
AN APPLICATION OF A GENERALIZED DISTRIBUTION

SERIES ON CERTAIN SUBCLASSES OF ANALYTIC

FUNCTIONS

S. D. BHOURGUNDE, S. D. THIKANE, M. G. SHRIGAN AND M. T.

GOPHANE

Abstract. The purpose of the present paper is to establish connections be-
tween various subclasses of analytic univalent functions by applying certain

convolution operator involving generalized distribution series. Also, we in-

vestigate several mapping properties involving these subclasses.

1. Introduction

Let A denote the class of functions of the form

f(z) = z +

∞∑
n=2

an z
n (1.1)

normalized by the conditions f(0) = f ′(0)− 1 = 0 which are analytic in the open
unit disk

U = {z : z ∈ C and |z| < 1}.
Further, we denote by S the subclass of A consisting of functions of the form (1.1)
and univalent in C. Moreover, let T be a subclass of A consisting of functions of
the form,

f(z) = z −
∞∑
k=2

ak z
k, z ∈ U. (1.2)

A function f(z) ∈ A is said to be in the class S∗(β) of starlike function of order β
(0 ≤ β < 1) if it satisfies the condition

Re

(
zf ′(z)

f(z)

)
> β (z ∈ U). (1.3)

We also write S(0) := S∗ (for details, see [7], [8], [11], [16], [19]). Furthermore,
a function f(z) ∈ A is said to be in the class K(β) of convex functions of order
β(0 ≤ β < 1) if it satisfies the condition

Re

(
1 +

zf ′′(z)

f ′(z)

)
> β (z ∈ U). (1.4)
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Clearly, we have K(0) := K (for details, see [7], [10], [11], [16], [17], [18], [19], [20]).
It is well known fact that f ∈ K(β) ⇔ zf ′ ∈ S∗(β). Bharati et al.[2] investigated
and studied the certain subclasses UCV(α, β) and Sp(α, β) as follows:

UCV(α, β) =:

{
f : f ∈ A andRe

(
1 +

zf ′′(z)

f ′(z)

)
≥ α

∣∣∣∣zf ′′(z)f ′(z)

∣∣∣∣+ β

}
, (1.5)

Sp(α, β) =:

{
f : f ∈ A andRe

(
zf ′(z)

f(z)

)
≥ α

∣∣∣∣zf ′(z)f(z)
− 1

∣∣∣∣+ β

}
, (1.6)

for z ∈ U, α ≥ 0, 0 ≤ β < 1.
Indeed, it follows from (1.5) and (1.6) that f ∈ UCV(α, β) ⇔ zf ′ ∈ Sp(α, β).

Also, we write T UCV(α, β) = UCV(α, β) ∩ T and T Sp(α, β) = Sp(α, β) ∩ T .
Several mapping properties of the classes β-starlike and β-uniformly convex

functions of order α in the open unit disk U were studied recently by Murugusun-
daramoorthy [6]. Altınkaya and Yalçın [1] gave obligatory conditions for the Pois-
son distribution series belonging to the class T (γ, δ). Using numerous techniques,
the authors determined necessary and sufficient conditions on the parameters in-
volved in various distribution series belong to the class of univalent functions or
in its subclasses of functions that are convex, starlike, close-to-convex, uniformly
convex and so forth. In recent years, the univalent function theorists have shown
good affinity towards study of various distribution series by relating them with the
area of geometric function theory (see [5], [6], [13], [14]). We need the following
lemmas to prove our main results.

Lemma 1.1. (see [2, p. 21, Theorem 2.3]) A function f ∈ A of the form (1.1) is
in the class UCV(α, β), if it satisfies the following condition:

∞∑
n=2

n[n(1 + α)− (α+ β)] |an| ≤ 1− β. (1.7)

Lemma 1.2. (see [2, p. 23, Theorem 2.6]) A function f ∈ A of the form (1.1) is
in the class Sp(α, β), if it satisfies the following condition:

∞∑
n=2

[n(1 + α)− (α+ β)] |an| ≤ 1− β. (1.8)

In 2018, Porwal [12] introduce the probability distribution whose probability
mass function is

ζ(n) =
an
T
, n = 0, 1, 2, 3, ..., (1.9)

where T =
∞∑
n=0

an is convergent series for an ≥ 0,∀n ∈ N. Also, we introduce the

series

ψ(p) =

∞∑
n=0

anp
n. (1.10)

