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Abstract. In this paper, we investigate the existence and uniqueness of

solutions for ψ−Hilfer mixed fractional integrodifferential equation. Also,

we study the Ulam-Hyers and Ulam-Hyers-Rassias stability via successive
approximation method. Further, we investigate the dependence of solutions

on the initial conditions and uniqueness via ε−approximated solution.

1. Introduction

In the present paper, we study the global existence and uniqueness of solu-
tion, and Ulam-Hyers stability for the ψ−Hilfer mixed fractional integrodifferential
equations (MFIDE) of the following type

HDα,β;ψ
a+ w(t) = f

(
t, w(t),

∫ t

a

K(t, s)w(s)ds,

∫ b

a

H(t, s)w(s)ds

)
, (1.1)

I1−ρ;ψ
a+ w(a) = wa, (1.2)

where t ∈ [a, b], 0 < α < 1, 0 ≤ β ≤ 1, HDα,β;ψ
a+ (.) is the (left-sided) ψ−Hilfer

fractional derivative of order α and type β, I1−ρ;ψ
a+ is (left-sided) fractional integral

of order 1− ρ with respect to another function ψ in Riemann-Liouville sense and
f : [a, b]×R×R×R→ R is a given function that will be specified later.

Recently, several researchers have studied the results such as existence, unique-
ness, stabilities and other properties of solutions for the fractional differential and
fractional integrodifferential equations by different techniques, see [1, 2, 3, 5, 6, 7,
8, 9, 10, 12, 13, 14, 17, 18, 19, 20, 21] and the detailed literature for fractional
calculus can be found in [4, 11, 15, 16].

The paper is organized as follows: some basic definitions and results concern-
ing ψ−Hilfer fractional derivative are presented in section 2. Section 3 deals with
global existence and uniqueness of solutions of the problem (1.1)-(1.2). In sec-
tion 4, we discuss Ulam-Hyers (HU) and Ulam-Hyers-Rassias (HUR) stability of
ψ−Hilfer MFIDE (1.1) via successive approximations. Section 5 concerned with
ε−approximate solution of the ψ−Hilfer MFIDE (1.1).
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2. Preliminaries

Here we present some definitions, notations and results from ([11, 18, 19]) which
are used throughout this paper.

Let 0 < a < b < ∞, ∆ = [a, b] ⊂ R+ = [0,∞), 0 ≤ ρ < 1 and ψ ∈ C1(∆, R)
be an increasing function such that ψ′(x) 6= 0,∀x ∈ ∆. The weighted spaces

C1−ρ;ψ(∆, R), Cρ1−ρ;ψ(∆, R) and , Cα,β1−ρ;ψ(∆, R) of functions are defined as follows:

(i) C1−ρ;ψ(∆, R) = {h : (a, b] → R : (ψ(t) − ψ(a))1−ρh(t) ∈ C(∆, R)}, with
the norm ‖h‖C1−ρ;ψ = maxt∈∆ |(ψ(t)− ψ(a))1−ρh(t)|,

(ii) Cρ1−ρ;ψ(∆, R) = {h ∈ C1−ρ;ψ(∆, R) : Dρ
a+h(t) ∈ C1−ρ;ψ(∆, R)},

(iii) Cα,β1−ρ;ψ(∆, R) = {h ∈ C1−ρ;ψ(∆, R) :H Dα,β
a+ h(t) ∈ C1−ρ;ψ(∆, R)}.

Definition 2.1. ([11], [15]) The ψ−Riemann fractional integral of order α > 0 of
the function h is given by

Iα;ψ
a+ h(t) =

1

Γ(α)

∫ t

a

Lαψ(t, η)h(η)dη,

where Lαψ(t, η) = ψ′(η)(ψ(t)− ψ(η))α−1.

Lemma 2.2. ([11]) Let α > 0, β > 0 and δ > 0. Then

(i) Iα;ψ
a+ Iβ;ψ

a+ h(t) = Iα+β;ψ
a+ h(t)

(ii) If h(t) = (ψ(t)− ψ(η))δ−1, then Iα;ψ
a+ h(t) = Γ(δ)

Γ(α+δ) (ψ(t)− ψ(η))α+δ−1.

We need following results [?, ?] which are useful in the subsequent analysis of
the paper.

Lemma 2.3. ([19]) If α > 0 and 0 ≤ ρ < 1, then Iα;ψ
a+ is bounded from Cρ;ψ(∆, R)

to Cρ;ψ(∆, R). Also, if ρ ≤ α, then Iα;ψ
a+ is bounded from Cρ;ψ(∆, R) to C(∆, R).

Definition 2.4. ([18]) The ψ−Hilfer fractional derivative of a function h of order
0 < α < 1 and type 0 ≤ β ≤ 1, is defined by

HDα,β
a+ h(t) = I

β(1−α);ψ
a+

(
1

ψ′(t)

d

dt

)
I

(1−β)(1−α);ψ
a+ h(t).

Lemma 2.5. ([18]) If h ∈ C1(∆, R), 0 < α < 1 and 0 ≤ β ≤ 1, then

(i) Iα;ψ
a+

HDα,β
a+ h(t) = h(t)− Ωρψ(t, a)I

(1−β)(1−α);ψ
a+ h(a)

where Ωρψ(t, a) = (ψ(t)−ψ(a))ρ−1

Γ(ρ)

(ii) HDα,β
a+ Iα;ψ

a+ h(t) = h(t).

