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ON MODULATION-TYPE SPACES #7(G)

DEEPAK KARTIKEY*, ASHISH KUMAR, AND J. K.MAITRA

ABSTRACT. The aim of this paper is to construct Modulation -type spaces
HE,(G), 1 < p < co. By applying Gabor Transform Vy f function f € L%(G)
with respect to window function g € L2(G), G being locally compact abelian
group and w a Beurling-Domar weight function.We define suitable norm on
this space and prove thatHZE,(G) becomes a Banach space and is an essential
Banach Convolution module over L1 (G).Also we define the space S5 (G) =
LL(G) N HE(G),1 < p < oo, and endow it with the sum norm and show that
SE(G) becomes a Banach convolution observed that it is segal algebra.

1. Introduction

Modulation spaces were, originally investigated by H.G.Feichtinger [2]. For a
detailed of the theory of modulation spaces we refer K.Gréchenig’s text [5, ch. 11-
13 (215-299)]. And also account of the development of modulation spaces,including
the Feichtinger algebra in particular .

My work outcome from the Research papers [7,8],Giirkanli and Sandikci has
studied some properties on Lorentz-type modulation spaces M (p,q)(R?) and
Lorentz mixed norm on modulation spaces M (P, Q) respectively. Used them we
construct modulation-type spaces HP(G) on locally compact abelian group and
define the space S?(G).

In the present paper is organized as follows. In section 2,we provide necessary
notation and concepts,In section 3,define the space HE(G) with Gabor transform
Vg f on locally compact abelian group G and prove that it is Banach Space.and
also show that translation invariant and is an essential Banach convolution module
over LL(G).In last section we define a space SP(G) and prove that it is Banach
convolution algebra.Finally we observed that it is seal algebra.

2. Preliminaries

we adopt notation and definitions from [6,9,10] Let G be a locally compact
abelian group and G its dual group consisting of all continuous characters on
G. Let dx and d§ be the normalized Haar measures on G and Q respectively. We
assume that w : G — RT is weight function on G satisfying the Beurling-Domar
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(BD) Condition:
Zn 2logw(z™) < o0, Yz € G

n>1
A function w on G is called an m-moderate weight function provided

w(z+y) <w(@)m(y)Vz,y € §.
We denote the translation (Time-shifts) and modulation (Frequency-shifts)by T
and M such that
T.f(t) = f(t—x)Vx,t € G
and R
Mef(t) = (£, f(H)Vte g, €.
The fourier transform f(€) of f € L'(G) such that

f@)é(téﬁﬂmute@feé

The operators of the form T, M¢ or MT, are called Time-Frequency shifts.We
observe that the canonical commutation relations

T, Me = (—x,6)M:T, Nz € GE€G.

Ty M(t) = Mcf(t—z)
= (t-z8f(t-2)
= (2,9t ft—2)
= (-2, T f(1)
= (=2, )M, f(t)
=T,M; = (—2,6)MT, YreG,Ecq.

We denote the Time-Frequency shift operator by 7 (7) i.e.
m(7) = MeTo, 7y = (2,£) €G x G

and also we denote the phase space G x G by I'i.e. any element v € I' is the form
v = (z, g)egxg I where z € G, £ € G.

It is know that I' is unimodular.We shall use following laws and computa-
tion rules [6 ,page 152]which is originally introduced by Feichtinger and Kozek
7 Quantinzation of TF lattice-invariant operators on elementary LCA groups,in
Gabor Analysis and Alogrithm, (Birkhduser 1998) ”

T2 = (21,&6)(22,62) = (21 +72,68),
7;1 = ($,£)71 = (_xvf) = (ZL', _5)7

m(y) = M¢T,, we easily see that
() = @H7(=) = (=z,Hn(=7)

and

m(y)m(y2) = (21,&)T(n+7) = (—z1,8)7(n +72)-
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2.1. Weighted Banach space on G x G =T. Let LPG),1 < p < oo, the space
of functions given by

LEG =Sl flpw = (/g | f(2) P o (z)de)'/? < oo} (2.1.1)

The space LP(G) is Banach space under the norm (2.1.1).In case p = oo the
spaceL? (G) denotes the space of all measurable functions such that

1] lloow = ess supzegf] f(z) | w(z) < oo} (2.1.2)