It is easy to see that the series given by (1.10) is convergent for |p| ≤ 1. Further,
Porwal [12] introduce a power series whose coefficients are probabilities of the
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generalized distribution for functions as follows:

Kψ(z) = z +

∞∑
n=2

an−1

T
zn. (1.11)

Now, we define

PKψ(z) = 2z −Kψ(z) = z −
∞∑
n=2

an−1

T
zn. (1.12)

The Hadamard product (or convolution) of two power series f(z) =
∞∑
n=2

an z
n and

g(z) =
∞∑
n=2

bn z
n is defined as

(f ∗ g)(z) = (g ∗ f)(z) =
∞∑
n=2

anbnz
n.

Next, we introduce the convolution operator PKψ(f, z) for function f of the form
(1.1) as follows

PKψ(f, z) = PKψ(z) ∗ f(z) = z +

∞∑
n=2

an−1

T
|an|zn. (1.13)

Motivated by results on connections between various subclasses of analytic uni-
valent functions by using special functions (for details, see [3], [9], [15], [21], [22]),
we establish connections between distribution function and univalent functions.
We also studied relation between the classes UCV(α, β) and Sp(α, β) by applying
the convolution operator given by (1.13).

2. Main Results

Theorem 2.1. A function PKψ(z) is in T Sp(α, β) if and only if

1

T

[
(1 + α)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (2.1)

Proof. Since

PKψ(z) = z −
∞∑
n=2

an−1

T
zn,

in view of Lemma 1.2, it is sufficient to show that
∞∑
n=2

[n(1 + α)− (α+ β)]
∣∣∣an−1

T

∣∣∣ ≤ 1− β. (2.2)

Now, let

ϱ1(α, β, T ) =

∞∑
n=2

[n(1 + α)− (α+ β)]
∣∣∣an−1

T

∣∣∣
=

1

T

∞∑
n=2

[n+ nα− α− β]|an−1|
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Writing n = (n− 1) + 1, we get

ϱ1(α, β, T ) =
1

T

∞∑
n=2

[(1 + α)(n− 1) + 1− β] |an−1|

=
1

T

[
(1 + α)

∞∑
n=2

(n− 1)an−1 + (1− β)

∞∑
n=2

an−1

]

=
1

T

[
(1 + α)

∞∑
n=1

nan + (1− β)

∞∑
n=1

an

]

=
1

T

[
(1 + α)ψ

′
(1) + (1− β)

[
ψ(1)− ψ(0)

]]

which evidently completes the proof of Theorem 2.1. □

Theorem 2.2. A function PKψ(z) is in UCV (α, β) if and only if

1

T

[
(1 + α)ψ′′(1) + (3 + 2α− β)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (2.3)

Proof. Since

PKψ(z) = z −
∞∑
n=2

an−1

T
zn,

in view of Lemma 1.1, it is sufficient to show that

∞∑
n=2

n
[
n(1 + α)− (α+ β)

] ∣∣∣an−1

T

∣∣∣ ≤ 1− β. (2.4)

Now, let

ϱ2(α, β, T ) =

∞∑
n=2

n
[
n(1 + α)− (α+ β)

] ∣∣∣an−1

T

∣∣∣
=

1

T

∞∑
n=2

[
n2(1 + α)− n(α+ β)

]
|an−1|
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Writing n2 = (n− 2)(n− 1) + 3(n− 1) + 1 and n = (n− 1) + 1, we get

ϱ2(α, β, T ) =
1

T

∞∑
n=2

[
(1 + α)[(n− 2)(n− 1) + 3(n− 1) + 1] + n(α+ β)β

]
an−1

=
1

T

[
(1 + α)

∞∑
n=2

(n− 2)(n− 1)an−1

+(3 + 2α− β)

∞∑
n=2

(n− 1)an−1 + (1− β)

∞∑
n=2

an−1

]

=
1

T

[
(1 + α)

∞∑
n=1

n(n− 1)an

+(3 + 2α− β)

∞∑
n=1

nan + (1− β)

∞∑
n=1

an

]

=
1

T

[
(1 + α)ψ′′(1) + (3 + 2α− β)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
.

which evidently completes the proof of Theorem 2.2. □

Corollary 2.3. A function PKψ(z) is in S∗(β) if and only if

1

T

[
ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (2.5)

Corollary 2.4. A function PKψ(z) is in K(β) if and only if

1

T

[
ψ′′(1) + (3− β)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (2.6)

3. Inclusion Properties

we say that a function f ∈ A is in the class Rτ (γ, δ) if it satisfies the following
inequality: ∣∣∣∣∣ f ′(z)− 1

(γ − δ)τ − δ[f ′(z)− 1]

∣∣∣∣∣ < 1, (z ∈ U) (3.1)

where τ ∈ C\{0},−1 ≤ γ < δ ≤ 1. This class was introduced by Dixit and Pal [4].
Making use of the following lemma, study the action of the generalized distribution
series on the class PKψ(f, z).

