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REPRESENTATIONS OF THE SECOND KIND FOR THE
SOLUTIONS TO THE FIRST ORDER GENERAL LINEAR
ELLIPTIC SYSTEM IN THE SIMPLY CONNECTED PLANE
DOMAIN

SERGEY KLIMENTOV

ABSTRACT. In this paper, representations of the second kind for solutions
to the linear general uniform elliptic system of the first order in the simply
connected plane domain G are under consideration. In complex notation, we
write system as Dw = dzw + q1(2)0w + q2(2)0zwW + A(z)w + B(z)w = R(z),
where w = w(z) = wu(z) + iw(z) is the desired complex function, 9z =
1/2(0/0x + i0/0y), 0. = 1/2(0/0x — i0/0y), stand for Sobolev’s deriva-
tives, q1(z) and ¢2(z) are given measurable complex functions satisfying the
condition of uniform ellipticity of the system: |q1(2)|+]|g2(z)| < go = const <
1, z € G, and A(z), B(z), R(z) € Lp(G), p > 2, are also given complex func-
tions. The representation of the second kind is based on the well-known

el 1
Pompeiu’s formula: if w(z) € W (G), p > 2, then w(z) = — w(¢) ¢ —
21y (— 2
1 0 déd _
— I/ = S ", £ =0G, where w(z) € WL(G), p > 2. From here for the
™ 0z (—=z p

1
solution w(z) we can write the representation Q(w) = i J z](i)dCJrTR(z)
T, (— 2
where Q(w) = w(z) + T(q1(2)0.w + q2(2)0:w + A(z)w + B(z)w), Tf() =
1
-=Jf f(T)C dxdy. With the appropriate assumptions about £ and the co-
Tqg T—
efficients we prove that Q is ihe isomorphism of the space Cé(é) k >1,
0 < a <1, or the space WZ} (G), p > 2. This result develops and supple-
ments B.V. Boyarsky’s works where representations of the first kind where
obtained. Also this work supplements author’s results on representations of
the second kind when G is a unit disk. As a corollary, we have the next
a priori estimate. For an arbitrary function w(z) € CEYY(@), k > 0, we

have: Hw||c§+1(6> < const{”’l)w”cz(é) + ||u}||c§+1(£>}7 where const de-

pends only on k, a and the norms in C*(G) of the coefficients of the operator
D.
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1. Introduction

Denote by D = D, = {z : |z| < 1} the unit disk of the complex z-plane E,
z =x+1iy, i> = —1; I' = 0D is the boundary of D; and D = DUT; G is the
simply connected bounded domain of the complex (-plane; 9G = £L; G = G U L.

We use the following functional spaces with the standard norms: L, (D) is the
space of functions integrable to the power p > 1in D; Wr(D), k=0,1,...,p > 1,
is the class of functions having in D weak derivatives in the sense of Sobolev
up to order k integrable to the power p, W;,)(E) = L,(D); CX(D), k = 0,1,...,
0 < a < 1, is the space of functions having continuous partial derivatives up
to order k in D that are Hélder continuous with exponent o, C§(D) = C*(D),
C%(D) = Cy(D); Ly(T) and C¥(T) are defined similarly but for functions defined
on I

The notation C%(G), L,(G), W} (G), C%(L) has the similar sense. The detailed
definitions of these spaces and norms can be found in [12].

We say the simple closed curve £ belongs to C* and write £ € CF if the curve
L is the homeomorphic regular image of the circle I' : £ ={z: 2z = 2(t) = z(s) =
z(s) +iy(s)}, t = e, 2/(s) # 0, 2(t) € C¥(T'), k > 1. In this case we say I and £
are C*-diffeomorphic.

Denote by A% (D) = Al c C(D), 0 < o < 1, (vespectively A¥(D) = Ak c
W}(D), p > 2) the closed subspace of holomorphic functions. The notation A¥ (G)
(AF(G@)) has the similar sense.

