
the operator M with the operators L, M : UKL2 → FKL2.

For the (L, σ)-boundedness of the operator M , we can construct the following
projections

P =
1

2πi

∫
γ

(µL−M)−1Ldµ ∈ L(UKL2), (2.1)

Q =
1

2πi

∫
γ

L(µL−M)−1dµ ∈ L(FKL2). (2.2)

Here, σL(M) lies in an area bounded by the contour γ ⊂ C. Projections (2.1),
(2.2) split the spaces UKL2 = U0

KL2⊕U1
KL2 and FKL2 = F0

KL2⊕F1
KL2, where

U0
KL2 (U1

KL2) = kerP (imP ), F0
KL2 (F1

KL2) = kerQ (imQ). Lk (Mk) denotes
the restriction of the operator L (M) on Uk

KL2, k = 0, 1.
If the operator M is (L, σ)-bounded and the operators Lk(Mk) : Uk

KL2 →
Fk

KL2, k = 0, 1, are linear continuous operators, there exist linear continuous

operators M−1
0 : F0

KL2 → U0
KL2, L

−1
1 : F1

KL2 → U1
KL2. Let us consider the

operators H = L−1
0 M0 and S = L−1

1 M1. If the operator M is (L, σ)-bounded and
H ≡ O, p = 0 or Hp ̸= O, Hp+1 ≡ O, it is called an (L, p)-bounded operator. Let
us turn to the existence of solutions to equation (0.2).

Let J = {0} ∪ R+. The stochastic K-process η ∈ C1(J ;UKL2) is called a
solution to equation (2) if all its trajectories almost certainly satisfy equation (0.2)
for all t ∈ J . The solution η = η(t) to equation (0.2) is called the solution to the
Cauchy problem

lim
t→+∞

(η(t)− η0) = 0, (2.3)

if equality (2.3) is satisfied for a random K-value η0 ∈ ULL2.

Definition 2.3. The set PLL2 ⊂ ULL2 is called the stochastic phase space of
equation (0.2) if

(i) every trajectory of the solution η = η(t) to equation (0.2) almost certainly
lies in PLL2, i.e. η(t) ∈ PLL2, t ∈ R, for almost all trajectories;

(ii) for η0 ∈ PLL2 there almost certainly exists a solution to problems (0.2),
(2.3).

At a fixed ω ∈ Ω the solution to equation (0.2) is the trajectory η = η(t), it
almost certainly lies in the set

M =

{
{η ∈ UKL2 : (I−Q)(Mη +N(η)) = 0}, kerL ̸= {0};
UKL2, kerL = {0}.

As mentioned in the introduction, [12] studied the solvability of problems (0.3),
(2.3) and showed, with some assumptions, the existence of a resolving semigroup
defined on the set M.
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INVARIANT MANIFOLDS 5

Theorem 2.4. [12] Let the operator M be (L, p)-bounded, the operator N ∈
C1(UKL2,FKL2), and the set M be a simple Banach C1-manifold at the point
η0 ∈ UKL2. Then the set M is the phase space of equation (0.2).

Remark 2.5. According to theorem2.4, the phase space of the linear equation

L
o
η=Mη (2.4)

is the space U1
KL2. Moreover, if there is the operator L−1 ∈ L(FKL2;UKL2),

then U1
KL2 = UKL2.

Now let us turn to the stability of equation (0.2). Let the L-spectrum of the
operator M be such that:

σL(M) = σL
r (M)

∪
σL
l (M),

σL
r(l)(M) = {µ ∈ σL(M) : Reµ > 0 (Reµ > 0)},

σL
r(l)(M) ̸= ⊘.

 (2.5)

Then there exist projections

Pl(r) =
1

2πi

∫
γr(l)

(µL−M)−1Ldµ,

where the contour γr(l) bounds the area containing σL
r (M) (σL

l (M)) and lies on
the right (left) half-plane.

Definition 2.6. The subspace Is(u) of the phase space PKL2 of equation (2.4) is
called a stable (unstable) invariant space of equation (2.4) if

(i) at any η0 ∈ Is(u) the solution to problem (0.2), (2.3) η(0) = η0 for equation
(2.4) η ∈ C1(R; Is(u)).

(ii) there exist constants Nk ∈ R+, νk ∈ R+, k = 1, 2, such that

∥η1(t)∥UKL2
≤ N1e

−ν1(s−t)∥η1(s)∥UKL2
for s ≥ t(

∥η2(t)∥UKL2 ≤ N2e
−ν2(t−s)∥η2(s)∥UKL2 for t ≥ s

)
where η1 = η1(t) ∈ Is (η2 = η2(t) ∈ Iu) for all t ∈ {0} ∪ R+.

