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1. Introduction  

In [6] Huaang and Zhaang defined cone metric spaces by generalising  concept of 
metric spaces by replacing the set of real numbers with an orderly Banach space. They 
also developed the idea of completion in the cone metric spaces and explained 
sequence convergence. With the assumption of a cone's normalcy, they showed 
certain common fixed point theorems on contractive mappings of complete cone 
metric space. Various scholars have since generalisedHuaang and Zhaang'sfindings , 
researched on  normal and non-normal cones for fixed point theorems . The Banach 
contraction principle has been applied in a number of studies using fixed points. 
Various authors have developed this principle in the form of contraction mappings. 
There has been a new generalisation of contraction mapping introduced, and 
Beiranvand [2] defined metric spaces on  f contraction mappings on that are 
dependent on another function. The authors have then established Banach pair of 
mappings and  some common fixed point theorems for a satisfying the f HardyRogers 
contraction condition in cone metric spaces in [10]. Moralles and Rojaas [8-9] had also 
proved f Kannan fixed point theorems , f Zamfirescu, and contraction mappings in f 
weakly cone metric spaces, extending the idea of f contraction mappings to cone 
metric spaces. In the next section, we'll require a definition given by Subrahmanyam 
[24] and known as the of type k Banach operator. Chenn and Lii expanded this idea 
to the pair of Banach operator, proving standard fixed theorems various best 
approximation results using for f non expansive mappings [4].  Major aim of this study 
is to develop common fixed point theorems for eight self mappings that meet the fm 
contraction condition on a cone metric space beneath the premise that cone is 
occasionally weakly compatible, and uniqueness is also checked. To back up our 
findings, we provided counter examples. 

Here we define cone metric spaces , some properties. 
 
Defniton2.1  A be a   non empty set. let the mapping h: A × A→ E satisfies 
 (e1) 0 < h(x, y) for all x, y ∈ A and e(x, y) = 0 iff  x = y; 
 (e2) h(x, y) = h(y, x) for every x, y ∈ A; 
 (e3) h(x, y) ≤ h(x, z) + h(y, z) for every x, y, z ∈ A. hence  h is called a cone metric on 
A, and (A, h) is called as cone metric space. 
Defniton 2.2 F-contraction concept given by Wardowski [24] is stated as follows. 

ℱ,  a family of functions and  G: ℝ +⟶  ℝ sustain to following conditions: 
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(H1) H strictly non decreasing, for all 𝑎, 𝑏 𝜖 (0, ∞) such that 𝑎 <  𝑏, 𝐻(𝑎) < 𝐻(𝑏); 
(H2) Any given sequence 𝛽𝑛of positive numbers lim

𝑛 →∞
𝛽𝑛 = 0 iff lim

𝑛 →∞
𝐻(𝛽𝑛) =  −∞; 

(H3) there occurs m∈ (0,1) so that lim
𝛼→0+

𝛼𝑚 𝐹(𝛼) = 0 

Defniton 2.3 Let F: Y→ 𝑌 is a mapping in (Y, d) where d is the metric then F satisfies 
F-contraction principle for f∈ ℱ and there is some 𝜏 > 0 that 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋, 𝑑(𝑇𝑥, 𝑇𝑦) > 0 ⇒ 𝜏 + 𝐹(𝑑(𝐻𝑥, 𝐻𝑦)) ≤ 𝐹(𝑑(𝑥, 𝑦))         (2.1) 

From (H1) and (2.1), F contraction H is contractive such that d(x, y)>d (Hx, Hy) for 
every x≠y∈ X, so it is necessarily continuous. Considering several functions F, we 
obtain various F-contractions. 

Theorem 2.1. [12.Th.2.2] let (Y, d) be cone metric space, G: Y→ 𝑌 is Ciric type 
genralized F-contraction. If H or F is continuous, then H has a unique fixed point in 
X. 
Let us take ℱM as the entire family of continuous functions F:ℝ+ → ℝ 
 
Definition 2.4 consider A and B as a pair of self maps in a cone metric space (Y, d) 
having a coincidence point y ∈ 𝑌 , if Ay=By. And also a point y∈ 𝑌 is common fixed 
point of A and B if A y=B y=y. (A, B), (C, D) be the self maps in a cone metric space 
(X, d) they are possessing a common coincident point if there exist y∈ 𝑌 thus Ay = By 
= Cy = Dy. 
Definition 2.5[21] A pair(S, T) in a cone metric space (X, d) called as 

(i) compatible, if lt
𝑛→∞

𝑑(𝑆𝑇𝑥𝑛 , 𝑇𝑆𝑥𝑛) = 0 , and {𝑥𝑛} is a sequence in X such 

that lt
𝑛→∞

𝑆𝑥𝑛 =  lt
𝑛→∞

𝑇𝑥𝑛 = 𝑡,for all t∈ 𝑋; 

(ii) weakly compatible, if the pair commutes on the set of their coincidence 
points, i. e for  

x∈ 𝑋, Sx =Tx then STx=TSx. 

