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Abstract. In this paper we develop the generalized quasilinearization method for
partial integro-differential equations of parabolic type. We consider the situation
when the nonlinearties satisfy a regularity, a monotonicity, and a Lipschitz condi-
tion. Using the natural upper and lower solutions we develop two sequences whose
elements are solutions of simpler nonlinear differential equations, and the sequences
converge uniformly and monotonically to the unique solution of the nonlinear integro-
differential equation.We further prove that the rate of convergence is cubic. As an
application a numerical example is presented.
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1. Introduction

The method of quasilinearization [1, 2] combined with the technique of upper and
lower solutions has been extended recently to a wide variety of nonlinear problems.
It has been referred to as a generalized quasilinearization method. See [3, 7, 9] for
details and [10, 11] for applications.

In the nuclear reactor model if the effect of the temperature feedback is taken
into consideration the neutron flux u = (¢, x) is governed by a Volterra type integro-
differential equation. On the other hand, in the study of nerve propagation, a simpli-
fied Hodgkin-Huxley model (see [15]) for the propagation of a voltage pulse through a
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nerve axon is governed by a similar Volterra type integro-differential equation. They
also occur in structured population models. Motivated by above models we consider
nonlinear parabolic integro-differential equations in this paper. In [16] the authors
obtained by using generalized quasilinearization method a quadratic order of con-
vergence for nonlinear integro-differential equations of parabolic type. They have
considered situations when the forcing function is convex and they have used lin-
ear iterates to obtain the solution of the nonlinear integro-differential equation. In
addition, the rate of convergence is quadratic. However, in [4] they have used gen-
eralized monotone method and in [12] extended quasilinearization method to obtain
higher order of convergence for ordinary differential equations. See [6, 7] for mono-
tone method for a variety of nonlinear problems. In this paper we extend the above
results when the second derivative of the forcing function is nondecreasing in v and
satisfies a one sided Lipschitz condition in u. Using an appropriate iterative scheme
and lower and upper solutions under suitable conditions, we obtain natural sequences
which converge to the unique solution of the nonlinear integro-differential equations of
Volterra’s type and the rate of convergence is cubic. Finally, we provide a numerical
example to demonstrate the applicability of generalized quasilinearization method we
have developed here to solve nonlinear parabolic integro-differential equations. For
recent results on higher order of convergence see [13, 14].

2. Preliminaries

In this section we list the assumptions and recall some known existence and compar-
ison theorems which we need in our main result.

Let us consider a nonlinear second order parabolic integro-differential equation of the
form

Lu = f(t,z,u(t,z))+ fotg(t, x, s,u(s,x))ds in Qrp,
u(t,z) = ®(t,x), x € 08, (2.1)
U(O, I) = UO(x)v T e Qv

where  is a bounded domain in R™ with boundary 9Q € C**7 (y € (0,1)) and
closure Q, Qr = (0,T) x Q, Qp = [0,T] x Q, T > 0. Let £ be a second order
differential operator defined by

0
L= i L, (2.2)
where
L= Em a; ;(t 1)872 + mg bi(t :10)i (2.3)
a BIND 8:1718117J B 8171 '

i,j=1 i=1
Here we recall some known auxiliary results and list the following assumptions for
convenience which will be needed for our main result.
(Ag) (i) Foreachi,j=1,...,m,a;;,b; € C37[Qrp, R], and L is strictly uniformly
parabolic in Qp, that means a;;, b; are Hdélder continuous of order 3
and v in t and x respectively;
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(ii) O belongs to the class C?T7, that means the boundary is Hdlder con-
tinuous of order 2 + ~;

(ii3) f € C7[0,T] x QA x R, R], g€ Cz7[[0,T] x Q2 x R? R] that is f(t,z,u),

g(t,z,u) are Holder continuous in ¢ and (z,u) with exponents 3 and +,

respectively;

(iv) ® € C'22H7][0,T] x 9, R] and uo(z) € C*T7[Q, R];
(Note that ® and ug(z) are Hélder continuous in ¢ and z of the appro-
priate order mentioned above.)

(v) wo(x) = ®(0,2), @, = Lug+ f(0,2,up) for t =0 and x € IN.
We need the following definition.

Definition 2.1. The functions ag , 3o € C*2[Qr, R] with g(t,x,u) nondecreasing in
u are said to be lower and upper solutions of (2.1), respectively, if

Lag < ft,z,a0(t,z) + [ gtz s,a0(s,2))ds  in Qr,
O‘O(tux) < (I)(t,l'), T e 697
ao(0,2) < ug(x), x €,
and
Eﬁo 2 f(tuxuﬁo(tux)) +f0tg(t,$,37,80(8,$))d8 mn QTu
Bo(t,z) > @(t,x), x € 09,
Bo(0,z) > wp(x), z € Q.

Next we recall a known existence theorem for (2.1) which we need in our main
results.