Definition 2.6. ([11]) Let α > 0, β > 0. The one parameter Mittag-Leffler

function is defined as Eα(z) =
∑∞
k=0

zk

Γ(kα+1) , and the two parameter Mittag-

Leffler function is defined as Eα,β(z) =
∑∞
k=0

zk

Γ(kα+β) .

3. Existence and Uniqueness results

In this section, we will study the existence and uniqueness results of the Cauchy-
type problem (1.1)-(1.2) by applying the following modified version of contraction
principle.
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Lemma 3.1. [16] Let χ be a Banach space and let T be an operator which maps
the elements of χ into itself for which T r is a contraction, where r is a positive
integer then T has a unique fixed point.

Theorem 3.2. Let 0 < α < 1, 0 ≤ β ≤ 1 and ρ = α+β−αβ. Let f : (a, b]×R×
R → R be a function such that f

(
t, w(t),

∫ t
a
K(t, s)w(s)ds,

∫ b
a
H(t, s)w(s)ds

)
∈

C1−ρ;ψ(∆, R) for any w ∈ C1−ρ;ψ(∆, R), and let f satisfies the Lipschitz condition

|f(t, w1, z1, x1)− f(t, w2, z2, x2)| ≤ L[ |w1 − w2|+ |z1 − z2|+ |x1 − x2| ], (3.1)

for all t ∈ (a, b] and for all w1, w2, z1, z2, x1, x2 ∈ R, where L > 0 is Lipschitz con-
stant. Then the Cauchy problem (1.1)-(1.2) has unique solution in C1−ρ;ψ(∆, R).

Proof. The equivalent fractional integral to the initial value problem (1.1)-(1.2) is
given by [18], for t ∈ (a, b],

w(t) = Ωρψ(t, a)wa + Iα:ψ
a+ f

(
t, w(t),

∫ t

a

K(t, s)w(s)ds,

∫ b

a

H(t, s)w(s)ds

)

= Ωρψ(t, a)wa +
1

Γ(α)

∫ t

a

Lαψ(t, η)

× f

(
η, w(η),

∫ η

a

K(η, σ)w(σ)dσ,

∫ b

a

H(η, σ)w(σ)dσ

)
dη. (3.2)

Our aim is to prove that the fractional integral (3.2) has a solution in the weighted
space
C1−ρ;ψ(∆, R).
Consider the operator T defined on C1−ρ;ψ(∆, R) by

(Tw)(t) = Ωρψ(t, a)wa +
1

Γ(α)

∫ t

a

Lαψ(t, η)

× f

(
η, w(η),

∫ η

a

K(η, σ)w(σ)dσ,

∫ b

a

H(η, σ)w(σ)dσ

)
dη. (3.3)

By Lemma 2.3, it follows that Iα:ψ
a+ f

(
t, w(t),

∫ t
a
K(t, s)w(s)ds,

∫ b
a
H(t, s)w(s)ds

)
∈

C1−ρ;ψ(∆, R). Clearly, waΩρψ(t, a) ∈ C1−ρ;ψ(∆, R). Therefore, from (3.3), we have

Tw ∈ C1−ρ;ψ(∆, R) for any w ∈ C1−ρ;ψ(∆, R). This proves T maps C1−ρ;ψ(∆, R)
into itself. Note that the fractional integral equation (3.3) can be written as fixed
point operator equation w = Tw, w ∈ C1−ρ;ψ(∆, R).
We prove that the operator T has fixed point which will act as a
solution for the problem (1.1)-(1.2). For any t ∈ (a, b], consider the space Ct;ψ =
C1−ρ;ψ([a, t], R) with the norm defined by,

‖w‖Ct;ψ = max
ω∈[a,t]

∣∣(ψ(ω)− ψ(a))1−ρw(ω)
∣∣ .
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4 M. A. GANDHI, V. V. KHARAT, AND M. T. GOPHANE

Using mathematical induction for any w1, w2 ∈ Ct;ψ and t ∈ (a, b], we prove that
for j ∈ N,

‖T jw1 − T jw2‖Ct;ψ ≤ Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)j

Γ(jα+ ρ)

× ‖w1 − w2‖Ct;ψ , (3.4)

where kb = sup{|K(t, s)| : a < t, s ≤ b} and hb = sup{|H(t, s)| : a < t, s ≤ b}.
Let any w1, w2 ∈ Ct;ψ. Then from the definition of operator T given in (3.3) and
using Lipschitz condition on f, we have

‖Tw1 − Tw2‖Ct;ψ

≤ L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))1−ρ

Γ(α)
‖w1 − w2‖Ct;ψ

×
∫ t

a

Lαψ(t, η) (ψ(η)− ψ(a))ρ−1dη

≤ L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))αΓ(ρ)

Γ(α+ ρ)
‖w1 − w2‖Ct;ψ

Thus the inequality (3.4) holds for j = 1. Let us suppose that the inequality (3.4)
holds for j = r ∈ N, i.e. suppose