1
Following [1, Ch. 5] we denote by WII,C ~7(L) the set of boundary values of

1

. k—1
functions from WI’f(G) (see too [9, p. 267]). Later we’ll define in W, 7 (L) the
norm of a Banach space.

We consider in G the general linear elliptic first-order system in complex nota-
tion

Dw = 0w+ q1()w + (0w + AQw + BOw=R(C), (1)

where { = £+ in, w = w(¢) = u(¢) 4+ w(¢) is the desired complex function,
¢ = 1/2(0/0¢§ +1i0/0n), Oc = 1/2(0/0§ —i0/dn), stand for Sobolev’s derivatives,
¢1(¢) and ¢2(¢) are given measurable complex functions satisfying the condition
of uniform ellipticity of System (1.1)

|a1(O)] + lg2(¢)| < qo = const < 1, C € G, (1.2)

and A(¢), B(¢), R(¢) € L,(G), p > 2, are also given complex functions.

The representations for the solutions to System (1.1) are very useful and estab-
lish the correspondence between solutions and holomorphic functions. In the case
q1(¢) = g2(¢) = 0 the representations of two kinds for continuous in G solutions
where established by different authors (see [12]).

The representation of the first kind for the solution to the homogeneous system
is

w(¢) = (C) exp{T (A+BZ)}, (1.3)
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where ®(() is some holomorphic function and

1 f(r) .
TrQ) =Taf(C)=—— —dxdy, T=2x+1iy,
Wé/T ¢

oTf(C) = f(Q)-
The representation of the second kind is
w(¢) + T(Aw + Bw) = ®(¢) + TR(¢), (1.5)

where ®(() is also some holomorphic function and w(¢) is the solution to the
non-homogeneous system in general.

Naturally it is interesting when these representations may be inverted, i. e.
when the solution w((¢) is uniquely determined by the holomorphic function ®(¢).

For the representation (1.3) the reversibility in W (G), p > 2, for ®(z) € AL(G)
is proved in [12, Ch. 3, §7]. If the coefficients A(¢), B(¢) and ®({) are smooth
enough in G we can assert only w(¢) € W, (G) with p > 2 arbitrary large.

There is more complete picture for the representation (1.5). Under appropriate
assumptions about A, B and the boundary £ the operator in the left—hand side
of (1.5) is an isomorphism of the Banach space W} (G) or CE(G) (see [12, Ch. 3,
§5; Ch. 4]).

The first fundamental research of the solutions to the general system (1.1)
belongs to B. Bojarski [2]. He received the generalization of representation of the
first kind (1.3). Also he established in [2] the reversibility of this representation.
These results have previous defects. Moreover if the holomorphic function ®(¢) is
good enough, we can assert only w(¢) € W1(G), where s > 2 is close to 2.

The representation of the second kind (1.5) is based on the well-known Pom-
peiu’s formula [12, pp. 41, 57]:

1 w(T) 1 ow dxdy
w(C)_mﬁ/T—CdT_Fé/af'T—C’ (1.6)

where w(¢) € W) (G), p > 2.
For the given solution w({) € Wz} (G), p > 2, to the general equation (1.1),

where A(¢), B(¢), R(¢) € L,(G), we can write the representation of the second
kind

Qw) = 2%/ i”(_TZdT +TR(O), (1.7)
L
where
Qw) = w(¢) + T(q10-w + ¢20-w + Aw + Bw)((). (1.8)

Of course, it is interesting when the operator €2 is invertible.

This problem is solved in [4] in the special case when G is the unit disk D. In
[4] one can find a more detailed overview of the works on this topic.

The next assertions are the main results of this paper.

Theorem 1.1. If ¢1(¢), 42(C) € C(G), A(C), B(¢) € Lp(G), p > 2,0G = L € Cy,
0 <a <1, then Q is a (real) linear isomorphism of the Banach space W, (G).
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Theorem 1.2. If ¢1(¢), q2(¢), A(C), B(() € CX(G), k>0,0<a<1,0G=L¢
Ck+L then Q is a (real) linear isomorphism of the Banach space C*t1(G).

