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PROPERTIES AND MATRIX SEQUENCES OF DERIVED K- JACOBSTHAL,
DERIVED K- JACOBSTHAL LUCAS
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Abstract.In this paper we delineate Derived k- Jacobsthal and Derived k-
Jacobsthal Lucas Matrix Sequences. We analyze some properties of Derived k-
Jacobsthal and Derived k- JacobsthalLucas, we show some relationship between

them.[1,2,3,4,5].
KEYWORDS: Derived k- Jacobsthal and Derived k- Jacobsthal Lucas Matrix

Sequences.
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1. Introduction

Determined k-Jacobsthal, Derived k-Jacobsthal Lucas Sequences are talked about by
not many of the authors. In this examination we investigate a portion of the
properties of Derived k-Jacobsthal, Derived k-Jacobsthal Lucas. [6,7,8,9]Then by
utilizing these arrangements we likewise characterize Derived k-Jacobsthal Matrix
Sequences, Derived k-Jacobsthal Lucas Matrix Sequences .Integer sequences such as
Fibonacci, Lucas ,Jacobsthal, Jacobsthal Lucas ,Pell charm us with their abundant
applications in science and arts and very interesting properties[10,11,12]. Many of
these properties are deduced from elementary matrix algebra. In this study, we define
Derived k-Jacobsthal ,Derived k-Jacobsthal Lucas Sequences[13,14].Then by using
these sequences we also define Derived k-Jacobsthal Matrix Sequences , Derived k-
Jacobsthal Lucas Matrix Sequences. We discuss some properties of these
sequences[15].
2. Definition
For n€ N, any positive real number k, the Derived k- Jacobsthal Sequence{D}, ,} is
defined by
Djkn+1 = kDjxn — 2Dfxn-1 forn=1
o
with initial condition Dj, ;= 0,Djf, , =1
First few terms of Derived k-Jacobsthal sequences are given by
Djio = 0,Dji,1 = 1,Djy, = k, Dji 3 = k? — 2,Djyq = Kk — 4k, Djys
=k*—-6k*+4

For n€ N, k>0 any real number then Derived k- Jacobsthal Lucas Sequence {D(',‘\k,n}

is defined
by Dék,?’l+1 = kDék,n - ZDék,n—l fOT'Tl 2 1
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with initial condition D¢y = 2,Dé,1 = k, 2)

First few terms of Derived k-Jacobsthal Lucas sequences are
Déo=2,Dé,, =k,Déy, =k*—4,D¢,3 =k —6k,Dé, = k* —8k*+8

3. BINET FORMULA
For n=>0 any integer, the Binet formula for n "Derived k- Jacobsthal, Derived k-

Jacobsthal Lucas number are given by

k+Vk2-8 k—k2%2-8
HER Vi 5 (3)

2

it -1
~ = . 2= noy n _
Djy ma— Ddn=11"+ 1" where 1 2

The characteristic Equation associated to (1) is x* = kx-2 .We can easily seen rp.r; = 2,

1’1+1’2=k,

ri-n= Vk2—8.

4. MAIN RESULTS
1. PROPERTIES OF DERIVED kJACOBSTHAL AND DERIVED k-
JACOBSTHAL LUCAS
THEOREM 1:1 - DOCAGNE’S PROPERTY FOR DERIVED k
JACOBSTHALANDDERIVED k-JACOBSTHAL LUCAS
a.D i m Dik.ns1- Div.m+ 1Dj.n = 2"Dfk.m-n Form=n and n,m € z*
Proof:

By Using (3)
. . . . M AL _ndl mdl _mal gn_n
D]k,mD]k,n*l‘D]k,mle_lk,n= 1 z . 1 z 1 z . . z
-T2 -T2 -T2 -T2
Fm-n _,m-n
= ( 1 I'z) nil "z
Ty
= ZI]D]’L ,m-n
b. Form= n and n,m€ z* we have
A A A A _ 7 n A
Dck,m+1 Dck,n -D Crm Dck,n+1 - (k 8)2 Dck,m—n
Proof:
By Using (3)