Definition 2.7. The set

Ms(u) = {η0 ∈ UKL2 : ∥Pl(r)η0∥UKL2 ≤ R1, ∥η(t, η0)∥UKL2 ≤ R2, t ∈ R+},
meeting the following conditions:

(i) Ms(u) is diffeomorphic to the closed sphere in Is(u) and touches Is(u) at the
zero point;

(ii) ∥η(t, η0)∥UKL2 → 0 (+∞) at t→ +∞, η0 ∈ Ms(u)

is called a stable (unstable) invariant manifold of equation (0.2).

Theorem 2.8. Let the operator M be (L, p)-bounded, condition (2.5) be met, and
the operator N ∈ C1(UKL2,FKL2) be such that N(0) = 0, N ′

0 = O. Then, there
exists stable Ms and unstable Mu invariant manifolds of equation (0.2) modeled
by the stable Is = imPl and unstable Iu = imPr invariant spaces of equation (2.4).

Now we will outline the proof. Let the operator M be (L, p)-bounded, and
the set M be a smooth simple manifold. We denote δ : U1

KL2 → M — C1–
diffeomorphism, where δ−1 = P . We fix ω ∈ Ω and assume that I = {0}∪R+, then
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6 O.G. KITAEVA

the solution η = η(t), t ∈ I, of equation (0.2) can be presented as η = η1 + δ(η1).
Here η1 = η1(t), t ∈ I, is a solution to the equation

o

η1= Sη1 + F (η1), (2.6)

with the operator F = L−1
1 QN(I+ δ). Ss(u) denotes the restriction S on Is(u). It

follows from condition (2.5) that

∥etSs(u)∥L(UKL2) ≤ Ce−αt, ∥SetSs(u)∥L(UKL2) ≤ Ce−αt, t ∈ R+(−),

where C ∈ [1,+∞) and α ∈ R+.
Let us consider the set

Ms = {η0 ∈ M : η0 = I+ δ(I+ σ)(ηs0), ∥ηs0∥UKL2 ≤ ρ(2C)−1},

where σ(ηs0) = −
∞∫
0

esSuPrF (η(s, η
s
0))ds and ηs0 = Plη

1
0 . The formula D = I +

δ(I+σ) is used to set the C1-diffeomorphism of the sphere in Ul and Ms, wherein
(I − D)(η) = o(η) at ∥η∥UKL2 → 0. The solution η(t, η0) to equation (0.2) is
as follows: η(t, η0) = (I + δ)η1(t, Pη0) and δ(η) = o(η) at ∥η∥UKL2 → 0. Then,
∥η(t, η0)∥UKL2 = ∥(I+ δ)η1(t, Pη0)∥UKL2 → 0 at t→ +∞. Thus, the set Ms is a
stable invariant manifold of equation (0.2). The existence of the unstable invariant
manifold is shown similarly.

3. The Stochastic Benjamin-Bona-Mahony equation

Let us consider a stochastic analog of equation (0.1). To this end, we set the
spaces

U = {u ∈W l+2
p (−π, π) : u(−π) = u(π) = 0}, F =W l

p(−π, π),

where l ∈ {0}∪N, p ∈ [2,+∞). The space U is continuously and densely embedded
in the space F at n ≥ 3 and 2 ≤ p ≤ 4/(n− 2) + 2. The basis in the Hilbert space
W l+2

p (−π, π) is the sequence {sin kx} of the eigenfunctions of the Laplace operator

∆ with the spectrum σ(∆) = −k2. Let the sequence {χk} ⊂ L2 ({ζk} ⊂ L2) be
uniformly bounded. The elements of the space of K-values UKL2 (FKL2) will be
the vectors

χ =
∞∑
k=1

λkχk sin kx

(
ζ =

∞∑
k=1

λkζk sin kx

)
,

where the positive monotonic sequence {λk} is such that
∞∑
k=1

λk < +∞. We can

choose λk = | − k2|−m = k−2m, m ∈ N, as the sequence K = {λk}, wherein the

series
∞∑
k=1

k−2m converges at any m ∈ N.

Stochastic equation (0.1) will be considered as a special case of the

L
o
χ=Mχ+N(χ), (3.1)

with the operators

L = λ− ∂2

∂2
, M = ν

∂2

∂2
, N : χ→ −χxχ.
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INVARIANT MANIFOLDS 7

The operators L, M : U → F are constructed as linear and continuous. According
to lemma 2.1, the operators L, M : UKL2 → FKL2 are linear and continuous.