Definition 2.6[8] Two self maps in a cone metric space (X, d) are occasionally weakly 
compatible (OWC) iff there exists a point x∈ 𝑋 which is a coincidence point of S and 
T at which S and T commute that is  there is  a point x∈ 𝑋  that Sx =Tx and STx=TSx 

Lemma 2.2[8] Let X be a set, S and T are occasionally weakly compatible self maps in 
X . If S and T has an unique point of coincidence w = Sx= Tx for x∈ 𝑋 , then w is a 
unique common fixed point of S and T. 

Definition 2.7. [1] On a cone metric space (X, d) a pair (S, T) has: 

(i) the property(E.A), if there exists a sequence {𝑥𝑛} in X such that lim
𝑛→∞

𝑆𝑥𝑛 =

 lim
𝑛→∞

𝑇𝑥𝑛 = 𝑡,for some t∈ 𝑋; 

(ii)  (CLRS)which denotes the common limit property is given by , if there exists 
a sequence  {𝑥𝑛} in X such that Lt

𝑛→∞
𝑆𝑥𝑛 =  Lt

𝑛→∞
𝑇𝑥𝑛 = 𝑡,for some t∈ 𝑆(𝑋) 

Definition 2.8 
Two pairs (A, S) and (B, T) of self maps of a cone metric space(X, d) are said to satisfy: 

(i) The common property(E.A) is defined as, if there exist two sequences {𝑥𝑛} 
and {𝑦𝑛} in X such that Lt

𝑛→∞
𝐴𝑥𝑛 =  Lt

𝑛→∞
𝑆𝑥𝑛 = Lt

𝑛→∞
𝐵𝑦𝑛 =  Lt

𝑛→∞
𝑇𝑦𝑛 = 𝑧, 

for some z∈ 𝑋 
(ii) The common limit range property with respect to S and T is  denoted by the 

(CLRST), if there exists two sequences{𝑥𝑛}𝑎𝑛𝑑{𝑦𝑛} in X hence that 
Lt

𝑛→∞
𝐴𝑥𝑛 =  Lt

𝑛→∞
𝑆𝑥𝑛 = Lt

𝑛→∞
𝐵𝑦𝑛 =  Lt

𝑛→∞
𝑇𝑦𝑛 = 𝑧, for some z∈ 𝑠(𝑋) ∩

𝑇(𝑋) 
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Definition 2.9. Two self maps (A, S) in a cone metric space (X, d) establishes a ciric 
type FM – contraction if there is 𝐹 ∈ ℱ𝑀 𝑎𝑛𝑑 𝜏 > 0  for all x, y∈ 𝑋 with  
d(Ax, Ay)>0, 

𝜏 + 𝐹(𝑑(𝐴𝑥, 𝐴𝑦))  ≤ 𝐹 (𝑚𝑎𝑥 {𝑑(𝐴𝑥, 𝑆𝑥), 𝑑(𝐴𝑦, 𝑆𝑦), 𝑑(𝑆𝑥, 𝑆𝑦),
𝑑(𝐴𝑥,𝑆𝑦)+𝑑(𝐴𝑦,𝑆𝑥)

2
})   

(2.3) 
Definition 2.10. (A, S) and (B, T) are two self maps of a cone metric space (X, d) 
satisfying a 
ciric type FM – contraction if there exist 𝐺 ∈ 𝐹𝑀  𝑎𝑛𝑑 𝜏 > 0 such that, for all x, y∈ 𝑋 
with 
d (Ax, By)>0, 

𝜏 + 𝐺(𝑑(𝐴𝑥, 𝐵𝑦))  ≤ 𝐺 (𝑚𝑎𝑥 {𝑑(𝐴𝑥, 𝑆𝑥), 𝑑(𝐵𝑦, 𝑇𝑦), 𝑑(𝑆𝑥, 𝑇𝑦),
𝑑(𝑆𝑥,𝐵𝑦)+𝑑(𝐴𝑥,𝑇𝑦)

2
})  

(2.4) 

Proposition 2.1([14]).Let P1, Q1, R1, S1, T 1and U1 be the self maps in a cone metric 
space (X, e) satisfying the following conditions: 

 (𝛼)𝑇(𝑥)  ⊆ 𝑅𝑆(𝑥)(𝑟𝑒𝑠𝑝. (𝛼′)𝑀(𝑥) ⊆ 𝐴𝐵(𝑥)); 

(𝛽) The pair (T, PQ) satisfy the (CLRPQ) property [resp(𝛽′)  pair (U, RS) satisfy the 
(CLRRS) property]; 

 (𝛾)𝑅𝑆(𝑥)𝑖𝑠𝑎𝑐𝑙𝑜𝑠𝑒𝑑𝑠𝑢𝑏𝑠𝑒𝑡𝑜𝑓𝑋(𝑟𝑒𝑠𝑝(𝛾′)𝑃𝑄(𝑥)𝑖𝑠𝑎𝑐𝑙𝑜𝑠𝑒𝑑𝑠𝑢𝑏𝑠𝑒𝑡𝑜𝑓𝑋); 