Theorem 2.1. Assume that (Ag) holds. Then (2.1) has a unique smooth solution
u(t,z) € C*T2:2[Qp, R].

See [5] for details.
Also we recall positivity and comparison theorems which we need to prove the mono-
tonicity and the order of convergence in our main result.

Theorem 2.2. Let u(t,z) € CHTW’HV[@T,R] be such that
Lu+cu >0 in Qp,
u(t,z) >0, z€dQ,
u(0,z) >0, ze€Q,
and ¢ = c(t,z) is a bounded function in Qr. Then u(t,r) >0 in Q.

See [15] for details.
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Theorem 2.3. Assume that

(i) fu(t,z,u) and g,(t,z,s,u) are bounded functions with g(t,, s, u) nondecreasing
inu on Qrp.

(ii) a(t,z) and B(t,x) satisfy

Lo < f(t,x —|—f0 (t,x,s,a(s,x))ds in Qr,
LB > f(tx —|—f0 (t,z,s,0(s,x))ds n  Qr,
with
oftr) < Blta), weon,
a(0,z) < B(0,2), x €.

Then a(t,z) < B(t,x) on Q.

See [16] for details.
The next comparison result follows from Lemma 6.2 in [3] and [8] .

Theorem 2.4. Suppose that
(i) g(t,x,s,u) is monotone nondecreasing in u for each fized point (t,z,s),

(ii) a(t,z) satisfies

La < [(t.z,at,0) + [yg(t,z.s.a(s,2)ds  in Qr,
alt,z) = 0, x € 09,
ap(0,2) = wuo(x), x € 9,

(iii) r(t) is the solution of the following ordinary integro-differential equation

r’ = hl (t,T) + f(f h?(ta S,T))dS,
r(0) = max{max,cquo(z),0},

where

hi(t,r) > max f(t,z,7) and hao(t,s,r) > maxg(t,x,s,r).
reQ reQ

Then a(t,z) < r(t) on Q.

3. Main Results

In this section we extend the method of generalized quasilinearization to (2.1) with
cubic order of convergence. This has been achieved under weaker assumptions than
the usual convexity assumption to the nonlinear integro-differential equations. We
obtain cubic convergence when the nonlinearity of the iterates is quadratic. This is
precisely our main result, which we state below.



158 T. G. Melton, A. S. Vatsala

Theorem 3.1. Assume that all of (Ag) holds except (iii); further assume that

(i) o, Bo are lower and upper solutions of (2.1) with ag(t,z) < Bo(t,x) on Q.
(ii) O f(t,x,u)  'g(t,x,s,u)

ou ’ oul z l
12071,2 SUCh that af (taf,u),ﬁg(t,xzau)
ou o

(iii) Also g is a nondecreasing function in u on Qp such that

exist and are bounded functions on Qp for

€ C*7(Qr x R, R).

Gu(0) = guu(Bo)(Bo — ao)

and
82f(t7$777 ) 82f(t,117,77 ) a)
0 < 52 LA 52 2 < Mi(m —1m) on Qr,
&g(t,x, & Py(t,x, & —
0 < ((%2 D _ éug 2) < Ms(& — &) on Qr,
whenever

ao(t,x) <ma(t,x) < m(t,x) < Bolt, o),
Oéo(t, I) < gQ(tvx) < fl(t, I) < Bo(ta I)

Then there exist monotone sequences {an(t,x)} , {On(t,x)}, n > 0 which converge
uniformly and monotonically to the unique solution of (2.1) and the convergence is of
order 3.

Proof. Let us first consider the following equations:

Lw = Fi(tz,ow) —I—fot Gi1(t,z,s,a(s,x);w(s,x))ds
_ i@if(t,g_c,a) (w— )

8ul 1!
=0

t 2 gi _ i

/ Za g(t,x,s,.a(s,x)) (w(s, z) 'a(s,x)) ds n O
0 =0 O’ il

(t,x), x € 09,

o(z), T €,

(3.1)

_|_

|
g

g
=
~— \%/
|
&

Ly = FQ(tv'rvﬁ;’U) +fgGg(t,.I,S,ﬂ(S,I);U(S,x))dS
_ iaif(t,a_c,ﬁ) (v )

ou' 1
i=0

t 2.9 t,z, s, B(s, ) (v(s,z) — B(s,x))° . (3.2)
[ 3o 2otn e flor) o) )

- S mn QT7
7!

_|_

i=0
(t,z), x € 01,
o(z), T €,

<
—~
<o
8
~—
I
S
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where a(t,z) < v,w < B(t, z) and (0, 2) < ug(z) < 5(0, ).