‖T rw1 − T rw2‖Ct;ψ ≤ Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)r

Γ(rα+ ρ)

× ‖w1 − w2‖Ct;ψ , (3.5)

holds. Next we prove that (3.4) holds for j = r+ 1. Let w1, w2 ∈ Ct;ψ and denote
w∗1 = T rw1 and w∗2 = T rw2. Then using the definition of operator T and Lipschitz
condition on f, we get

‖T r+1w1 − T r+1w2‖Ct;ψ = ‖Tw∗1 − Tw∗2‖Ct;ψ
≤ L(1 + (b− a)kb + (b− a)hb) max

ω∈[a,t]

∣∣(ψ(ω)− ψ(a))1−ρ

× 1

Γ(α)

∫ ω

a

Lαψ(ω, η)|w∗1(η)− w∗2(η)|dη
∣∣∣∣

≤ L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))1−ρ

Γ(α)

×
∫ t

a

Lαψ(t, η) (ψ(η)− ψ(a))ρ−1‖w∗1 − w∗2‖Ct;ψdη

From (3.5), we have

‖w∗1 − w∗2‖Ct;ψ ≤ Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)r

Γ(rα+ ρ)

× ‖w1 − w2‖Ct;ψ .
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Therefore,

‖T r+1w1 − T r+1w2‖Ct;ψ

≤ L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))1−ρ

Γ(α)

∫ t

a

Lαψ(t, η) (ψ(η)− ψ(a))ρ−1

× Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(η)− ψ(a))α)r

Γ(rα+ ρ)
‖w1 − w2‖Ct;ψdη

≤ (L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)r+1Γ(ρ)

Γ((r + 1)α+ ρ)
‖w1 − w2‖Ct;ψ

Thus we have

‖T r+1w1 − T r+1w2‖Ct;ψ

≤ (L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)r+1Γ(ρ)

Γ((r + 1)α+ ρ)
‖w1 − w2‖Ct;ψ .

Therefore, by principle of mathematical induction the inequality (3.4) holds for all
j ∈ N and for every t in ∆. As a consequence we find on the fundamental interval
∆,

‖T jw1 − T jw2‖C1−ρ;ψ(∆,R)

≤ Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)j

Γ(jα+ ρ)
‖w1 − w2‖C1−ρ;ψ(∆,R).

(3.6)

By definition of two parameter Mittag-Leffler function, we have

Eα,ρ(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)

=

∞∑
j=0

(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)j

Γ(jα+ ρ)
.

Note that
(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)j

Γ(jα+ ρ)
is the jth term of the

convergent series of real numbers. Therefore,

lim
j→∞

(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)j

Γ(jα+ ρ)
= 0.

Thus we can choose j ∈ N such that

Γ(ρ)
(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)j

Γ(jα+ ρ)
< 1,

so that T j is a contraction. Therefore, by Lemma 3.1, T has a unique fixed point
w∗ in C1−ρ;ψ(∆, R), which is a unique solution of the Cauchy-type problem (1.1)-
(1.2). �

Remark 3.3. The existence result proved above with no restriction on the interval
∆ = [a, b], and hence solution w∗ of (1.1)-(1.2) exists for any a, b(0 < a < b <∞).
Thus the Theorem 3.2 guarantees global unique solution in C1−ρ;ψ(∆, R).
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4. Ulam-Hyers stability

To discuss HU and HUR stability of (1.1), we adopt the approach of [14, 21].
For t ∈ ∆, ε > 0 and continuous function φ : ∆→ [0,∞), we consider the following
inequalities :∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)y∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ ε, (4.1)∣∣∣∣∣HDα,β;ψ
a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)y∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ φ(t),

(4.2)∣∣∣∣∣HDα,β;ψ
a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)y∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ εφ(t),

(4.3)

Definition 4.1. The problem (1.1) has HU stability if there exists a real number
Cf > 0 such that for each ε > 0 and for each solution y∗ ∈ C1−ρ;ψ(∆, R) of the
inequation (4.1) there exists a solution y ∈ C1−ρ;ψ(∆, R) of (1.1) with

‖y∗ − y‖C1−ρ;ψ(∆,R) ≤ Cf ε.

Definition 4.2. The problem (1.1) has generalized HU stability if there exists a
function Cf ∈ ([0,∞), [0,∞)) with Cf (0) = 0 such that for each solution w∗ ∈
C1−ρ;ψ(∆, R) of the inequation (4.1) there exists a solution w ∈ C1−ρ;ψ(∆, R) of
(1.1) with ‖w∗ − w‖C1−ρ;ψ(∆,R) ≤ Cf (ε).

Definition 4.3. The problem (1.1) has HUR stability with respect to a function φ
if there exists a real number Cf,φ > 0 such that for each solution y∗ ∈ C1−ρ;ψ(∆, R)
of the inequation (4.3) there exists a solution w ∈ C1−ρ;ψ(∆, R) of (1.1) with

|(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))| ≤ Cf,φεφ(t), t ∈ (∆, R).

Definition 4.4. The problem (1.1) has generalized HUR stability with respect
to a function φ if there exists a real number Cf,φ > 0 such that for each solution
w∗ ∈ C1−ρ;ψ(∆, R) of the inequation (4.2) there exists a solution y ∈ C1−ρ;ψ(∆, R)
of (1.1) with

|(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))| ≤ Cf,φφ(t), t ∈ ∆.