The proofs of these theorems use the results on the special cases from [4].
Here are two simple but important corollaries of Theorems 1.1 and 1.2.

Theorem 1.3. In assumptions of Theorem 1.1 for an arbitrary function w(() €
W, (G) we have a priori estimate:

iy @ < const { IPul., 5 + ||w||W;_;,(£)} ,
where const depends only on p, G, and the norms ||q1HC(a), H‘D”c(é): ||A||Lp(§),
IBllL, @)
Theorem 1.4. In assumptions of Theorem 1.2 for an arbitrary function
w(¢) € CH(G), k > 0, we have a priori estimate:

lewllezer @) < const {IDwl e @) + Il ot e b

where const depends only on k, a, G and the norms in C*(G) of the coefficients
of the operator D.
2. Auxiliary statements

2.1. Operators T and II. Denote by

17(0) = 0740 =~ [[ A hzdean 7= vin
G

the singular two—dimensional integral.

Lemma 2.1. The singular operator 11 is bounded in C*(G), k > 0,0 < a < 1,
and Wzﬂ“(é), kE>0,p>2.

We have ||I1||, = 1 and for arbitrary qo : 0 < qo < 1 there is so = so(qo) > 2
such that qo||||L, <1 when 2 < s < sp.

The proof of this assertions one can find in [12, Ch. 1, §8, §9] and [5].
From (1.4) and Lemma 2.1 we have

Lemma 2.2. The operator T continuously mapst’éf(é), k>0,0<a<l,into
CETH(G), and WE(G), k>0, p > 2, into WFTH(G).

The similar assertion takes place for the operator
710 = (T7Q). 9TF() = F(C).

2.2. Shifts. Let £L € C*, k> 1,0 < a < 1, is a regular curve; ( = f(t) is a
diffeomorphism between the circle I and £; s is an arc on I', and ¢ is an arc on L.
We have the next evident relationships:

Ct(t) 7&07 Ct = Cs'st :Cs ‘%s,
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where ¢ is an affix on T'; if 2 = (71(7), then
ZT(T) #0, z2r =2, 07 =24 " To,

where 7 is an affix on L.

Generalizing [7, p. 33] we introduce the operator W (t) =
is the function defined on £, and ¢ = ((t) € C¥(T), k >
diffeomorphism between I' and £ € C.

It is evident that W is linear, bounded, continuously invertible operator. It
maps C¥(L) into C*(T).

Denote by

©(¢(t)), where ()
,L0<a<l,isa

Sre(t) = i/ P1) g yer, (2.1)

Iy T—1
r

the one-dimensional singular integral operator. Analogously the operator S, is
defined.
Here we need the next properties of the composition

Up(t) = (WSW™! — Sp) p(t) = %/ L(T)C(T)g(t) - i 2| (),
T

which have been established in [6].

Theorem 2.3. Let ((t) € CA(I), 0 < a <1, p(t) € Cs(T), 0 < <1, p=
a+ 8 <2
If p < 1 then Yo(t) € Cu(T') and

W ()lle, ) < constlle(®)llc, ), (2.2)

where const depends only on |||l (ry-

If p =1 then Up(t) € C,—(T') for Ve : 0 < e < p and the estimate similar to
(2.2) takes place.

If p > 1 then Wop(t) € CL_,(T) and

We()ller ) < constllo(t)lcy ), (2.3)
where const depends only on ||C||c1 (r)-

Corollary 2.4. If ¢(t) € C4(T), 0 < a < 1, ¢(t) € C4(T), 0 < § < 1, then
Wo(t) € CL(T) and

W (t)lley ) < constlle(t)llcyr), (2.4)
where const depends only on ||C||lc (r)-

Remark 2.5. In [6] L is a circle but it is not used anywhere.