It is well know that the space L (G) is translation invariant ,L? (G),1 < p < co. is
a reflexive Banach space and L. (G) is commutative Banach algebra with respect to
convolutions, which is well know as Beurling algebra.Also L (G) is a convolution
module with respect to L. (G).i.e. the following properties are satisfied:

LP Li) crLp (2.1.3)
and

I (g* f)

pw < I llpwll g lhe

for all f € LP(G) and g € LL(G).
Through out this paper we assume that w is m-moderate and satisfies (BD) con-
dition (2.1).We define L?(T"),1 < p < oo, given by

LBT) = {F | F lpu = ( / (| F(e,€) P &P (@)da)de) /P < o0} (2.1.4)

The space LP (T')is weighted Banach space under the norm (2.1.4). In case p = o0
we define the space L°(T') as the space of all measurable function F' on I' such
that

| Flloow = ess supp,egecail T(@,8) |w(z) < oo} (2.1.5)

The unimodularity of T', it is clear that the left and right translation operators
given by

L,F(y') = F(y7'%)
and

RyF(Y) = F(y7);7.9 €T,
act isometrically on the weighted Banach spaces L, (I"),1 < p < oco.It is well know
that the space LP(T') is translation invariant, L} (T') is Banach algebra under

Convolutions, not necessarily commutative. And also the space L2 (T") Banach
convolution module over L1 (T) i.e.

I2(T) + LLT) C IA(T) 1<p< oo, (2.1.6)
and
I(F*G) lpw < [ Fllpwll Gllpe
for all F € LP(T) and G € LL(T).
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3. The Space H?(G) With Gabor Transform

The Gabor transform of a function f € L?(G) with respect to window function

g is given by
/f gt — ) (—t, €)dt

= (f,MT:g)
(f;m(1)9)
(f, McTg)

= (fT:9)"(€)
(f, TeM_53).

Where g is the conjugate function of g, f is fourier Transform of the function

f € LY(G) is given in section 2.  Now we denotes AL (G),1 < p < oo, the class
of analyzing vectors given by [ 3, P 317]such that

A,(G) ={g € L*(G). Vyg € Ly,(T)}. (3.1)

Vo f ()

For a fixed an arbitrary non-zero element g € AL (G),the space H? (G) is defined
by

HE(G) = {f € L*(G), Vo f € LE(D)}. (3.2)
and endow it with the norm
[fllnz gy = Ve fllzey 1< p<oo. (3.3)

In case p = 1 and w a constant the space HP (G) reduces to the well-know Fe-
ichtinger algebra Sp(G). The above definitions imply that the continuous embed-
dings
HE(G) = L*(G) — HE ().

Where HP (G) is the space of all continuous conjugate liner functionals on H? (G).
3] the definitions of #2(G) is independent of choice of g € A, (G).Since the
spaceHP (G) is analogous to the modulation spaces so we call it modulation-type
spaces.

Theorem 3.1. The spaceHP (G) is Banach space under the norm
£z @) = Ve fllrz@) 1<p<oo.

Proof. it is sufficient to show that HP(G) is complete i.e. every cauchy sequence
in HP(G) is convergent in HP (G).Suppose { f,,} is a cauchy sequence in HP (G),this
implies that {V;f,} is cauchy sequence in LZ(T'), since L?(T") is Banach space
{V,fn} converges to a function h in L?(T") this implies that there exists a sub-
sequence {V, fnir} of {V,f,} which pointwise convergent to h almost everywhere
.Hence, for any given € > 0,3 f € L. (G) and ng € N such that

||fn - f”l,w <
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for all n > ng.

If we apply the lemma 3.1.1 in [5 page 39 | and holder’s inequality, we see that

|ngn(:c,§)ngf(:zt,£)| = ‘Vg(fn*f)(l’af”
((fn = £ m(V)9)]

< (e = Dllesllm(v)glh

= I(fa = Pl 117l

< N = Hllx gl

< Nfa = flhwllglhw  for w=>1

< ;Hgﬂl, w = €. since L'G is a Banach space.

1911, w

Hence the sequence {V, f,,} is point-wise convergent to V; f.
Also we have

Vafre () = Vo f (D < Vafae (V) = VafaDI + Ve fu(v) = Vo f ()]
< ||fnk - fn |1,w ||§||1,w + ”fn - f||1,w ”glll,w

< 2e.

= The subsequenc {V, f,, } is pointwise convergent to V, f. From above we see
that

Vo f(7) = h(7)] Vo f (7) = Vo far (D] + Vg fri (7) = h()]

<

< 2¢+ 2¢ = 4e.