In the next theorem we will make use of the successive approximation method
to prove that the ψ−Hilfer FDE (1.1) is HU stable.

Theorem 4.5. Let f : (a, b]×R×R→ R be a function such that

f
(
t, w(t),

∫ t
a
K(t, s)w(s)ds,

∫ b
a
H(t, s)w(s)ds

)
∈ C1−ρ;ψ(∆, R),

for any w ∈ C1−ρ;ψ(∆, R), and that satisfies the Lipschitz condition

|f(t, w1, z1, x1)− f(t, w2, z2, x2)| ≤ L[ |w1 − w2|+ |z1 − z2|+ |x1 − x2| ],
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SOME RESULTS ON ψ−HILFER MIXED FRACTIONAL INTEGRODIFFERENTIAL... 7

where t ∈ (a, b], w1, w2, z1, z2, x1, x2 ∈ R and L > 0 is Lipschitz constant.
For every ε > 0, if w∗ ∈ C1−ρ;ψ(∆, R) satisfies∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)y∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ ε, t ∈ ∆,

then there exists a solution w of equation (1.1) in C1−ρ;ψ(∆, R) with

I1−ρ;ψ
a+ w∗(a) = I1−ρ;ψ

a+ w(a) such that for t ∈ ∆,

‖w∗ − w‖C1−ρ;ψ(∆,R)

≤
[

(Eα(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)− 1)

L(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

]
ε.

Proof. Fix any ε > 0, let w∗ ∈ C1−ρ;ψ(∆, R) satisfies∣∣∣∣HDα,β;ψ
a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds, abH(t, s)w∗(s)ds

)∣∣∣∣ ≤ ε, t ∈ ∆.

(4.4)

Then there exists a function σw∗ ∈ C1−ρ;ψ(∆, R) (depending on w∗) such that
|σw∗(t)| ≤ ε, t ∈ ∆ and

HDα,β;ψ
a+ w∗(t) = f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)
+ σw∗(t).

(4.5)

If w∗(t) satisfies (4.5) then it satisfies equivalent fractional integral equation

w∗(t) = Ωρψ(t, a)I1−ρ
a+ w∗(a) +

1

Γ(α)

∫ t

a

Lαψ(t, η)

× f

(
η, w∗(η),

∫ η

a

K(η, σ)w∗(σ)dσ,

∫ b

a

H(η, σ)w∗(σ)dσ

)
dη

+
1

Γ(α)

∫ t

a

Lαψ(t, η)σw∗(η)dη. (4.6)

Define

w0(t) = w∗(t), t ∈ ∆, (4.7)

and consider the sequence {wn}∞n=1 ⊆ C1−ρ;ψ(∆, R) defined by

wn(t) = Ωρψ(t, a)I1−ρ
a+ w∗(a)

+
1

Γ(α)

∫ t

a

Lαψ(t, η)f

(
η, wn−1(η),

∫ η

a

K(η, σ)wn−1(σ)dσ,∫ b

a

K(η, σ)wn−1(σ)dσ

)
dη. (4.8)
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Using mathematical induction firstly we prove that for every t ∈ ∆, j ∈ N and
wj ∈ C1−ρ;ψ[a, t] = Ct;ψ

‖wj − wj−1‖Ct;ψ
≤ ε

L(1 + (b− a)kb + (b− a)hb)

× (L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)j

Γ(jα+ 1)
(ψ(t)− ψ(a))1−ρ. (4.9)

By definition of successive approximations and using (4.6) we have

‖w1 − w0‖Ct;ψ

= max
ω∈[a,t]

∣∣∣∣(ψ(ω)− ψ(a))1−ρ 1

Γ(α)

∫ ω

a

Lαψ(ω, η)σw1(η)dη

∣∣∣∣
≤ ε max

ω∈[a,t]

[
(ψ(ω)− ψ(a))1−ρ 1

Γ(α)

∫ ω

a

Lαψ(ω, η)dη

]
≤ ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)

Γ(α+ 1)

× (ψ(t)− ψ(a))1−ρ.

Therefore,

‖w1 − w0‖Ct;ψ ≤
ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)

Γ(α+ 1)
(ψ(t)− ψ(a))1−ρ,

which proves the inequality (4.9) for j = 1. Let us suppose that the inequality
(4.9) holds for j = r ∈ N, we prove it for j = r + 1. By definition of successive
approximations and Lipschitz condition on f, we obtain

‖wr+1 − wr‖Ct;ψ = max
ω∈[0,t]

∣∣(ψ(ω)− ψ(a))1−ρ{wr+1(ω)− wr(ω)}
∣∣

≤ L(1 + (b− a)kb + (b− a)hb) max
ω∈[a,t]

[
(ψ(ω)− ψ(a))1−ρ

1

Γ(α)

∫ ω

a

Lαψ(ω, η)|wr(η)− wr−1(η)|dη
]

≤ L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))1−ρ

Γ(α)

×
∫ t

a

Lαψ(t, η)(ψ(η)− ψ(a))ρ−1 ‖wr − wr−1‖Cη;ψ dη
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Using the inequality (4.9) for j = r, we have

‖wr+1 − wr‖Ct;ψ

≤ ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb))
r+1

Γ(rα+ 1)

× (ψ(t)− ψ(a))1−ρIα;ψ
a+ (ψ(t)− ψ(a))rα

≤ ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb))
r+1

Γ(rα+ 1)

× (ψ(t)− ψ(a))1−ρ Γ(rα+ 1)

Γ((r + 1)α+ 1)
(ψ(t)− ψ(a))(r+1)α.