Obviously, in theorem 2.3 we can take £ as a circle and I' as its diffeomorphic
image. About change of variables in the one-dimensional singular integral see [3,
p. 31].
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1
2.3. The Space W: P(L). We assume 0G = L € Ck k> 1,0 < a < 1.

Following [1, Ch. 5], we denote by W;ig(ﬁ), p > 2, the set of boundary values of
functions from W} (G) (see also [9, p. 267]).

_1 —
Let f(r) € W;f (L) and F(z) € W}(G) is the harmonic function such as
1
F(r) = f(r), 7 € L. The norm of f(1) € W;,C " (L) we define as [[F(2)llyr @)
_1
This is a Banach norm and the singular operator S, is bounded in W; P (L) (see

[9, Ch. 6, § 1]).
Because by imbedding theorem WZ? (G) Cgil(é), 8= %2, we have

k-1 _
W, (L) c Ci (L), k>1,p>2. (2.5)
Denote by
1 [ f(7)
= d 2.
K5(Q) = 5 [ 2 0ir ¢ (2.6
L
the Cauchy—-type integral.
The inequality
IS Ollwy @) < constllF@N w1 ) k>1,p>2, (2.7)
P

takes place, where the constant does not depend on f (see [9, Ch. 6, § 1]).

2.4. One property of the Cauchy—type integral.

Lemma 2.6. If T' = 9D is the unit circle |t| = 1, f(2) € AL(D), 0 < a < 1,
w(t) € Cu(), K(fw)(z) € AL(D), f(2) #0, 2 € D, then Kw(z) € AL(D).

Proof. Consider the holomorphic in D function
f(2)Kw(z) — K(fw)(z) = P(z) € Cu(D).
Differentiating it with respect to z € D, we obtain:

f(z) fw®dt 1 [ f(z)—f#) w®)dt _
27Ti/t—z+2m' t—z -z
P T (2.8)

P(z) =

By the properties of the Cauchy-type integral we have I;(z) € Co(D) (see [12,

Ch. 1, §3)).
Denote by
o(z,t) = M ~w(t), tel, z€D.
—z
If we put M = —f(t) for t = z, then ¢(z,t) belongs to C, with respect

—z
to z and to ¢ (see [10, Ch. 1, §7]).



REPRESENTATIONS OF THE SECOND KIND 13

We rewrite I2(z) as

FRILIY FEVETEE P

NCEY R WSS

271
T

Similar to the arguments from [3, §4, sec. 1] we get Iz1(2) = I21(7) when z — 7 €
T.
Thus, we have

1

I(z) = I3 (1) = %ap(r,r) + 7/M

t—1 "’

211
r

when z - 7 €T
By Sokhotski-Plemelj formulas we get (see [10, §16])

t— 2z

L(z) = I (r) = %f(7->w(7.> N J;(WT@) / w(t)dt

when z —» 7 €T
Combining this relations we get

P(z) » Pr) = Z0 [ 408,
r

t—

1 o(r,t)dt

27i t—T
r

131(7') + I32(T).

By the properties of the singular operator (2.1) we have I31(7) € Cy(T') (see
10, Ch. 1, §19]).

Since ¢(z,t) belongs to C, with respect to z and to ¢, we have I32(7) € Co(T)
[10, Ch. 1, §18, sec. 4]. So, the boundary values P(7) of the holomorphic function
P(z) belong to C,(T'). This fact implies P(z) € Co(D), P(z) € AL(D) and
Kw(z) € AL(D). O

2.5. The uniqueness of solutions.

Lemma 2.7. If in the elliptic equation (1.1) the coefficients q1(C), g2(¢) are mea-
surable functions, A(C), B(¢) € L,(G), p > 2, R() =0, Le CL,0<a <1,
and the boundary values of the solution w(¢) € WX(G), s > 2, equal zero on a set
Il C L, mesl >0, then w(¢) =0.