Dék,m+1 Dék,n 'Dék,m D(,A‘k’m_1 ™ ™) (0 4 ) - (0™ ™) (@ Y
=(ri0) (" )@+ ™)

=/(k2 —8)2°Déy. men

THEOREM 1:2- CATALAN'S PROPERTY FOR DERIVED kJACOBSTHAL
AND DERIVED

k-JACOBSTHAL LUCAS

D neDin-Dia=1D2""D{., Fornr€ z*

Proof:

DiiosDfne-Dfen = L e M G
T T3 (ry—13)

oy 2" (% -2)

=(12" D i

b. For n,r € z* we have Déy 4 Déy i — Déyry 2 = 2n7(K28)
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Proof:

Doing the same procedure as in the above we can prove it

THEOREM 1:3 - CASSINI ‘S PROPERTIY OR SIMPSON PROPERTY FOR
DERIVED k-JACOBSTHAL AND DERIVED k-JJACOBSTHAL LUCAS
Put r = 1 in Catalan’s property we get Cassini’s property
For n,r€ z* we have

Dt Diiona-D i =12

Déins1Dén-y — Dl ® = 2 (K*8)
REIATION BETWEEN DERIVED kJACOBSTHAL AND DERIVED k-
JACOBSTHAL LUCAS AND THE ROOTS a, 8
La"=aDijin-2Dji a1
28" =BDij 2Dk ,m
3Vk2—=8a" = aDCy, — 2D,
4k —8B" = BDén — 2DCxns
Proof:

atopn _qn=1_ gn-1

2.BD i v 2D fu 0= B 25

L (B = ) — 2(a" = )
1 pn+1 -1y _
(26 =
3.aDén — 2D 6 pq = a(a® + ") — 2(a™ 1 + gL
= an+1 _ Zan—l — (Xn((l — B)= k2 — 8a™
Other proofs can be done in a similar way.

THEOREM 1.4

The limit of the quotient of two consecutive terms of Derived k-Jacobsthal and

Derived k-Jacobsthal Lucas sequences are

j j
lim —20*1 = o Jim —X0¥L -
n—oo ]k n n—-oo C]k n
Proof:

By Binet formula

7 n+1 n+1
D]k,n+1 a - ﬁ

A

]k,n

= lim

lim —_—
o gt — fB"

n-oo

) 1_(§)n+1

@ =
1 B 1
E_(E)n+1E

Taking into the account that |8]| < @, sincelim (5)" =0.
n—oo

THEOREM 1:5 GENERATING FUNCTIONS
a. DERIVED k- JACOBSTHAL

n
ZD" P S
- i 1— kx + 2x?
i=

Proof:
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Let us suppose that the Derived k-Jacobsthal numbers are the coefficient of a power
series centred at
the origin and consider the corresponding analytic functionDj(x) the function
defined in such a
way is called the generating function of the Derived k-Jacobsthal number.
Djk(®) = Djk 0 + Dji,1X + Dy oX* 4+ + Dy nX"
kxDj (x) = kKDj o + k Djy 1x* 4+ Djy ,x* 4 -+ + KDj . nx"**
2x%Dj (%) = 2Dfy ox* + 2 Djy 1 %3 + -+ + 2Dfy ,x"*2
since Djyni1 = kDfyn = 2Dfin-1  forn =1 withinitial condition Dj,
=0,Dj,, =1
(1 kx+ 2x) Df (%) = x

Hence generating function of Derived k- Jacobsthal is

D -
Z et ¥ = kx+2x2

b. DERIVED k- JACOBSTHAL LUCAS

i G yim 2—kx

£ T T Tt 2a?
i=0

Proof:

Doing the same procedure as in the above we get the result.

THEOREM 1:6 - THE EXPONENTIAL GENERATING FUNCTIONS OF
DERIVED k- JACOBSTHAL.