(𝛿)𝑡ℎ𝑒𝑟𝑒𝑒𝑥𝑖𝑠𝑡𝑠𝜏 > 0𝑎𝑛𝑑𝐺: ℝ+ → ℝhence for all x, y∈ 𝑋 

𝑤𝑖𝑡ℎ𝑒(𝐿𝑥, 𝑀𝑦) > 0, 

𝜏 + 𝐺(𝑑(𝑇𝑥, 𝑈𝑦))  ≤

𝐺 (𝑚𝑎𝑥 {
𝑒(𝑇𝑥, 𝑃𝑄𝑥), 𝑒(𝑈𝑦, 𝑅𝑆𝑦), 𝑒(𝑃𝑄𝑥, 𝑅𝑆𝑦),

𝑒(𝑃𝑄𝑥,𝑈𝑦)+𝑒(𝑇𝑥,𝑅𝑆𝑦)

2

})(2.5) 

Then the pairs (T, PQ) and (U, RS) share the (𝐶𝐿𝑅(𝑃𝑄)(𝑅𝑆)) 
property 

As T(X) ⊆ ST (X) and from the property (E.A.) the two pairs (T, PQ) and (U, RS) has 
common property of (E.A) of the pair (T,PQ), the following result is drawn and its 
proof is similar to preposition 2.1 

 Proposition 2.2 ([11])Let D1,E1,F1,G1,H1,I1 are self maps of a cone  metric space (Y, 
d).let 𝜏 > 0 𝑎𝑛𝑑 𝐺: ℝ+ → ℝ is defined in a way that equation (2.4)and succeeding 
hypothesis hold: 

(1)H1(x) ⊆ F1G1(x); 

(2) (H1, D1E1) fulfills the E.A. property, FG(x) is closed. Then (H1, D1E1) and (I1, 
F1G1) fulfill the common property (E.A.) 

Remark 2.2.([13])the propsition 2.2 guarantees comon property ( E.A.) condition of 
two pairs (H,DE), (I,FG) weaker than  E.A property  (H, DE) , inclusion  of H(x) ⊆ 
FG(x)  

3. MAIN RESULT 

The main result is proved by using Ciric type FM-contraction in 8 self map taking 
(CLR (AB) (ST)) propertey , occasionally weakly compatible. 
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THEOREM 3.1 
Let A1, B1, S1, T1, L1, M1, P1 and Q1 are self mappings of the cone metric space (Y, e) 
.let  the pairs (L1P1, A1B1) , (M1Q1, S1T1) satisfy CLR(A1B1)(S1T1) property and also 
constitute a ciric type 
 FM – contraction condition , hence there exist   f ∈ 𝐹𝑀  ,  𝜏 > 0 for all x, y∈ 𝑌 with 
d(𝐿1𝑃1x, 𝑀1𝑄1y) > 0 
𝜏 + 𝐹(𝑑( 𝐿1𝑃1𝑥, 𝑀1𝑄1𝑦)) ≤

𝐹 (𝑚𝑎𝑥 {
𝑑(𝐿1𝑃1𝑥, 𝑀1𝑄1𝑦), 𝑑(𝐴1𝐵1𝑥, 𝑀1𝑄1𝑦) , 𝑑(𝐴1𝐵1𝑥, 𝑆1𝑇1𝑦), 𝑑(𝐿1𝑃1𝑥, 𝐴1𝐵1𝑋), 𝑑(𝑀1𝑄1𝑦, 𝑆1𝑇1𝑦),

𝑑(𝐿1𝑃1𝑥, 𝑆1𝑇1𝑦)
}) 

(3.1) 

Then there will be a fixed point common for both pairs (L1P1, A1B1) ,(M1Q1, S1T1) 

and, if 

(i) The pairs  (L1P1, A1B1) and (M1Q1, S1T1) are occasionally weakly compatible 
(ii) A1B1 =B1A1, L1P1=P1L1,L1P1A1=A1L1P1 
(iii) S1T1=T1S1,M1Q1=Q1M1,M1Q1S1=S1M1Q1 
(iv) P1x =P1

2x,Q1x=Q1
2x for all x𝜖𝑋 

Then A1, B1, S1, T1, L1, M1, P1 and Q1 will have a single common fixed point in X 

EVIDENCE: 

The fact that the pairs (L1P1, A1B1) , (M1Q1, S1T1) satisfy the (CLR (AB) (ST)) property  
equivalient to the existence of two sequences {𝑥𝑚}, {𝑦𝑚} in Y such that 

 lim
𝑚→∞

𝐿1𝑃1𝑥𝑚 = lim
𝑚 →∞

𝐴1𝐵1𝑥𝑚 = lim
𝑚 →∞

𝑆1𝑇1𝑦𝑚 =  lim
𝑚 →∞

𝑀1𝑄1𝑦𝑚 = 𝑡 

 And  𝑡 ∈ 𝐴1𝐵1(𝑌) ∩ 𝑆1𝑇1(𝑌)  (3.2) 