This assertion follows immediately from theorem 4.4 of [2] (see also [12, Ch. 3,

§17)).
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2.6. Two—dimensional integrals.

Lemma 2.8. Let £L=0G € CL, 0 < a < 1, D be the unit disk |z| <1, 9D =T,
and ( = ((2) : D — G be a conformal (one-to-one) mapping. If w(¢) € W(G),
s > 2, then we have

cé/[C@f?l&)__tiz}aﬂﬂC@Ddx@/=

_1 G S L
_%F[«wq@ tz}<“mﬁ7t +iy.

Proof. From (1.6) we get the next formulas:

L [[w=(7) 1 [ w(r) o
_Wé/’ré_dgdn‘i‘mﬁ/’rcdﬂ T=£&41m, (2_10)
:77//% aa dy +*/ PO dt t=x+iy. (2.11)

Note that by Kellog’s theorem we have ((z) € CL(D) (see [12, Ch. 1, §2]).
By changing of variable 7 = ((¢) and replacing ¢ by ((z) in (2.10), we get:

=——// dxdy+r/wdt

Now (2.9) follows from (2.11) and the last equality. O

We denote by Nw(z) the left—hand side of (2.9).

Lemma 2.9. In the assumptions of Lemma 2.8 and when as < 2 we have Nw(z) €

— 2
AL(D), where q = 5 —Sas'
Proof. From (2.9) it is evident that 9; Nw(z) = 0. So, it is sufficient to prove that
9, Nw(z) € Ly(D).

We differentiate (2.10) with respect to ¢, and (2 11) with respect to z:

_1 wf 1w
dew(C) // d§ + o / g (2.12)

d.w(((2)) = —%// I(Utt_(C(Zt))Q)dxderQii/ E’Z(Cgldt. (2.13)
D T

We mean the two—dimensional integrals in the right-hand sides of these formulas
in the Cauchy sense. All terms in the right-hand sides of these formulas belong
to Ls(G) and to Ls(D) respectively [12, Ch. 1, §§8, 9].
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Because ¢ = ((z) is a conformal mapping, we have a usual rule of change of
variables in the two—dimensional singular integral in (2.12) (see [8, Ch. 2, §5,
Sec. 4,5]). Using this fact, we pass in (2.12) to the variables ¢, z:

CRNO 2ri ) (1) ~ ()2
Subtracting (2.14) and (2.13), we get
JeNz // { 22 (t _12,)2} wi(((t))dzdy € Ly(D).
Further, we have:
C(t)C(Z) 1 const

‘ €)= <(2)?  (t—2)

where the constant depends only on [|((z)[|c1(r) (see [6]).
From here and d:w(((z)) € Ly(D) we get 8.Nw(z) € Ly(D) (see [11, Ch. 5,
Sec. 1.2]). O

=t — 22’

3. Proofs of the main results

3.1. Proof of Theorem 1.1. For the beginning, we give a scheme of the proof.
At first, we prove a unique solvability of the equation

Qw)=FeW,(G), p>2, (3.1)

in W2(G), where s : 2 < s < p, and s is sufficiently close to 2. Further, we
prove that the unique solution to Equation (3.1) w(¢) € W2(G) actually belongs
to W]D1 (G). We use here a special case of Theorem 1.1 when G is the unit disk
D. This special case has been proved in [4]. Since the operator €2 is bounded in
W3 (G) (see Lemma 2.2), now it is sufficient to use the theorem of Banach.

Lemma 3.1. If ¢1(¢) and ¢2(¢) are the measurable functions, satisfying (1.2),
A(C), B(C) € Ly(G), s > 2, then the equation

Q(w) =0 (3:2)

has only zero solution in W1(Q).

-2
Proof. Let w(¢) € WX(G) C Cs(Q), B = s— be a non-zero solution to Equa-
s

tion (3.2). It is known, that if f(¢) € Ls(G), then the function Tf(¢) € Cs(E), is
holomorphic outside of G, and T f(co0) = 0 [12, p. 54-58]. Thus, by (3.2) we get
w(¢) € C(E), and w(() is holomorphic outside of G, and w(oc) = 0.