Therefore,

‖wr+1 − wr‖Ct;ψ

≤ ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)r+1

Γ((r + 1)α+ 1)

× (ψ(t)− ψ(a))1−ρ,

which is the inequality (4.9) for j = r + 1. Using the principle of mathematical
induction the inequality (4.9) holds for every j ∈ N and every t ∈ ∆.
Therefore,

‖wj − wj−1‖C1−ρ;ψ(∆,R)

≤ ε

L(1 + (b− a)kb + (b− a)hb)

(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)j

Γ(jα+ 1)

× (ψ(t)− ψ(a))1−ρ.

Now using this estimation we have

∞∑
j=1

‖wj − wj−1‖C1−ρ;ψ(∆,R) ≤
ε

L(1 + (b− a)kb + (b− a)hb)
(ψ(t)− ψ(a))1−ρ

×
∞∑
j=1

(L(1 + (b− a)kb + (b− a)hb)(ψ(t)− ψ(a))α)j

Γ(jα+ 1)
.

Thus we have
∞∑
j=1

‖wj − wj−1‖C1−ρ;ψ(∆,R) ≤
ε

L(1 + (b− a)kb + (b− a)hb)
(ψ(t)− ψ(a))1−ρ

(Eα(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)− 1)
(4.10)

Hence the series

w0 +

∞∑
j=1

(wj − wj−1) (4.11)
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converges in the weighted space C1−ρ;ψ(∆, R). Let w ∈ C1−ρ;ψ(∆, R) such that

w = w0 +

∞∑
j=1

(wj − wj−1), (4.12)

Noting that wn = w0 +
∑n
j=1(wj − wj−1), is the nth partial sum of the series

(4.11), we have ‖wn − w‖C1−ρ;ψ(∆,R) → 0 as n→∞.
Next, we prove that this limit function w is the solution of fractional integral

equation with I1−ρ;ψ
a+ w∗(a) = I1−ρ;ψ

a+ w(a). Therefore, by the definition of successive
approximation, for any t ∈ ∆, we have∣∣∣(ψ(t)− ψ(a))1−ρ

(
w(t)− Ωρψ(t, a)I1−ρ

a+ w(a)

− 1

Γ(α)

∫ t

a

Lαψ(t, η)f

(
η, w(η),

∫ η

a

K(η, σ)w(σ)dσ,

∫ b

a

H(η, σ)w(σ)dσ

)
dη

)∣∣∣∣∣
≤ ‖w − wn‖C1−ρ;ψ [a,b] + L(1 + (b− a)kb + (b− a)hb)

×
[
(ψ(t)− ψ(a))1−ρ 1

Γ(α)

∫ t

a

Lαψ(t, η)|wn−1(η)− w(η)|dη
]

≤ ‖w − wn‖C1−ρ;ψ [a,b] +

(
L(1 + (b− a)kb + (b− a)hb)Γ(ρ)

Γ(α+ ρ)
(ψ(t)− ψ(a))α

)
× ‖wn−1 − w‖C1−ρ;ψ[a,b], ∀n ∈ N

By taking limit as n→∞ in the above inequality, for all t ∈ [a, b], we obtain∣∣∣∣(ψ(t)− ψ(a))1−ρ
(
w(t)− Ωρψ(t, a)I1−ρ

a+ w(a)− 1

Γ(α)

∫ t

a

Lαψ(t, η)

×f

(
η, w(η),

∫ η

a

K(η, σ)w(σ)dσ),

∫ b

a

H(η, σ)w(σ)dσ

)
dη

)∣∣∣∣∣ = 0.

Since, (ψ(t)− ψ(a))1−ρ 6= 0 for all t ∈ ∆, we have

w(t) = Ωρψ(t, a)I1−ρ
a+ w(a)

+
1

Γ(α)

∫ t

a

Lαψ(t, η)f

(
η, w(η),

∫ η

a

K(η, σ)w(σ)dσ),

∫ b

a

H(η, σ)w(σ)dσ

)
dη.

(4.13)

This proves that w is the solution of (1.1)-(1.2) in C1−ρ;ψ(∆, R). Further, for the
solution w∗ of inequation (4.4) and the solution w of the equation (1.1), using
(4.7) and (4.12), for any t ∈ ∆, we have∣∣(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))

∣∣
≤
∞∑
j=1

∣∣(ψ(t)− ψ(a))1−ρ (wj(t)− wj−1(t))
∣∣ ≤ ∞∑

j=1

‖wj − wj−1‖C1−ρ[a,b]

≤ ε

L(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

× (Eα(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)− 1)

178



SOME RESULTS ON ψ−HILFER MIXED FRACTIONAL INTEGRODIFFERENTIAL... 11

Therefore,

‖w∗ − w‖C1−ρ;ψ[a,b] ≤
(

(Eα(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)− 1)

L(1 + (b− a)kb + (b− a)hb)

× (ψ(b)− ψ(a))1−ρ) ε.
This proves the equation (1.1) is HU stable. �

Corollary 4.6. Suppose that the function f satisfies the assumptions of
Theorem 4.5. Then the problem (1.1) is generalized HU stable.

