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AN APPLICATION OF A GENERALIZED DISTRIBUTION
SERIES ON CERTAIN SUBCLASSES OF ANALYTIC
FUNCTIONS
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GOPHANE

ABSTRACT. The purpose of the present paper is to establish connections be-
tween various subclasses of analytic univalent functions by applying certain
convolution operator involving generalized distribution series. Also, we in-
vestigate several mapping properties involving these subclasses.

1. Introduction

Let A denote the class of functions of the form
f(2) :z—i—Zanz” (1.1)
n=2

normalized by the conditions f(0) = f/(0) — 1 = 0 which are analytic in the open
unit disk

U={z2:2€C and |[z|<1}.
Further, we denote by S the subclass of A consisting of functions of the form (1.1)

and univalent in C. Moreover, let T be a subclass of A consisting of functions of
the form,

f(z):zfz ay 2", zeU. (1.2)
k=2

A function f(z) € A is said to be in the class S*(8) of starlike function of order 3
(0 < B < 1) if it satisfies the condition

Re (i{;i?) >0 (z€0). (1.3)

We also write S(0) := S* (for details, see [7], [8], [11], [16], [19]). Furthermore,
a function f(z) € A is said to be in the class (3) of convex functions of order
B(0 < B < 1) if it satisfies the condition

2f"(z)
f'(z)

Re (1 + ) >0 (zel). (1.4)
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Clearly, we have K(0) := K (for details, see [7], [10], [11], [16], [17], [18], [19], [20]).
It is well known fact that f € K(8) < zf’ € S*(8). Bharati et al.[2] investigated
and studied the certain subclasses UCV(a, 5) and Sp(a, 3) as follows:

2f"(2)
f'(z)

Utv(a, g) =: {f : f € Aand Re <1 + z;//é(zj)> >a

+B}, (1.5)

s 2f'(2) 2f'(2)
Sp(a, ) .{f.fGAandRe< 5 > Za’ B 1‘+6}, (1.6)
forze U,a>0,0<8< 1.

Indeed, it follows from (1.5) and (1.6) that f € UCV(«, B) & zf’ € Sp(e, B).
Also, we write TUCV (e, ) = UCV(a, B) N'T and T Sp(a, B) = Sp(e, B)NT.

Several mapping properties of the classes (-starlike and S-uniformly convex
functions of order « in the open unit disk U were studied recently by Murugusun-
daramoorthy [6]. Altinkaya and Yalgin [1] gave obligatory conditions for the Pois-
son distribution series belonging to the class 7 (7, d). Using numerous techniques,
the authors determined necessary and sufficient conditions on the parameters in-
volved in various distribution series belong to the class of univalent functions or
in its subclasses of functions that are convex, starlike, close-to-convex, uniformly
convex and so forth. In recent years, the univalent function theorists have shown
good affinity towards study of various distribution series by relating them with the
area of geometric function theory (see [5], [6], [13], [14]). We need the following
lemmas to prove our main results.

Lemma 1.1. (see [2, p. 21, Theorem 2.3]) A function f € A of the form (1.1) is
in the class UCY(a, ), if it satisfies the following condition:

o0

S nln(+a) - (@ + B lanl <1 5. (L.7)

n=2
Lemma 1.2. (see [2, p. 23, Theorem 2.6]) A function f € A of the form (1.1) is
in the class Sp(a, B), if it satisfies the following condition:

(oo}

Y (1 +a) = (a+ ) |an| <1- 8. (1.8)

n=2

In 2018, Porwal [12] introduce the probability distribution whose probability
mass function is

n=0,1,23,.., (1.9)

o0

where T'= Y a, is convergent series for a,, > 0,Vn € N. Also, we introduce the
n=0

series

b(p) = anp™. (1.10)
n=0

It is easy to see that the series given by (1.10) is convergent for |p| < 1. Further,
Porwal [12] introduce a power series whose coefficients are probabilities of the

188



AN APPLICATION OF A GENERALIZED DISTRIBUTION SERIES

generalized distribution for functions as follows:

(1.11)

Now, we define

PK,(2) =22 — Ky(z i (1.12)

o0
The Hadamard product (or convolution) of two power series f(z) = > a, 2™ and
n=2

g(z) = > by, 2™ is defined as
n=2

(f*9)(2) = (9% (= Zanbz

Next, we introduce the convolution operator PKy(f,z) for function f of the form
(1.1) as follows

PKy(f,2) = PEKy(2) « f(z) =2+ “”T‘l |ap|2". (1.13)

Motivated by results on connections between various subclasses of analytic uni-
valent functions by using special functions (for details, see [3], [9], [15], [21], [22]),
we establish connections between distribution function and univalent functions.
We also studied relation between the classes UCV(«, 8) and S,(«, 8) by applying
the convolution operator given by (1.13).