Lemma 3.1. [4] If f ∈ Rτ (γ, δ) is of the form (1.1) then

|an| = (γ − δ)
|τ |
n
, n ∈ N\{1}. (3.2)

Theorem 3.2. Let f ∈ Rτ (γ, δ) ( τ ∈ C\{0},−1 ≤ γ < δ ≤ 1) is of the form
(1.1) if the inequality

(γ − δ)|τ |
T

[
(1 + α)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (3.3)

is satisfied, then PKψ(f, z) ∈ UCV (α, β).
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Proof. In view of Lemma 1.1, it is sufficient to show that
∞∑
n=2

n
[
n(1 + α)− (α+ β)

] ∣∣∣an−1

T

∣∣∣|an| ≤ 1− β. (3.4)

Since f ∈ Rτ (γ, δ), then by Lemma 3.1 we have

|an| =
(γ − δ)|τ |

n
.

Let

ϱ3(α, β, T ) =
1

T

∞∑
n=2

n
[
n(1 + α)− (α+ β)

]
|an−1||an|

≤ (γ − δ)|τ |
T

∞∑
n=2

[
n(1 + α)− (α+ β)

]
an−1

Writing n = (n− 1) + 1, we get

ϱ3(α, β, T ) =
(γ − δ)|τ |

T

∞∑
n=2

[
(1 + α)(1− n) + (1− β)

]
an−1

=
(γ − δ)|τ |

T

[
(1 + α)

∞∑
n=2

(n− 1)an−1 + (1− β)

∞∑
n=2

an−1

]

=
(γ − δ)|τ |

T

[
(1 + α)

∞∑
n=1

nan + (1− β)

∞∑
n=1

an

]

=
(γ − δ)|τ |

T

[
(1 + α)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
.

which evidently completes the proof of Theorem 3.2. □

Corollary 3.3. Let f ∈ Rτ (γ, δ) ( τ ∈ C \ {0},−1 ≤ γ < δ ≤ 1) is of the form
(1.1) if the inequality

(γ − δ)|τ |
T

[
ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ 1− β. (3.5)

is satisfied, then PKψ(f, z) ∈ K(β).

4. An Integral Operator

In this section, we introduce an integral operator PIψ(z) as follows:

PIφ(f, z) =

∫ z

0

PKφ(t)

t
dt (4.1)

and we obtain a necessary and sufficient condition for PIφ(z) belonging to the
class UCV (α, β).

Theorem 4.1. If PKφ(z) is defined by (1.11), then PIφ(z) defined by (4.1) in
the class UCV (α, β), if and only if (4.1) satisfies

1

T

[
(1 + α)ψ′(1) + (1− β)[ψ(1)− ψ(0)]

]
≤ (1− β). (4.2)
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Proof. Since

PIφ(f, z) = z −
∞∑
n=2

an−1

nT
zn.

In view of Lemma 1.1, it is sufficient to show that
∞∑
n=2

n[n(1 + α)− (α+ β)]
an−1

nT
≤ 1− β. (4.3)

Now, let

ϱ4(α, β, T ) =

∞∑
n=2

n[n(1 + α)− (α+ β)]
an−1

nT

=
1

T

∞∑
n=2

[n+ nα− α− β]an−1

Writing n = (n− 1) + 1, we get

ϱ4(α, β, T ) =
1

T

∞∑
n=2

[(1 + α)(n− 1) + 1− β] an−1

=
1

T

[
(1 + α)

∞∑
n=2

(n− 1)an−1 + (1− β)

∞∑
n=2

an−1

]

=
1

T

[
(1 + α)

∞∑
n=1

nan + (1− β)

∞∑
n=1

an

]

=
1

T

[
(1 + α)ψ

′
(1) + (1− β)

[
ψ(1)− ψ(0)

]]
which evidently completes the proof of Theorem 4.1. □
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