From the other hand, by differentiation (3.2) with respect to ¢ we get that w(()
satisfies to the homogeneous equation (1.1) (under the condition R(¢) = 0).

It follows from here and (1.6) that w(() satisfies the equation

Q(w) = ®(¢), where ®(¢) = zim / i”(_Tz_dT. (3.3)
L
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So, the Cauchy type integral ®({) in (3.3) is continues in the complex plane F
and ®(oc0) = 0. It’s possible only when w(r) =0, 7 € L (see [3, p. 39]).

Thus, w({) € Cg(G) is a solution to the homogeneous equation (1.1), and
w(t) =0, 7 € L. But this implies w(¢) =0, ¢ € G (see Lemma 2.7). O

Lemma 3.2. If ¢1(¢) and ¢2(¢) are measurable functions, satisfying (1.2), A(C),
B(¢) € Ly(G), p > 2, then there exists a unique solution w(¢{) € WX(G) to
Equation (3.1), where s : 2 < s < p, and s is sufficiently close to 2.

Proof. The uniqueness follows from Lemma 3.1. Let us show that the operator
O (w) = w+ Ta(q10cw + q20FW) (3.4)

has bounded inverse one in W2(G), if 2 < s < p, and s is sufficiently close to 2.
Consider the equations

O (w) = w € WLG), (3.5)

A+ (@A + @A) = A+ o) = dew. (3.6)

We obtained Equation (3.6) by differentiating (3.5) with respect to ¢ and replacing

Ocw by A(¢). By Lemma 2.1 there exists the number s : 2 < s < sg(gp) < p such
that QOHHHLS < 1. o

By contracting-mapping principle Equation (3.6) is uniquely solvable in L¢(G):

M¢) = (I + )7 9cw(Q), (3.7)

and a norm of the linear operator (I + o)~! : L,(G) — Ls(G) is bounded by the
constant, which depends only on gg.
Let us find a solution to Equation (3.5) in the form

w(¢) = TA+¥(C), (3.8)

where ¥(¢) € AL(G) is a desired holomorphic function; A is defined in (3.7).
Substituting (3.8) in (3.5), we get:

U(0) =w(¢) = TA = T(@A + g2X). (3.9)
If £(¢) € Ls(GQ), then Tf(¢) € WX(G) (see [12, Ch. 1, §6]). Hence, by (1.4), (3.6)

we have 9, ¥(¢) = 0, i. e. the function (), defined by (3.9) is holomorphic and
belongs to W(G).

So, the formula
w(¢) = w(Q) = T (O +0) ™00 + aa(O)T + ) 10w (3.10)

defines a solution to Equation (375) from W1(G). From Lemma 2.2 we have that
the operator 0y : W1(G) — WX(G) is continuous. Hence, by the Banach theorem

s p— p—
the inverse operator Q! : W1(G) — W2(G) is continuous too.

Remark 3.3. From (3.10) and the properties of 7' [12, Ch. 1, §6] it follows, that a
norm of the linear operator Q;* : W1(G) — WX(G) is bounded by the number,
which depends only on qq.
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Let us rewrite Equation (3.1) in the form
w+ Q7o Pw= Q7 'F, (3.11)
where Pw = T(Aw+ Bw). Since the operator P is completely continuous in C(G)

and maps C(G) into W}(G) [12, Ch. 1, §6], the operator Q' o P is completely
continuous in C(G) and maps C(G) into W1(G).

Owing to the properties of the operators in (3.11), a continuous in G solution to
the homogenous equation (3.11) belongs to W1 (G). By Lemma 3.1 this solution
equals to zero.