As  g∈ 𝐴1𝐵1(𝑌),  exist a u∈ 𝑌   that A1B1u =g. also since g∈ 𝑆1𝑇1(𝑌), a point w∈ 𝑌 is 
that S1T1w =g 

We claim that d (t, 𝑀1𝑄1v) = 0,  on the contrary suppouse that  d (t, M1Q1v) = c >0 
then there exist 𝜀 > 0, 𝜀 < 𝑐 , n ∈ 𝑁 hence that d (L1P1xn, M1Q1v) >𝜀 for every n≥ 𝑁 
take x=xn and y=v in (3.1) we get 

𝜏 + 𝐹(𝑑(𝐿1𝑃1𝑥𝑛 , 𝑀1𝑄1𝑣))

≤ 𝐹 (𝑚𝑎𝑥 {
𝑑(𝐿1𝑃1𝑥𝑛, 𝑀1𝑄1𝑉), 𝑑(𝐴1𝐵1𝑥𝑛 , 𝑀1𝑄1𝑣) , 𝑑(𝐴1𝐵1𝑥𝑛, 𝑆1𝑇1𝑣), 𝑑(𝐿1𝑃1𝑥𝑛, 𝐴1𝐵1𝑥𝑛), 𝑑(𝑀1𝑄1𝑉, 𝑆1𝑇1𝑣),

𝑑(𝐿1𝑃1𝑥𝑛 , 𝑆1𝑇1𝑣)
}) 

For every n≥ 𝑁. By applying the limit into the above inequality, using (3.2) and the 
continuity of F at C, we get 

 𝜏 + 𝐹(𝑐)  ≤ 𝐹(𝑚𝑎𝑥{0, 𝑐, 0, 𝑐}) = 𝐹(𝑐) 

that is a contradiction  
hence d (t, 𝑀1𝑄1𝑣) = 0 which gives that=𝑀1𝑄1𝑣 
hence t=𝑆1𝑇1v = 𝑀1𝑄1𝑣 that shows that v is a coincident point of pair (𝑀1𝑄1, 𝑆1𝑇1) 
Similarily, we can also obtain t=𝐿1𝑃1u = 𝐴1𝐵1 u, so u is a coincident point of pair 
(𝐿1𝑃1, 𝐴1𝐵1) 
Since the pair (𝐿1𝑃1, 𝐴1𝐵1) is occasionally weakly compatible hence by the definition 
there exists a point  
u ∈ 𝑋 such that 𝐿1𝑃1u =𝐴1𝐵1u and 𝐿1𝑃1 (𝐴1𝐵1) u = (𝐴1𝐵1)𝐿1𝑃1u,  since the pair 
(𝑀1𝑄1,𝑆1𝑇1) are occasionally weakly compatible so by definition there exists a point 
v∈ 𝑋 such that 
𝑀1𝑄1v = 𝑆1𝑇1 v and 
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𝑀1𝑄1 (𝑆1𝑇1)v = 𝑆1𝑇1 (𝑀1𝑄1)v 
Hence 𝐿1𝑃1u=𝐴1𝐵1u=𝑀1𝑄1𝑣 =𝑆1𝑇1v 
Hence, if there is one more point z such that 𝐿1𝑃1z=𝐴1𝐵1z then using (1) it follow that 
𝐿1𝑃1z=𝐴1𝐵1z=𝑀1𝑄1𝑣 =𝑆1𝑇1v 

we assert that d (𝐿1𝑃1z, 𝑀1𝑄1v) = 0 

Suppouse on the contradicton assume that d (𝐿1𝑃1z, 𝑀1𝑄1𝑣) >0 

𝜏 + 𝐹(𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣))

≤ 𝐹 (𝑚𝑎𝑥 {
𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣), 𝑑(𝐴1𝐵1𝑧, 𝑀1𝑄1𝑣), 𝑑(𝐴1𝐵1𝑧, 𝑆1𝑇1𝑣), 𝑑(𝐿1𝑃1𝑧, 𝐴1𝐵1𝑧)𝑑(𝑀1𝑄1𝑣, 𝑆1𝑇1𝑣) ,

𝑑(𝐿1𝑃1𝑧, 𝑆1𝑇1𝑣),
}) 

𝜏 + 𝐹(𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣)) ≤ 𝐹(𝑚𝑎𝑥{𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣), 0,0,0,0,0 }) 

𝜏 + 𝐹(𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣)) ≤ 𝐹(𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑣)) 

that is a contradiction, hence d (𝐿1𝑃1z, 𝑀1𝑄1𝑣) = 0 which shows that 𝐿1𝑃1z = 𝑀1𝑄1𝑣 

hence𝐿1𝑃1z=MQz, 𝑀1𝑄1𝑣 =𝑆1𝑇1v 

So, 𝐿1𝑃1u=𝐿1𝑃1z and w= 𝐿1𝑃1u=𝐴1𝐵1u is a single point of coincident of 𝐿1𝑃1 and 
𝐴1𝐵1 