Vof(v) =h(v) ae. €—=0
Where v = (2,§) eGxG=T, 2€G,£cq.

[fn = fllaz, = IVe(fa = Hllpw
= ||qun - ng”znw
< e forall n>ng

Therefore HF,(G) is a Banach space. O

Lemma 3.2. The space HP (G) is Translation invariant and translation operator
is continuous in HE(G) for x € G

Proof. Suppose f € H%,(G) and x € G. We knows that | T, ¢)Vy fllpw = Ve fllpw-
It is also know that convariance property lemma 3.1.3 in [5 page no. 41]

Vo (T Me ) (1, 9)| = [V f (1 — 2,9 — )| = [T(a,e) Vg f (1, V)|
from above we have

1Vy(To Me f)
from this we obtain

”Trf”?-tfu(g) = ”Vg(Txf)”p,w = ||T(x,0)ng||p,w = ”ng”p,w = ”fH?—t{L(g)'

by = [[T(z,6) Vo f

lpw = VoS llpw = [1£ll3¢2,0)-
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Hence H? (G) is translation invariant. Now we shall show that translation is con-
tinuous in HE (G). It is knows that translation is continuous in L? (T') thus we see
that

| Tefn = fllwz, = WVolTofu— Flpw
= HVQ(Tzfn) - ng”p,w
< €.

Therefore the translation is continuous in H? (G).

Theorem 3.3. HP (G)is an essential Banach convolution module over LL(G).

Proof. Let f € HP(G) and h € L} (G and we shall make use lemma 3.1.1 in [5 page
no 39].
Hence we have

[(FxP)llargy = NVo(f = h)llpw
*h), T(V)glp,w

(s
= | /g 5 B)@) 9 — =) (—.€) dylp

_ /g [ é ) T, h(y)dz} 3y — @) (—9.) dyllpue
_ /g i) [ /g T. hy)aly - o) (~3,€) dy} 0=
|| /g FE) T b, 7(1)g) dzllp

< /g 1£(2) Vi To h(y) iz
< Wl VoTshlp
< Nl Vbl

since f € HE(G) and the translation operator T}, is continuous on HZ (G), for
any given € > 0,3 a compact neighbourhood U of e in G such that

”Txf*.ﬂ

for all x € U. We suppose that k& € L'(G) is a non-negative continuous function
with compact support such that

HE(G) < €

supp k C U

and

/gk(z) dz=1
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Then we have

650) = flosior = 11| [ 1)) ds = [ 5)100) 2] o

g

LG G0 =2 = ) Iz a2
[ @l £l
g

< e/gk(z) dz

= €.

IN

IN

1z (g) dz

Since H? (G) is a Banach module over L} (G) and f g € L. (G) x HP (G) hence
LL(G)*HP (G) is dense in HP (G) as in [7]. Thus by module factorization theorem
see that that

M1 (G) = L, (9) * HE(G).

Therefore HP (G)is an essential Banach convolution module over L. (G). O

4. A Weighted Segal Algebra on G
We define a space SE(G) = L. (G) NHE (G) and equip it with the norm

I £lsz0) = I fll1w + 11 f 1z, 0 (4.1)

Lemma 4.1. For1 < p < oo, The space SE(G) is a Banach space under the norm

1 fllsz) = Ilf

1w + [ fll2z,6)-

Proof. Tt is enough to show that every cauchy sequence in SE (G) is convergent. Let
{fn} be a Cauchy sequence in S2 (G). This implies that {f,} is a Cauchy sequence
in LL(G) and HP? (G).Since L. (G) and HP (G) both are Banach spaces,{f,} con-
verges to a function f € L1 (G) and from the definition of the norm ( 3.3),it is clear
that {V, fn} converges to h € L% (T') this implies that there exists a subsequence
{Vy fu.} of {V fn} which convergent point-wise to h almost every-where.Hence,
for any given € > 0,3 f € L. (G) and ng € N such that

€

lfn— flliw < m (4.2)

for all n > ng.