Proof. Set

ψf (ε)

=

(
(Eα(L(1 + (b− a)kb + (b− a)hb)(ψ(b)− ψ(a))α)− 1)

L(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

)
ε,

in the proof of Theorem 4.5. Then ψf (0) = 0 and for each w∗ ∈ C1−ρ;ψ(∆, R)
that satisfies the inequality∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ ε, t ∈ ∆,

there exists a solution w of equation (1.1) in C1−ρ;ψ(∆, R) with

I1−ρ;ψ
a+ w∗(a) = I1−ρ;ψ

a+ w(a) such that

‖w∗ − w‖C1−ρ;ψ [a,b] ≤ ψf (ε), t ∈ ∆.

Hence mixed fractional integrodifferential equation (1.1) is generalized HU stable.
�

Theorem 4.7. Let f : (a, b]×R×R→ R be a function such that

f
(
t, w(t),

∫ t
a
K(t, s)w(s)ds,

∫ b
a
H(t, s)w(s)ds

)
∈ C1−ρ;ψ(∆, R),

for any w ∈ C1−ρ;ψ(∆, R), and that satisfies the Lipschitz condition

|f(t, w1, z1, x1)− f(t, w2, z2, x2)| ≤ L[ |w1 − w2|+ |z1 − z2|+ |x1 − x2| ],

where t ∈ (a, b], w1, w2, z1, z2, x1, x2 ∈ R and L > 0 is Lipschitz constant. For
every ε > 0, t ∈ ∆, if w∗ ∈ C1−ρ;ψ(∆, R) satisfies∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ εφ(t),

where φ ∈ C(∆, R+) is a non-decreasing function such that

|Iα;ψ
a+ φ(t)| ≤ λφ(t), t ∈ ∆

and λ > 0 is a constant satisfying 0 < λL(1 + (b − a)kb + (b − a)hb) < 1. Then,
there exists a solution w ∈ C1−ρ;ψ(∆, R) of equation (1.1) with

I1−ρ;ψ
a+ w∗(a) = I1−ρ;ψ

a+ w(a) such that∣∣(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))
∣∣

≤
[

λ

1− λL(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

]
εφ(t), t ∈ ∆.
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Proof. For every ε > 0, let w∗ ∈ C1−ρ;ψ(∆, R) satisfies∣∣∣∣∣HDα,β;ψ
a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds,

∫ b

a

H(t, s)w∗(s)ds

)∣∣∣∣∣ ≤ εφ(t).

Proceeding as in the proof of Theorem 4.5 there exists a function
σw∗ ∈ C1−ρ;ψ(∆, R) (depending on w∗) such that

w∗(t) = Ωρψ(t, a)I1−ρ;ψ
a+ w∗(a)

+ Iα;ψ
a+ f

(
t, w∗(t),

∫ t

a

K(t, σ)w∗(σ)dσ,

∫ b

a

H(t, σ)w∗(σ)dσ

)
+ Iα;ψ

a+ σw∗(t).

Further, using mathematical induction, one can prove that the sequence of suc-
cessive approximations {wn}∞n=1 ⊂ C1−ρ;ψ(∆, R) defined by

wn(t) = Ωρψ(t, a)I1−ρ
a+ w∗(a) +

1

Γ(α)

∫ t

a

Lαψ(t, η)

× f

(
η, wn−1(η),

∫ η

a

K(η, σ)wn−1(σ)dσ,

∫ b

a

H(η, σ)wn−1(σ)dσ

)
dη.

(4.14)

satisfy the inequality

‖wj − wj−1‖Ct;ψ ≤
ε

L(1 + (b− a)kb + (b− a)hb)
(λL(1 + (b− a)kb + (b− a)hb))

j

× (ψ(t)− ψ(a))1−ρφ(t), j ∈ N. (4.15)

Using the inequation (4.15), we obtain

∞∑
j=1

‖wj − wj−1‖Ct;ψ ≤
ε

L(1 + (b− a)kb + (b− a)hb)

×

 ∞∑
j=1

(λL(1 + (b− a)kb + (b− a)hb))
j

 (ψ(t)− ψ(a))1−ρφ(t).

Thus

∞∑
j=1

‖wj − wj−1‖Ct;ψ ≤ ε
(

λ

1− λL(1 + (b− a)kb) + (b− a)hb)

)
× (ψ(t)− ψ(a))1−ρφ(t). (4.16)

Following the steps as in the proof of the Theorem 4.5 there exists
w ∈ C1−ρ;ψ(∆, R) such that ‖wn − w‖C1−ρ;ψ(∆,R) → 0 as n → ∞. This w is the

solution of the problem (1.1)-(1.2) with I1−ρ;ψ
a+ w(a) = I1−ρ;ψ

a+ w∗(a), and we have

w = w0 +
∑∞
j=1(wj − wj−1). Further, for the solution w∗ of inequation and the
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solution w of the equation (1.1), for any t ∈ ∆,∣∣(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))
∣∣

≤
∞∑
j=1

∣∣(ψ(t)− ψ(a))1−ρ (wj(t)− wj−1(t))
∣∣

≤
∞∑
j=1

‖wj − wj−1‖Ct,ψ

≤ ε
(

λ

1− λL(1 + (b− a)kb + (b− a)hb)

)
(ψ(t)− ψ(a))1−ρφ(t).