From the lemma , w is a unique common fixed point of 𝐿1𝑃1 , 𝐴1𝐵1 i. e.  w= 
𝐿1𝑃1w=𝐴1𝐵1w 

Similarly there is a unique point z∈ 𝑋 such that z=𝑀1𝑄1z=𝑆1𝑇1z 

Distinctiveness: 

Assume   that w≠ 𝑧 taking inequality (1) for x=w, y=z we obtain 

𝜏 + 𝐹(𝑑(𝐿1𝑃1𝑤, 𝑀1𝑄1𝑧))

≤ 𝐹 (𝑚𝑎𝑥 {
𝑑(𝐿1𝑃1𝑤, 𝑀1𝑄1𝑧), 𝑑(𝐴1𝐵1𝑤, 𝑀1𝑄1𝑧), 𝑑(𝐿1𝑃1𝑤, 𝐴1𝐵1𝑤), 𝑑(𝑀1𝑄1𝑧, 𝑆1𝑇1𝑧), 𝑑(𝐴1𝐵1𝑤, 𝑆1𝑇1𝑧),

𝑑(𝐿1𝑃1𝑤, 𝑆1𝑇1𝑧)
}) 

≤ 𝐹(𝑚𝑎𝑥{𝑑(𝐿1𝑃1𝑤, 𝑀1𝑄1𝑧), 𝑑(𝐿1𝑃1𝑤, 𝑀1𝑄1𝑧), 𝑑(𝐿1𝑃1𝑤, 𝑀1𝑄1𝑧), 0,0 }) 

𝜏 + 𝐹(𝑑(𝑤, 𝑧)) ≤ 𝐹(𝑑(𝑤, 𝑧)a contradiction, therefore 𝑑(𝑤, 𝑧) = 0 hence w=z 

Therefore z is an unique common fixed point of the mappings 𝐿1𝑃1, 𝑀1𝑄1, 𝐴1𝐵1 and 
𝑆1𝑇1 

Lastly we should show that z is a common fixed point of A, B, S, T, L, M, P and Q 

Again taking x=z, y= 𝑆1 z in (1) with the assumption that d (𝐿1𝑃1z ,𝑀1𝑄1𝑆1z)≠ 0, 

From condition (iii) we have  

F (d (𝐿1𝑃1z, 𝑀1𝑄1𝑆1z)) = F (d (z, 𝑆1z)) 

≤ 𝐹 (𝑚𝑎𝑥 {

𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑆1𝑧), 𝑑(𝐴1𝐵1𝑧, 𝑀1𝑄1𝑆1𝑧), 𝑑(𝐴1𝐵1𝑧, 𝑆1𝑇1𝑆1𝑧),
𝑑(𝐿1𝑃1𝑧, 𝐴1𝐵1𝑧), 𝑑(𝑀1𝑄1𝑆1𝑧, 𝑆1𝑇1𝑆𝑧),

𝑑(𝐿1𝑃1𝑧, 𝑆1𝑇1𝑆1𝑧)
}) −  𝜏 

= F (max{𝑑(𝑧, 𝑆1𝑧), 𝑑(𝑧, 𝑆1𝑧), 0,0, 𝑑(𝑧, 𝑆1𝑧)}) −  𝜏 

= F (d (z, 𝑆1 z))- 𝜏 < 𝐹(𝑑(𝑧, 𝑆1𝑧)) 
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That is a contradiction  

Hence d (𝐿1𝑃1z, 𝑀1𝑄1𝑆1z) = d (z, 𝑆1z) = 0, i.e., z=𝑆1 z 

Thus z=𝑆1S z=𝑆1𝑇1z=𝑇1𝑆1z=𝑇1Z 

Similarly we also can show that 

z= Az =𝐴1𝐵1z=𝐵1𝐴1 z=𝐵1z 

Since 𝑃1 z=𝑃1
2z, 𝑄1 z=𝑄1

2z and 𝐿1𝑃1=𝑃1𝐿1, 𝑀1𝑄1=𝑄1𝑀1 

One has z=𝐿1𝑃1z=𝐿1𝑃1𝑃1 z=p𝐿1𝑃1z=𝑃1z ⟹ 𝐿1𝑧 = 𝑧 

z=𝑀1𝑄1z=𝑀1𝑄1𝑄1 z=𝑄1𝑀1𝑄1z=𝑄1z ⟹ 𝑀1𝑧 = 𝑧 

Therefore in the view of above foresaid, we have 

z=  A1z = B1z= L1z = M1z = S1z = T1z = P1z = Q1z 

Which shows that A1, B1, S1, T1, L1, M1, P1 and Q1has a common fixed point z in X 