If we apply the lemma 3.1.1 in [5 page 39 | and holder’s inequality, we see that



DEEPAK KARTIKEY*, ASHISH KUMAR, AND J.K.MAITRA

‘Vg fn(l‘,f)—Vg f(xvf)l = ‘Vg (fn_f)(xagﬂ
((fn = 1), 7(7) 9)]

< fu = Flloo 7M1
= |lfn = fllolglh
< fu— flullglhs
< o= fllwlglhe for w>1
< e x gl =

[

This means the sequence {V, f,} is point-wise convergent to V f.
Also we have

‘Vg fnk($7£)_‘/gf(l'7§)| < |Vg fnk(x7§)_vt9fn(x7§)|+‘vg fn(mvg)_vg f(‘r7§)‘
< ”fmc _fn”l,w ||!7|1,w+||fn_f||1,w ”5_7”1710
= 2.

= {Vy fn,} converges point-wise to V; f. from above we obtain
Vo F() =Rl < Vg fur(0) = Vg D+ Vg fni(7) = B(Y)]
< 4e
=V f(v) = h(7) ae

Where v = (z,¢) € GxG=T, z€G,¢&eG. Thus, for any given e > 0,3 ny,ny €
N such that

€
”.fn - f”l,w < 5

and
€

||Vq(fn - f)”p,w = HVg fn = Vg f”p,w < 2

for all n > ny and n > no.
This implies that
[(fn = DISLDI = [fa— fl

< 6+€
2 2

Ll + 1Ve(fo = Hllpaw

for all n > max{ni,na}.
Therefore S (G) is a Banach space. following Theorem show that S? (G) is Segal
algebra w.r.t.Ll (G). O

Theorem 4.2. S?(G) is a Segal algebra with respect to L (G).

Proof. we shall first show that S?(G) is a Banach algebra under the norm (4.1)
for this we shall show that S? (G) is a Banach space with respect to convolution
as multiplication.
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Let f,h € HP(G). Then we have

Vo % D)l = /g (f * )W)l — 2)(~9.€) dy

p.w

- flronosdso-nvoa,

- /gf(z) [/g T. h(y)gly — z)(—y, ) dy} &
[ s st i

p.w

< /g |reran, =g a
< N fllw 1Vehllpw
Thus
ICfxMllszgy = If*hlliw+ 1 * )z g
= |f*hllvw 4+ [IVe(f * 2)|lpw
= |f*Rhllvw+Lf * Vg Bllpw.
< ||f| 1w ||h||1,w + Hf”l,w Ivg h||p7w'

= ||f| 1w (Hh”Lw + HVQ h”p’w)'
= fllrw [IRllsz (g
1 llsz, 1P]lsz -

IN

it is easily verify the other conditions to make S? (G) a Banach algebra.

Now we shall prove that S2(G) is a strongly translation invariant and transla-
tion is continuous in the norm of topology of SE (G).

suppose f € SP(G) and = € G. We knows that | Tsfll1,w = [|fll1,0 and
1T(2,e) Vo fllpw = Vg fllpw- It is also know that convariance property lemma 3.1.3
in [5 page no. 41]

|V9(TrM§f)(ﬂvl9)| = |ng(:u -z, — 5)' = |T(a:,§)vgf(,uvl9)"

from above we have

HVg(TwMéf)

|p7w = HT(I,é)ng

|;D,w = HngHp,w = Hf”?—l{;(g)'

from this we obtain

”Trf”?-tfu(g) = ”Vg(Txf)”p,w = ||T(x,0)ng||p,w = ”ng”p,w = ||fH7-t§L(g)~
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Now let f € SP(G) and = € G. Then we have

1T fllszg)y = NTeflliw + 1 Tefllaz o)
1T fll1w + (| T2,0Ve fllpw
[ fll1w + Ve fllpw

= | fllsz.

This implies that SZ(G) is a strongly translation invariant. Next we show that
translation is continuous in the norm topology of S? (G).It is knows that translation
is continuous in L2 (T') Thus we see that

1Tof = flltw + 1Ve(Tof = f)llpw
€/2+ |Vo(Tu f) = Vg fllpw
< €/24¢€/2.

I(Tef = Hllszio)

N

Therfore the translation is continuous in the norm topology of S? (G).

Lastly we prove that SP(G) is dense in Ll (G). It is known that Feichtinger
algebra Sp(G) is dense in L!(G). Then by the definition of HP (G), it is clear that
HP (G) is dense in L'(G) This implies that H? (G) is dense in L. (G).Since

Si(9) = Ly, (9) NHL(9),

Hence, SE(G) is dense in L1 (G).
Therefore S (G) is a Segal algebra with respect to L. (G).
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