DERIVED k- JACOBSTHAL LUCAS

0 ~ xt 1
Xizo Diki 57 755 (e™* —ef)

Proof:

i Coxl wai_ﬁixi
ZD]k,i-_,zz o
, il Laa-p 1

(OfX)l (Bx)!

=

\/kz_(eax eﬁx)

a Y oDCk1 - e 4 ghx
Proof :
Doing the same procedure as in the above we get the result.
THEOREM 1:7(Generating function for the Equidistant elements of Derived k-
Jacobsthal Sequence and Derived k- Jacobsthallucas Sequence)
Let n > 0 any integer and |a‘x| < 1 and |B%x| < 1 then

z Dj, . x™ = —D]k'i al
s ki T DG, x o+ 202
n=
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i Déy " = 2+x(a'+ B Djy;
1-— Dék'ix + Zixz
=

Proof:

Using (3) and geometric series we obtain
( ﬁln
Dj —Z x™
Z Jn @-p)
! ( 11 )
(a=p) \1-aix 1-Bix
-1 (a'=B")x
(a-B) \1-x(ai+pi)+x22{

Djk'i x
1-Déyj x+2ix2

Using the same procedure as in the above we get the result for Derived k-Jacobsthal
Lucas
EXPLICIT EXPRESSION FOR CALCULATING THE GENERAL TERM OF
THE DERIVED
K-JACOBSTHAL SEQUENCE
=
P

1 n . .
A _ n-1-2in,2 _ i
Phien = 201 Z (21+ PR - 8)

i=0
Where |a] is the floor function of a

Proof:

by, = L ((k+\/k2—8>n <k—\/k2—8>n)
kn — -

k2 —8 2 2

_ k;_s{ n((l S (1 @)“)}
J—{ (enieteen () -

= Lyl J(21+1)kn—1—21(kz _g)i
1. DERIVED k- JACOBSTHAL AND DERIVED k- JACOBSTHAL LUCAS
MATRIX SEQUENCES
DEFINITION
By the definition of Derived k- Jacobsthal , we define Derived k- Jacobsthal Matrix
Sequence

For n€ N, k>0 any real number(D]k,n)nEN is defined by
DJkn+1 = kDJxn = 2DJgn-1  forn=1

N

,_

4)
. . (1 0 (k =2
With initial condition D], —( 0 1) DJi1 —( 1 0 )
DEFINITION

By the definition of Derived k-Jacobsthal Lucaswe define Derived k- Jacobsthallucas
Matrix

Sequence For n€ N, k > 0 any real number,(DCkln)nEN is defined by
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DCynss = kDCyp —2DCppy forn=1
5)

2 _— —_—
With initial condition DCyo =( k®—4 Zk)

k —4

Derived k-JacobsthalLucas ~ matrix

k 4
5
Derived k—]acobsthal(D]k,n)

DC, =(

neN
sequences (Dckr“)new are defined by carrying to matrix theory k-Jacobsthal, k-
Jacobsthal Lucas sequences.

The following theorem shows the n” general term of the Derived k-Jacobsthal matrix
sequences,

Derived k-Jacobsthal Lucas matrix sequences given in (4),(5)

THEOREM:2.1 For n€EN, k>0 any real number we  have
_ Djk,n+1 _ZDjk,n
D et ©
J kn J kn-1

Proof:
Using Principle of Mathematical Induction We are going to prove this theorem.
Let us consider n=1 in(6)
We know that Df, o = 0,Dj, , = 1,Dj, , =k,
DJy, = <Djk,2 _ZDjk,1>
k1 — a a
' \Djy —2Djy,
k -2

D]k,l = (1 0 )

For n=2 we get

Dir = (kzk— 2 _—sz)