Now we try to show that this common fixed point is unique 

Take up that W is another common fixed point of A1, B1, S1, T1, L1, M1, P1 and 
Q1with w≠ 𝑧.It follows that 

w= A1w = B1w = L1w = M1w = S1w = T1w = P1w = Q1w 

taking x=z and y=w in (1) we have 

F (d (𝐿1𝑃1z, 𝑀1𝑄1w))  

≤ 𝐹 (𝑚𝑎𝑥 {

𝑑(𝐿1𝑃1𝑧, 𝑀1𝑄1𝑤), 𝑑(𝐴1𝐵1𝑧, 𝑀1𝑄1𝑤), 𝑑(𝐴1𝐵1𝑧, 𝑆1𝑇1𝑤),
𝑑(𝐿1𝑃1𝑧, 𝐴1𝐵1𝑧), 𝑑(𝑀1𝑄1𝑤, 𝑆1𝑇1𝑤),

𝑑(𝐿1𝑃1𝑧, 𝑆1𝑇1𝑤),
}) −  𝜏 

=𝐹(𝑚𝑎𝑥{𝑑(𝑧, 𝑤), 𝑑(𝑧, 𝑤), 𝑑(𝑧, 𝑧), 𝑑(𝑤, 𝑤), 𝑑(𝑧, 𝑤)}) – 𝜏 

= F (max{d (z, w),d(z,w),d(z,w),0,0,d(z,w)}) - 𝜏 

< F (d (z, w)) 

That  is a contradiction  

Therefore  d (z, w) =0, i. e z=w 

Thus A1, B1, S1, T1, L1, M1, P1 and Q1has an unique common fixed point z in X 

The proof is whole 

Assume g=IX (or f=IX) in theorem3.1, we can acquire common fixed point results in 
seven maps and its coincidence 

Corolary 3.1. (Y, d)  is a cone metric space from which self maps  P, Q, R, S, T , U  
and V are taken let the pairs (TV, PQ) and (U, TL) fulfill (CLR (PQ) (TL)) property , Ciric 
type  FM-contraction, i.e., there is  F∈ ℱ𝑀    and 𝜏 > 0 , for every  x, y∈ 𝑌 𝑤𝑖𝑡ℎ 𝑑(Tfx, 
Uy) >0, 
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𝜏 + 𝐹(𝑑(𝑇𝑓𝑥, 𝑈𝑦))

≤ 𝐹 (max {

𝑑(𝑇𝑓𝑥, 𝑃𝑄𝑥), 𝑑(𝑇𝐿𝑦, 𝑈𝑦), 𝑑(𝑃𝑄𝑥, 𝑇𝐿𝑦),

𝑑(𝑃𝑄𝑥, 𝑈𝑦) + 𝑑(𝑇𝑓𝑥, 𝑇𝐿𝑦)

2

}) (9) 

Then a common fixed point exists for (T, PQ) and (U, TL)  

And also 

(a) (TV, PQ) and (U,TL) are occasionally weakly compatible; 

(b)PQ = QP, Tf=fT, TfP=PTf; 

(c)TL=LT, UgL=LUg; 

(d)Vx =V2x, for all x∈ 𝑌; 

henceP, Q, R, S, T , U  and V will have exclusive common fixed point in Y. 

common fixed points for six self maps can be attained by taking V=g=Ix in theorem 
3.1 

Corolary 3.2. 

In a cone  metric space (Y,d) we take the self maps as P, Q, R, S, T , U  . (T, PQ) and 
(U, RS) satisfy (CLR (PQ) (RS)) as they are Ciric type FM-contraction, i.e. , we have  
ℱ ∈ 𝐹𝑀    , 𝜏 > 0 so that, for all x, y∈ 𝑌 𝑤𝑖𝑡ℎ 𝑑(Tx, Uy) >0, 

𝜏 + 𝐹(𝑑(𝑇𝑥, 𝑈𝑦)) ≤

𝐹(max {
𝑑(𝑇𝑥, 𝑃𝑄𝑥), 𝑑(𝑅𝑆𝑦, 𝑈𝑦), 𝑑(𝑃𝑄𝑥, 𝑅𝑆𝑦),

𝑑(𝑃𝑄𝑥,𝑈𝑦)+𝑑(𝑇𝑥,𝑇𝐿𝑦)

2

})  (3.3) 

Then both pairs (T, PQ) and (U, RS) will  have a common fixed point. 

and 

(a) (T,PQ) , (U,RS) are occasionally weakly compatible; 
(b) PQ = QP, TP=PT; 
(c) RS=SR,UR=RS; 

Hence  P, Q, R, S, T , U has a unique common fixed point in Y. 