2. Main Results
Theorem 2.1. A function PKy(z) is in TSp(w, B) if and only if

S+ )+ (- Bl - vo)] <1-5 (2.1)
Proof. Since
PKy(z)=2z— an_lz”,
v n=2 T

in view of Lemma 1.2, it is sufficient to show that

>t +e) (o[ % <15 o
Now, let
(s T) = Yl +a) = (a+ 5|

1 o0
= = Z[n—i—na— a— fBlan—1|
n=2
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Writing n = (n — 1) 4+ 1, we get

o1(a,8,T) = Ti 1+ a)(n—1)+1 - B]|an1]
- }_<1+a>i<n—1>an +(1-8 Zan ]
- ;-1+a Zlnan+ 1-58 Zlan]
_ % _(1 +a)y (1) + (1= 8)[e(1) - w«»ﬂ

which evidently completes the proof of Theorem 2.1. O

Theorem 2.2. A function PKy(z) is in UCV (a, B) if and only if

S+ W)+ (3 4+ 20— A1) + (- B —wO)]] <1-5. (23)

Proof. Since

PKy(z i

in view of Lemma 1.1, it is sufficient to show that

in[n(1+a)—(a+ﬂ)} Zll<i-p, (2.4)
Now, let
02(a, 8,T) = in{n(l+a)f(a+ﬁ)} “"le]
= f)[ (1+a) = n(a+ B)]lai|
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Writing n? = (n —2)(n—1)+3(n—1)+1land n= (n— 1)+ 1, we get

o2, B, T) = 12{14—@ n—2)(n—1)+3(n—1)+1]+n(a+5)6}an,l
1 oo
= 7 (1+a)nz::2(n—2)(n—1)an_1
+(3+2a—ﬂ)§:(n—l)an 1 +(1-8 Zan 1]
n=2
1 oo
= 7 (1+oz)2::n(n—1)an

+B+2a-p Znan (16)2(1“]

1 /
= AT )+ B+ 20— BY1) + (1= B)lw(1) — ¥ (0)].
which evidently completes the proof of Theorem 2.2. O
Corollary 2.3. A function PKy(z) is in S*(B) if and only if

Zp+a-ppo-vo] 15 (25)
Corollary 2.4. A function PKy(z) is in K(B) if and only if
O+ E- B 0B - O] S1-5 @6)

3. Inclusion Properties
we say that a function f € A is in the class R7 (7, d) if it satisfies the following
inequality:
f'(z) -1
(y =) =o[f"(2) = 1]
where 7 € C\{0}, —1 <y < § < 1. This class was introduced by Dixit and Pal [4].

Making use of the following lemma, study the action of the generalized distribution
series on the class PKy(f,z).

Lemma 3.1. [4] If f € R"(v,9) is of the form (1.1) then

<1, (€U (3.1)

anl = =) me iy, (32

Theorem 3.2. Let f € R7(y,0) (7 € C\{0},—1 <~ < § < 1) is of the form
(1.1) if the inequality

(W%W (1+ )’ (1) + (1= B[ (1) - (0] <1 8. (3.3)

is satisfied, then PKy(f,z) € UCV (e, B).
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Proof. In view of Lemma 1.1, it is sufficient to show that

S nfnt+a) - (a+ 5)]
2

Ay —
"T1‘|an| <1-4. (3.4)

Since f € R7(7,6), then by Lemma 3.1 we have
_ =9l

jan] = 1=

Let

Q3(aa ﬁvT)

fz [n(1+0) = (@ + 8)] lan-a]las|

< (v — 5|T|Z[ 1 +a)— a+6)]an71

Writing n = (n — 1) + 1, we get

es(0.8.7) = TS 040yt + (1 - B)] 4
n=2
NCEDIull S
- #_(1+a);(n71)an 1 +(1-8 Zan 1]
_ (v—T5)IT| (Ha)zmnﬂl_g)z%]
= D204 e ) + (- () — (0)]].

which evidently completes the proof of Theorem 3.2. O

Corollary 3.3. Let f € R7(v,9) (7 € C\ {0},-1 <~ < d <1) is of the form
(1.1) if the inequality

(V%W V(1) + (1= B)k() - w(O)]] <1-8. (3.5)

is satisfied, then PKy(f,z) € KK(B).

4. An Integral Operator

In this section, we introduce an integral operator PI,(z) as follows:

: PK,
PLD(f,z):/0 ; e gy (4.1)

and we obtain a necessary and sufficient condition for PI,(z) belonging to the
class UCV (o, B).

Theorem 4.1. If PK,(z) is defined by (1.11), then PI,(z) defined by (4.1) in
the class UCV («, B), if and only if (4.1) satisfies

S+ )+ - Hlwe) - p] < (- 9). (42)
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Proof. Since

An— n
Pl (f,z)=2z— Z nTlZ .
n=2

In view of Lemma 1.1, it is sufficient to show that

in[n(l +a) = (a+ )] ag; <1-8. (4.3)
Now, let
@B T) = S oalnf1 o)~ (a9 !
- LS na - o flans
n=2

Writing n = (n — 1) + 1, we get

(@ B,T) = 3 [0 +a)n—1)+1 Flan
1' oo 00
- f_(1+a)n¥2(”*1)an—l+(1*5)n§an—1
_ %(1+Q)Znan+(1—ﬁ)2an
1: /
= Z|(T+ap () + 1= 8)|w(1) - ¥(0)]

which evidently completes the proof of Theorem 4.1.
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