Let us assume that the equality holds for all m < ne Z*
To end up the proof we have to show that the case holds for n+1
DJkn+1 = kDJxn —2DJkn-1
(Djk,n+1 _ZDjk,n > 2( Djk,n _ZDjk,n—1>
Djk,n _ZDjk,n—l Djk,n—l _ZDjk,n—Z
kDj, .1 —2Dj,,,  —2(kDjkn — 2Djin-1)
=(kka,n ~2Djy g —20Dfp-1— znfk,n_z>>
_ (Djk,n+2 _ZDjk,n+1)
Djk,n+1 _ZDjk,n
COROLLORY (i) For mn€ N, Det D], ,™=2"
Proof:

For m = 1 it can be easily seen that (D], ) = 2
We can write DJi »™ = DJin. DJiaDJinDin
=2.2. 2. 2=2"
Djk,2n+1 _ZDjk,Zn
Djk,Zn _ZDjk,Zn—l

D_]k‘n

COROLLORY (i) Let M " = ( ) be defined as in (6) then

Det(M ") = 22
Proof :

It can be easily done by Principle of Mathematical Induction.
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THEOREM:2.2 For n€N, k>0  any real number we have
_ Dék,n+1 _ZDék,n

DCkYn_( Dék,n _ZDék,n—1> (7)

Proof:

Applying Principle of Mathematical Induction and Using DCj 41 = kDCy, —
2DCyp—y

doing same procedure as in Theorem :2.1we can prove it.

THEOREM :2.3 For mn€ N, k>0 any real number then DJypmin =
DJkm-DJkn »

Proof:

It’s proven by Principle of Mathematical Induction

Applying Dho=(§ ), DJinss = KDJign = 2DJinos and
Executing some mathematical simplifications we can prove this theorem.
THEOREM :2.4 For nEN, k> 0 any real number then we have DCypyq =
DCp1.DCpp

Proof:

This theorem can be proven by Principle of Mathematical Induction.
THEOREM :2.5For n€EN, k>0 any real number then we have DCy, = kD], —
4DJnr

Proof:

It’s proven by Principle of Mathematical Induction.

THEOREM :2.6(Commutative Property) For m, n EN, k> 0 any real number we have
DJim DCins1=DCint1DJicm

Proof:

DJim DCinit = DJigw - DCy1. D

=D -(kDJik1 = 4D]i0 ) Dlin

=kD]Ji1-DJkmin = 4DJimn

=DJi,m+n (kD]k,l —4D]y0 )

= DCyiDJin. Dl

= DCni1DJim

THEOREM :2.7 For any integer n > 1 we get DJ,., = DJi;

Proof:

This theorem can be prove by Principle of Mathematical Induction
THEOREM :2.8For n > 0 any integer we have

a. DClu1=DC1.DJian

b. DCne1i=DCinet

¢. DCh2n1=DJicn DCrnet

Proof:

a. DClu1= DCinet DCipri= DCiiDJin. DCiiDJin= DC% 1 D]ican

b. DCl 1= DCA1. DJizn= DCiiDCri DJizn= DCiiDCi 201

c. DCy2n1= DCy1 DJi20= DJin DCine1
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THEOREM :2.9 Forn > 0D}y, =(21e22ke)yn _ (2ua=niblko)

T T —Ty
Proof:
(D]k,l —1DJ k,O) n (D] k1 —11DJ k,O) n
— )N~ \— |2
n-n n—n
o (k—r2 —2)_ ' (k—r1 —2)
(n—-r)\ 1 1) (n-r)\ 1 !
_ 1 (k(ﬁ"—rz")—T1T2(T1”'1—Tz”'1) 2(r' —13) )
(r1—12) (=7 _7'17'2((r1n_1 - .rzn—i)

Djk,n+1 _ZDjk,n =D
~ a = kn
D]k,n _ZD]k,n—l

9. Conclusion

In this paper we discussed some properties of Derived k -Jacobsthal , Derived k

Jacobsthal Lucas .We have derived amazing relationship between Derived k-

Jacobsthal, Derived k Jacobsthal Lucas, and its Matrices.
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