Coincident and common fixed points for five self maps can be achieved if we take 
T=Ix in corollary 3.2, 

 

Corollary 3.3. 
In a cone metric space (Y, d) we take the self maps as P, Q, R, S, T , U. (T, PQ) and 
(U, RS) satisfy (CLR (PQ) (RS)) property and they are Ciric FM-contraction, i.e , we have  
ℱ ∈ 𝐹𝑀   and𝜏 > 0 so that, for all x, y∈ 𝑌 𝑤𝑖𝑡ℎ 𝑑(Tx, Uy) >0, 

𝐹(𝑑(𝑇𝑥, 𝑈𝑦)) ≤

𝐹 (max {
𝑑(𝑇𝑥, 𝑃𝑄𝑥), 𝑑(𝑅𝑦, 𝑈𝑦), 𝑑(𝑃𝑄𝑥, 𝑅𝑦),

𝑑(𝑃𝑄𝑥,𝑈𝑦)+𝑑(𝑇𝑥,𝑅𝑇𝑦)

2

}) −  𝜏  (3.4) 

Then both pairs (S, PQ) and (U, R) has a common fixed point. 

and 
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(a) (S,PQ) , (U,R) are occasionally  weakly compatible; 
(b) PQ = QP, SP=PS; 
(c) RU=UR; 

Hence  P, Q, R, S, T , U  have a unique common fixed point in Y. 

outcomes for four self-maps, can be obtained if B =T=IX in corollary 3.3which is listed 
as follows: 

Corollary3.4. 
In (Y, d) cone metric space the self maps P,   Q,   R, S, T are taken, (S, P) and (T, R) 
fulfill (CLR (PR)) property, Cirictype  FM-contraction. (S, P) , (T, R) has a common fixed 
point and also are weakly compatible, SP=PS, TR=RT, so that P, Q, R, S, T has a 
unique common fixed point in Y. 
 
 
The following examples are given to suppourt the key results. 

Exaample 3.1.Assume  Y = [1,∞) and  d be a Euclidean metric  given by d(x, y) 
=|𝑥 − 𝑦|, for every  

x, y∈ 𝑌. Define A, B, S, T, L,  M: Y → 𝑌 by 

𝐴𝑦 =  {

2, if y = 1,2
5, if y ∈ [1,3) − {1,2},

1, if y ≥ 3
𝐵𝑦 =  {

 2, if y = 1,2

4, if y ∈ [1,3) − {1,2}
1, 𝑖𝑓 𝑦 ≥ 3

 

𝑆𝑦 =  {

2, 𝑖𝑓 𝑦 = 1,2

    8, 𝑖𝑓 𝑦 ∈ [1,3) − {1,2}
1, 𝑖𝑓 𝑦 ≥ 3

𝑇𝑦 = {

2, if y = 1,2
 3, if y ∈ [1,3) − {1,2},

 1, if y ≥ 3
 

𝐿𝑦 = {
2, if y = 1,2

5, if y ∈ [1,3) − {1,2},
1, if y ≥ 3

𝑀𝑦 = {
2, if y = 1,2

9, if y ∈ [1,3) − {1,2},
1, if y ≥ 3

𝑔𝑦

= {
2, if y = 1,2

7, if y ∈ [1,3) − {1,2},
1, if y ≥ 3

𝑓𝑦 =  {
2, if y = 1,2

6, if y ∈ [1,2) − {1,2},
1, if y ≥ 3

 

Hence, 

𝐿𝑓𝑦 =  {
2, if y = 1,2 and y ≥ 3

1, if y ∈ [1,3) − {1,2}
𝑀𝑔𝑦 =  {

2, if y = 1,2 and y ≥ 3

1, if y ∈ [1,3) − {1,2}
 

sequences  are{𝑥𝑛} and {𝑦𝑛} in Y and xn=3+
1

𝑛
,yn =2 and  

 lim
𝑛→∞

𝐿𝑓𝑥𝑛 = lim
𝑛→∞

𝐿𝑓(3 +
1

𝑛
) = 2, 

 lim
𝑛→∞

𝐴𝐵𝑥𝑛 = lim
𝑛→∞

𝐴𝐵(3 +
1

𝑛
) = 2, 

And 

 lim
𝑛→∞

𝑀𝑔𝑦𝑛 = lim
𝑛→∞

𝑀𝑔(2) = 2, 

 lim
𝑛→∞

𝑆𝑇𝑦𝑛 = lim
𝑛→∞

𝑆𝑇(2) = 2, 
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Hence, lim

𝑛→∞
𝐿𝑓𝑥𝑛 = lim

𝑛→∞
𝐴𝐵𝑥𝑛 = lim

𝑛→∞
𝑀𝑔𝑦𝑛 = lim

𝑛→∞
𝑆𝑇𝑦𝑛 = 2, 2∈ 𝐴𝐵(𝑋) ∩ 𝑆𝑇(𝑋), i. 

e 

 (Mg, ST) , ( Lf, AB) satisfies the (CLR (AB) (ST)) property. 

hence, Lfy= ABy =2, Mgy=STy=2, where y∈ {1,2, } , y≥ 3, 𝑖. 𝑒, (Mg, ST) (Lf, AB) , have  
coincident points in Y. 