The L-spectrum of the operator M is as follows:

σL(M) =

{
− νn2

n2 + λ
: n ∈ N \ {l : λ = l2}

}
,

and, hence, bounded. Since the Frechet derivative of the operator N at the point
χ is

N ′
χψ : ψ → χψx + χxψ,

and N(0) = 0, N ′
0 ≡ O. The following lemma is correct.

Lemma 3.1. (i) For n ≥ 3 and 2 ≤ p ≤ 4/(n − 2) + 2, the operator M is
(L, 0)-bounded;

(ii) the operator N ∈ C1(U;F), N(0) = 0, N ′
0 ≡ O.

Let us construct the set M and the space U1
KL2 having the following form

M =


UKL2, λ ̸= −n2;

{χ ∈ U1
KL2 :

π∫
−π

(νχxx − χxχ) sin lxdx = 0, λ = l2};

U1
KL2 =


UKL2, λ ̸= −n2;

{χ ∈ UKL2 :
π∫

−π

χ sin lxdx = 0, λ = l2}.

[4] showed that the phase space of equation (0.1) consists of two parts, each of
which is a simple Banach C∞-manifold. Accordingly, let us assume that χ ∈ UKL2

is the operator kernel kerL = span{sin lx}.
Then χ = a sin lx+ υ, where υ ∈ U1

KL2, a = λlχl. The point χ ∈ M is correct
when

π∫
−π

(ν(a sin lx+ υ)xx − (a sin lx+ υ)x(a sin lx+ υ)) sin lxdx = 0

or

−a(l2ν + 1

4

π∫
−π

υ(sin lx)2xdx) =

π∫
−π

υυx sin lxdx. (3.2)

Equation (3.2) has an unambiguous solution at

π∫
−π

υ(sin lx)2xdx = −4l2ν,

π∫
−π

υ sin 2lx = −8lν.

Then U1
KL2 = U11

KL2

∪
U12

KL2, where

U11
KL2 =


UKL2, λ ̸= −n2;

{χ ∈ U1
KL2 :

π∫
−π

υ sin 2lxdx > −8lν, λ = l2},
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8 O.G. KITAEVA

U12
KL2 =


UKL2, λ ̸= −n2;

{χ ∈ U1
KL2 :

π∫
−π

υ sin 2lxdx < −8lν, λ = l2}.

The expression δ : U11
KL2

∪
U12

KL2 → M is as follows

δ(υ) = υ +

8
π∫

−π

υυx sin lxdx

−8al2ν −
π∫

−π

υ sin 2lxdx

.

δ is C∞-diffeomorphic, wherein δ−1 = P with the projection

P =

{
I, λ ̸= −n2;
I− < ·, sin lx > sin lx, λ = l2}.

Then, according to theorem 2.4, the following theorem in correct.

Theorem 3.2. For all λ, ν ∈ R \ {0} the phase space of equation (3.1) is the
union of two simple Banach C∞-manifolds modeled by the space U1.

We hereinafter use M to denote the component of this set that contains the zero
point. When studying stability, we confine ourselves to the case of the positive
parameter ν. The L-spectrum of the operator M consists of two members

σL
l (M) =

{
− νn2

n2 + λ
: n2 > −λ

}
, σL

r (M) =

{
− νn2

n2 + λ
: n2 < −λ

}
.

Then the finite-dimensional space Us = {χ ∈ UKL2 :
π∫

−π

χ sinmxdx = 0, m2 >

−λ}, dimUs = max{m2 > −λ}, and the infinite-dimensional space Uu = {χ ∈

UKL2 :
π∫

−π

χ sinmxdx = 0, m2 < −λ}, dimUu = dimUs + dimkerL, will

be stable and unstable invariant spaces of the linear member of equation (3.1),
respectively.

Theorem 3.3. For any λ ∈ R \ {0}, ν ∈ R+ equation (3.1) in the vicinity of the
zero point has finite-dimensional unstable Ms and infinite-dimensional stable Mu

nvariant manifolds modeled by the spaces Us and Uu, respectively.

Acknowledgment. Further, following [16]–[18], we plan to study numerically
the stability of the stochastic Benjamin-Bona-Mahony equation. To conclude, we
express our sincere gratitude to Professor G.A. Sviridyuk for fruitful discussions
and constructive criticism.
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