Thus, by Fredholm’s theorem Equation (3.11) is uniquely solvable in C(G) and

its solution w(¢) € WX(G). O

By Lemma 3.2 there exists a unique solution w(¢) € W(G), s : 2 < s < p, to

the equation
Qw) =F € W, (G). (3.12)
Let us show that this solution w(¢) € W, (G).

Denote by ¢ = ((z) a conformal schlicht mapping of the closed disk D onto the
closed domain G. It is known that ((z) € CL(D) [12, Ch. 1, §2], and the invers
mapping z = 2(¢) € CL(G). Denote by w(z) the composition w(¢(z)) € Wl(D).

The function w(z) satisfies to the differential equation

d:w(2) 4 41 (2)0w + G2(2)0:W(2) + A(2)w(z) + B(2)w(z) = F(z), (3.13)

where

B2 = 0D Rle) = G,
A0 =A600) B = B0 T F) =06
@1(2), @2(2) € C(D), A(2), B(2), F(2) € Lp(D).
It follows from (3.13) and (1.6), that w(z) satisfies to the integro—differential
equation ~ ~ ~
Qw) =TpF(z) + ®(z), (3.14)
where

Q(w) = w(z) + Tp (10w + G20:W + Aw + Bw),
8() = 5, [ e a1(D)

271 t—z
r

TpF(z) € W, (D) (see. (2.7)).

It is known from [4], that the operator ) is a (real) linear isomorphism of the
Banach space WI} (D). Thus, to complete the proof of Theorem 1.1 we have to
show that ®(z) € AL(D). Let us do it.

First we mark, that by (1.6)

F(¢) = TaO:F + @(C), (3.15)
where
B(¢) = ;m_/“;(T_)‘éT € AL(G). (3.16)
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Now we suppose s < p and as < 2. By (2.9) and Lemma 2.9 we have ®(((z)) —

- - . as
®(2) € A (D), where ¢ = min {p,s + 5 as} > s.

If ¢ > p, from here and (3.16) we have ®(2) € A} (D) and the proof is completed.
If ¢ < p and ag < 2, changing s by s; = ¢ we repeat the last argument and get

B(((2)) — ®(2) € Al (D), where ¢; = min [p, s1+

>
2 —asy ¢

If as > 2, in the first reasoning we can decrease s such, that there will be as < 2
and ¢ > p. Analogously, we can do it in the reiterated reasoning for s;.

It is clear, that at the next step with number n we get ¢, > p and complete the
proof of Theorem 1.1.

3.2. Proof of Theorem 1.2. We use the method of mathematical induction for
k>0.

3.2.1. The base case k = 0. To prove this special case we slightly modify the
arguments from Sec. 3.1.
Consider the equation

Qw) = F(¢) € CL(G). (3.17)
By Theorem 1.1 this equation has a unique solution w(¢) € WX(G) c Cs(G),

5 —
where s > 2 is arbitrary large; hence g = is arbitrary close to 1. As in

s p—
Sec. 3.1, owing to Banachs theorem we have to show that w(¢) € CL(G).
As in (3.15) we have

F(¢) = Tg0:F(¢) + (),

where the holomorphic function ®(¢) is represented by (3.16), and ®(¢) € AL(G).
As in Sec. 3.1 we consider the function w(z) = w({(z)) € W(D), satisfying
to Equation (3.13). We note, that now the coefficients and the constant term of
Equation (3.13) belong to C, (D).
Also the function w(z) satisfies to Equation (3.14), where ®(z) € Cjs(D),
Consider a holomorphic in D function

_ 1 <@ - w = 2)) — ®(z
) = 5 [ | (1)t = 2(C(2) ~ D).