Thus, we have∣∣(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))
∣∣

≤
(

λ

1− λL(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

)
ε φ(t).

This proves the equation (1.1) is HUR stable. �

Corollary 4.8. Suppose that the function f satisfies the assumptions of
Theorem 4.7. Then, the problem (1.1) is generalized HUR stable.

Proof. Set ε = 1 and

Cf,φ =

(
λ

1− λL(1 + (b− a)kb + (b− a)hb)
(ψ(b)− ψ(a))1−ρ

)
in the proof of

Theorem 4.7. Then for each solution w∗ ∈ C1−ρ;ψ(∆, R) that satisfies the in-
equality∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, y∗(t),

∫ t

a

K(t, s)y∗(s)ds,

∫ b

a

H(t, s)y∗(s)ds

)∣∣∣∣∣ ≤ φ(t),

there exists a solution w of equation (1.1) in C1−ρ;ψ(∆, R) with

I1−ρ;ψ
a+ w∗(a) = I1−ρ;ψ

a+ w(a) such that∣∣(ψ(t)− ψ(a))1−ρ(w∗(t)− w(t))
∣∣ ≤ Cf,φφ(t), t ∈ ∆.

Hence the fractional integrodifferential equation (1.1) is generalized HUR stable.
�

5. ε−Approximate solutions to Hilfer MFIDE

Definition 5.1. A function w∗ ∈ C1−ρ;ψ(∆, R) that satisfy the fractional inte-
grodifferential inequality∣∣∣∣∣HDα,β;ψ

a+ w∗(t)− f

(
t, w∗(t),

∫ t

a

K(t, s)w∗(s)ds,

∫ b

a

H(t, s)y∗(s)ds

)∣∣∣∣∣ ≤ ε, t ∈ ∆,

is called an ε−approximate solutions of ψ−Hilfer MFIDE (1.1).
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Theorem 5.2. ([18]) Let u, v be two integrable, non negative functions and g be
a continuous, nonnegative, nondecreasing function with domain ∆. If

u(t) ≤ v(t) + g(t)

∫ t

a

Lαψ(τ, s)u(τ)dτ,

then

u(t) ≤ v(t) +

∫ t

a

∞∑
k=1

[g(t)Γ(α)]k

Γ(αk)
Lαkψ (τ, s)v(τ)dτ, ∀t ∈ ∆. (5.1)

Theorem 5.3. Let f : (a, b]×R×R→ R be a function which satisfies the Lipschitz
condition |f(t, w1, z1, x1)− f(t, w2, z2, x2)| ≤ L[ |w1 −w2|+ |z1 − z2|+ |x1 − x2| ],
where t ∈ (a, b], w1, w2, z1, z2, x1, x2 ∈ R and L > 0 is Lipschitz constant.
Let w∗i ∈ C1−ρ;ψ(∆, R), (i = 1, 2) be an εi−approximate solutions of MFIDE (1.1)

corresponding to I1−ρ;ψ
a+ w∗i (a) = w

(i)
a ∈ R, respectively. Then

‖w∗1 − w∗2‖C1−ρ;ψ(∆,R)

≤ (ε1 + ε2)

(
(ψ(b)− ψ(a))α−ρ+1

Γ(α+ 1)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ((k + 1)α− ρ+ 1)
(ψ(b)− ψ(a))(k+1)α

)

+ |w(1)
a − w(2)

a |

(
1

Γ(ρ)
+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(b)− ψ(a))kα

)
.

(5.2)

Proof. Let w∗i ∈ C1−ρ;ψ(∆, R), (i = 1, 2) be an εi−approximate solutions of

MFIDE (1.1) that satisfy the initial condition I1−ρ;ψ
a+ w∗i (a) = w

(i)
a ∈ R. Then∣∣∣∣∣HDα,β;ψ

a+ w∗i (t)− f

(
t, w∗i (t),

∫ t

a

K(t, s)w∗i (s)ds,

∫ b

a

H(t, s)w∗i (s)ds

)∣∣∣∣∣ ≤ εi.
(5.3)

Operating Iα;ψ
a+ on both the sides of the above inequation and using the Lemma2.5,

we get

Iα;ψ
a+ εi

≥ Iα;ψ
a+

∣∣∣∣∣HDα,β;ψ
a+ w∗i (t)− f

(
t, w∗i (t),

∫ t

a

K(t, s)w∗i (s)ds,

∫ b

a

H(t, s)w∗i (s)ds

)∣∣∣∣∣
≥

∣∣∣∣∣Iα;ψ
a+

HDα,β;ψ
a+ w∗i (t)− Iα;ψ

a+ f

(
t, w∗i (t),

∫ t

a

K(t, s)w∗i (s)ds,

∫ b

a

H(t, s)w∗i (s)ds

)∣∣∣∣∣
≥
∣∣∣w∗i (t)− I1−ρ;ψ

a+ w∗i (a)Ωρψ(t, a)