Also ,LfABy= ABLfy, MgSTy = STMgy, where y∈ {1,2} and y≥ 3, 𝑖. 𝑒  (Mg, ST) ,(Lf, 
AB) are occasionally weakily compatible and  AB = BA, fL = Lf, Mg = gM, ST =

TS, LfA =  ALf, MgS = SMg,f2=f, g2=g. also, A, B, S, T, L, M, f , g satisfy ciric type FM- 
contraction assumption (5) for 𝜏 = ln 3 and F(∝) = ln ∝ 

Therefore y=2  will be an unique common fixed point of A, B, S, T, L, M, f , g 

4. Conclusion 

Our key results demonstrated fixed points using (CLR (AB) (ST)) property by 
implementing eight maps on a cone metric space. Occasionally weakly compatibility 
condition is more weakly than commutativity of the maps. F- Contraction mapping, 
an appropriate overview of Banach contraction, our outcomes shorten, outspread and 
expand results of Wardowski [25], various other authors in the literature.  
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[15] G.Minak,A.Helvac, I.Altum, Ćirić type generalizedF- contractionson complete metric spaces 
andfixedpointresults,Filomat, 28(6):1143-1151, 2014. 

[16] H.Piri,P.Kumam,SomefixedpointstheoremsconcerningF-contactionincomplete spaces, Fixed 
Point Theory Appl., 210:11 pages, 2014. 

[17] S.Reich, some remarks concerning contraction mappings, canad. Math. Bull., 14:121-124, 
1971. 

[18] A.Roldan, W.Sintunavarat, common fixed point theorems in fuzzy metric spaces using the 
CLRg property, FUZZY Sets and systems, 282:131-142,2016. 

[19] K.P.R.Sastry,I.S.R.KrishnaMurthy,Commonfixedpointsoftwopartiallycommutingtangential
self mapsonametricspace,J.Math.Anal.Appl.,250(2):731–734,2000. 

[20] N. A. Secelean,IteratedfunctionsystemsconsistingofF-
contractions,FixedPointTheoryAppl.,2013:227,2013. 

[21] N. A.Secelean, D.Wardowski, ψ F-contractions:NotNecessarilyNon 
exspansivePicardoperators,ResultsMath.,70:415–431,2016. 

[22] S.Sessa,Onaweakcommutativityconditionofmappingsinfixedpointconsiderations,Publ.Inst.M
ath., (Beogard)(N.S.)32(46):149-153,1982. 

[23] W.Sintunavarat,P.Kumam,Commonfixedpointtheoremsforapairofweaklycompatible 
mappingsinfuzzymetricspaces,J.Appl.Math., Article ID 637958,14 pages,2011. 

[24] P V subrahmanyam, remarks on some fixed point theorems related to banach contraction 
principle, J.maths.Phys,sci8(1974)445-457. 

[25] D.Wardowski,Fixedpointsofanewtypeofcontractivemappingsincompletemetricspaces, Fixed 
Point Theory Appl.,94, 6 pages,2012. 

[26] Tomar,Giniswamy,C.Jeyanthi,P.G.Maheshwari,CoincidenceandCommon Fixed Point of F 
contractions via CLRST property, Surv. Math. Appl., 11:21-31, 2016. 

[27] M. Turinici, Wardowski implicit contractions in metric spaces, arX-iv: 1211.3164. 
[math.GN], 2012. 

[28] F.Vetro,F-contractionsofHardy–Rogerstypeandapplicationtomultistagedecesionprocess, 
Nonlinear Anal. Model. Contr., 24(4): 531-546, 2016. 

[29] M. Aamri, D.E.Moutawakil, 
Somenewcommonfixedpointtheoremsunderstrictcontractiveconditions,J.Math.Anal.Appl.,2
70(1):181–188,2002. 

[30] R.Batra,S.Vashistha,P.Kumam,CoincidencePointTheoremforaNewTypeofContractionon 
Mericspaces,Int.J.Math.Anal.,8(27):1315–1320,2014. 

[31]   D.Wardowski and N . V .Dung,FixedpointsofF-
weakoncompletemetricspaces,Demonstratio.Math.,47(1):146–155,2014.  

[32]    L.G.Huang,X. Zhang, Cone Metric Spaces and Fixed  Point Theorems of Contractive 
mappings,J.Math.Anal.Appl.,332(2007), 1468-1476 

 

P. Lakshmi Pallavi: Assistant Professor in Mathematics, B V Raju Institute of 

Technology, Narsapur, Medak, Telangana State, 502313 

E-MAIL:lakshmipallavi.p@bvrit.ac.in 

P. SrikanthRao: Assistant Professor in Mathematics, B V Raju Institute of 

Technology, Narsapur, Medak, Telangana State, 502313 

E-MAIL: srikanthrao.p@bvrit.ac.in 

M.Rangamma: Retired Professor in the Department of Mathematics, Osmania 

University, Telangana 

332

http://arxiv.org/abs/1211.3164
mailto:srikanthrao.p@bvrit.ac.in


 

 
 
 

 