T omi —C(2) t—=z
r

From Sokhotski—Plemelj formulas [3, Ch.1, §4, Sec.4.2] it is easy to see, that
lim Yw(z) = Yw(t).

z—tel

Because w(z) € Cg(D), where 3:0 < 8 < 1 is arbitrary close to 1, from Theorem
2.3 we get Ww(t) € CL(T), p=a+ —1,0 < pu < 1; hence, Vuw(z) € A},(D).
Since ®(¢) € AL(G), from here we get ®(z) € AL (D).
Further, since the operator 2 is a linear isomorphism of the Banach space CL(D)

[4], we get w(z) € C}L(ﬁ), w(() € C}L(é).
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Now, using Corollary 2.4 of Theorem 2.3 we get ®(z) € C}(D); from here we
have w(z) € CL(D) and w(¢) € CL(G).
The case k = 0 is exhausted.

3.2.2. The step case k > 1. Assume, that the statement of theorem holds for
k =m > 0. Using this assumption we must prove the statement for k = m + 1.
Consider the equation

Qw) = F(Q) € Ci*(G),

where q1(¢), ¢2(¢), A(¢), B(¢) € C™*1(G). By virtue of inductive hypothesis this
equation has a unique solution w(¢) € C™*+1(G). Analogously to the previous
arguments we have to show that w(¢) € C*2(G) and then to use the Banach
theorem. As above, we reduce the proof to the special case investigated in [4],
when the domain G is a unit disk D.

As above, we represent the function F'(¢) by the formula (3.15); in this formula
now we have Tgd;F € C7H%(G), ®(¢) € A7+?(G). Differentiating ®(¢) with
respect to ¢ (m + 1) times, we obtain (see [12, Ch. 1, §3]):

(I)(m+1)(<) _ 1 /wm+1(7') dr € Aé(é),

T 2mi T—C(
where
(1) =Toae (Toag () ) wlr) (3.18)
W1 (T) =To— | To——(...) | w(7); .
+ do do
7 = 71(0) € C™*2 is the equation of the contour £; o is a length of arc on £; the
operator ﬁd— is repeated in (3.18) (m + 1) times.
o

Because w(¢) € C™+1(G), opening brackets in (3.18) we can rewrite the func-
tion wy,+1(7) in the form:

Wint1(7) = Wi (1) + Wa (1), (3.19)
where
et dm+1
Wi(r) = (7)™ () € Ca(£),
and Wy (7) € CL(L).
Further, we have:
1 Wi (T) 1 Wo (1) —
(m+1) _ = 1 L 1
i) ©) 5] — dr + = — dr € A, (G). (3.20)
C c

By the properties of the Cauchy—type integral we also have (see [12, Ch. 1, §3]):
1 W2 (T)

L
From here, we get:
1 W _
®(Q) =5 [ = 1_(2) dr € AL(G), (3.21)

L
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and by (3.21) we obtain:

B¢ = 5 [ o L € ALD)
r

where
m—+1

m—+1 d s
( ) (Ct) ( s) * dstrlw(t) € Coz(r)a t=e",
w(t) = w(r(t)).
1
_ 27/
r
and the difference

Consider the function
~ 1 1 ~
W) = 010 - 01) = o [ | - i | Wi
T

U\

a(D),

211 t—=z

Since ¢(z) € C3(D) C C1(D), using theorem 2.3 we get UW,(z) € CL(D); hence,
®3(2) € AL(D). o
Further, because ¢, € AL (D) and (, # 0, from here and Lemma 2.6 we obtain

m+1
I \ym—+1 d

ts w(t
Py(z) = 217”/( : ds™+1 ()dteA;(ﬁ). (3.22)
r

t—2z

Now, consider the function

8 = 5 [P

2mi t—=z
r
Because w(((z)) € C"t1(D), we have ®(z) € A™1(D).
Analogously to (3.20), we obtain:

B (z) = By (2) + Bal2),

where ®5(z) € AL(D). From here and (3.22), we get ®(z) € A7+2(D).

The function w(z) = w({(z)) satisfies to Equation (3.14), where TpF(z) €
C™+2(D), and Q is a linear isomorphism of the Banach space C™+2(D) [4]. From
here we get w(z) € C™+2(D), and w(¢) € C™2(G).

Theorem 1.2 is proved.
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