−Iα;ψ
a+ f

(
t, w∗i (t),

∫ t

a

K(t, s)w∗i (s)ds,

∫ b

a

H(t, s)w∗i (s)ds

)∣∣∣∣∣ .
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Therefore,

εi
Γ(α+ 1)

(ψ(t)− ψ(a))α ≥
∣∣∣w∗i (t)− w(i)

a Ωρψ(t, a)

−Iα;ψ
a+ f

(
t, w∗i (t),

∫ t

a

K(t, s)w∗i (s)ds,

∫ b

a

H(t, s)w∗i (s)ds

)∣∣∣∣∣ , i = 1, 2. (5.4)

Using the following inequalities

|x− w| ≤ |x|+ |w| and |x| − |w| ≤ |x− w|, x, w ∈ R,

from the inequation (5.4), for any t ∈ ∆, we have

ε1 + ε2
Γ(α+ 1)

(ψ(t)− ψ(a))α

≥ |(w∗1(t)− w∗2(t))| −
∣∣∣(w(1)

a − w(2)
a )Ωρψ(t, a)

∣∣∣
−
∣∣∣∣Iαa+ [f (t, w∗1(t),

∫ t

a

K(t, s)w∗1(s)ds

)
− f

(
t, w∗2(t),

∫ t

a

K(t, s)w∗2(s)ds

)]∣∣∣∣
Therefore,

|(w∗1(t)− w∗2(t))| ≤ ε1 + ε2
Γ(α+ 1)

(ψ(t)− ψ(a))α +
∣∣∣(w(1)

a − w(2)
a )Ωρψ(t, a)

∣∣∣
+
L(1 + (b− a)kb + (b− a)hb)

Γ(α)

×
∫ t

0

Lαψ(t, η) |(w∗1(η)− w∗2(η))| dη

Applying Theorem 5.2 with

u(t) = |(w∗1(t)− w∗2(t))|

v(t) =
ε1 + ε2

Γ(α+ 1)
(ψ(t)− ψ(a))α +

∣∣∣(w(1)
a − w(2)

a )Ωρψ(t, a)
∣∣∣

g(t) =
L(1 + (b− a)kb + (b− a)hb)

Γ(α)
,

we obtain

|(w∗1(t)− w∗2(t))|

≤ (ε1 + ε2)

(
(ψ(t)− ψ(a))α

Γ(α+ 1)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ((k + 1)α− ρ+ 1)
(ψ(t)− ψ(a))(k+1)α

)

+
∣∣∣w(1)
a − w(2)

a

∣∣∣ ( (ψ(t)− ψ(a))ρ−1

Γ(ρ)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(t)− ψ(a))kα+ρ−1

)
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Thus for every t ∈ ∆, we have

(ψ(t)− ψ(a))1−ρ |(w∗1(t)− w∗2(t))|

≤ (ε1 + ε2)

(
(ψ(t)− ψ(a))α−ρ+1

Γ(α+ 1)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ((k + 1)α− ρ+ 1)
(ψ(t)− ψ(a))(k+1)α

)

+
∣∣∣w(1)
a − w(2)

a

∣∣∣( 1

Γ(ρ)
+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(t)− ψ(a))kα

)

≤ (ε1 + ε2)

(
(ψ(b)− ψ(a))α−ρ+1

Γ(α+ 1)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ((k + 1)α− ρ+ 1)
(ψ(b)− ψ(a))(k+1)α

)

+
∣∣∣w(1)
a − w(2)

a

∣∣∣( 1

Γ(ρ)
+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(b)− ψ(a))kα

)
Therefore,

‖w∗1 − w∗2‖C1−ρ;ψ(∆,R)

≤ (ε1 + ε2)

(
(ψ(b)− ψ(a))α−ρ+1

Γ(α+ 1)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ((k + 1)α− ρ+ 1)
(ψ(b)− ψ(a))(k+1)α

)

+
∣∣∣w(1)
a − w(2)

a

∣∣∣( 1

Γ(ρ)
+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(b)− ψ(a))kα

)
which is the desired inequality. �

Remark 5.4. If ε1 = ε2 = 0 in the inequality (5.3) then w∗1 and w∗2 are the solutions
of Cauchy problem (1.1)-(1.2) in the space C1−ρ;ψ[a, b]. Further, for ε1 = ε2 = 0
the inequality takes the form

‖w∗1 − w∗2‖C1−ρ;ψ(∆,R) ≤
∣∣∣w(1)
a − w(2)

a

∣∣∣ ( 1

Γ(ρ)

+

∞∑
k=1

(L(1 + (b− a)kb + (b− a)hb))
k

Γ(ρ+ kα)
(ψ(b)− ψ(a))kα

)
,

which provides the information regarding continuous dependance of the solution

of the problem (1.1)-(1.2) on initial condition. In addition, if w
(1)
a = w

(2)
a we have

‖w∗1 − w∗2‖C1−ρ;ψ(∆,R) = 0, which gives the uniqueness of solution of the problem
(1.1)-(1.2).
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