Initially, we prove (ay, 8p) are lower and upper solutions of (3.1) and (3.2), re-
spectively.
Let o = ap and 8 = fp in (3.1). Then we have

Lag < f(t,z,a0 —i—fo (t,z,s,a0(s,2))ds
= Fi(t,z, a0 00 —i—fo Gi(t,x, s, a0(s,x); ap(s, x))ds,
ap(t,x) < Pt ), x € 09, (3.3)
ap(0,2) < wp(z), x € 9,

LBy > f(t,x,f0)+ [y glt,x,s,Bo(s,x))ds
d'f(t,m,a0) (Bo - )" T Pft,x, &) (Bo— an)®

|
MH

= ou’ i! o> (2)!
e aig(tvxv S, ao) (60 - ao)i 82g(t,x, S, 52) (60 - 040)2
+/0 [Z; o T o @) }d‘s
2 qi tr 2 oi N
> ;3 f(gfi’%) (Bo —040 / [2059 (t,x,5,0a0) (Bo i!Oéo) }ds

Fi(t,x 040,60 +f0 Gl t,x, s, ap; Bo)ds,
D(t, x), x € 08,
uo(), z €9,

ﬁo(t,l‘)
60(05 I)

VIV I

(3.4)
where ag < &1,&2 < o
By (3.3) and (3.4) we can conclude that ag and [y are the lower and upper
solutions of (3.1). To apply Theorem 2.1 we need to verify (iii) of (Ap) relative to the
equation (3.1). Forn € C* 2" 1*7[Q7, R] such that ag(x,t) < w(x,t), n(t, z) < Bo(t, z)
on Qr we have

Fithau) — 3 0IGm(te) [wlt.a) —nit.o)]

e o’ il
2 ; j (i, i—] j
_ Zalf(t,w,n(t, z)) Sico (=D G (8 2)n’ (¢, @)
- ou’ il
= ZZ 8 f t ; W(t x))wi_j(t,:v)nj(t,:v)
1=07=0 u’
2 g
= ZZKi7jdi,j(t,x)wi_j(t,x),
i=04=0
where K; ; = % and d; ;(t,z) = Mnﬂ (t,z). We need to prove that

d; j(t,z) belongs to C=7[Qr, R] for i,5 = 0,1,2. We will only show the details for
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one term d; ; (¢, z) when |n| < Cy and |6u7:| < Cs.

0
st 2) = dogE,2)] = | ZLELAED) (g, gy - PIELACL)) 1 )
< alf(t,;;q(t,x))nj(tvx) _ ?lfft’;;?(_t’x))nj(t,x)’
‘8 f(t,x n(t I))nj(t z) — 9 f-(tvgzv;?(tvf))nj(f’ x)‘
— (¢, ) 3 [, ;uy(t ) 0 f(t,;;?(t,x))‘
j—1
}W—””Mn ) = () [ 3o (4w 7 )|
=0
< C{OU(GE) (e T3 + Qe =17
+iCTCCrn)t — 1|
< Cu(F)|t =113,

where C¢(F) depends on C1, Cs, Ct( ) Ct( ), and T'. This shows that Fy (¢, x, a; w)
is Holder continuous in t with exponent 3. Similarly, we can prove that Fy(t,z, a;w)
is Holder continuous in (x, w) with exponent . That is:

_ O f(t,z,n(t, < I, T,nt,T)) 5, —
di;(t,x) —d; ;(t,T)|] = f(g—?(x))ng(t I)—Wﬁj(t@)
< C{C(ZL)(lz = 7|7 + Caln) ||z — 7| 1+7)
+jCTC2C: (n)||x —T||' 7

< Cpw(F)|lx —Z)7,

where C ., (F) depends on C1, Cs, C,, (6m) and C,(n). Hence Fi (¢, z, o; w) is Holder
continuous in ¢ and (z,w) with exponents 7 and 7, respectively. The proof that
G1(t, z, a;w) is Holder continuous in ¢ and (z, w) with exponents 3 and v, respectively,
follows the same lines. Similar conclusions hold for Fy(t, z, 3;v) and Ga(t, z, B;v). It
follows by Theorem 2.1 that there exists a unique solution a; of (3.1). One can prove

that ag < a1 < Gp. Let = a3 — ag. Then it follows that

Eu = E(Ozl —040)
> Fi(t,z, a0 a1 —I—fo G1(t,z, s, p;a1)ds
—F1(t,x, ap; ap) fo G1(t,z, s, ap; ap)ds
= Fy,(tr,a00;6 lH‘fO Gy (t, 7,8, 00; §2) puds,
plt,z) = 0, x € 09,
w(0,2) = 0, x € Q.

Using this and applying Theorem 2.2 one can obtain p > 0 or ag < .
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Next let set 4 = By — a1. Then

Ly = L(Bo—a1)
> Fi(t, @, a0 Bo) +f0 Gi(t,x,s,a0; Bo)ds
—Fi(t,z, a0; 1) fo Gi(t,z,s,a0; a1)ds
= P, (t,r,a0;6 AH'fO Gy, (t, 2,5, 00; §2) pds,
pt,z) = 0, x € 09,
w(0,z) = 0, x € Q.

By Theorem 2.2 and above inequalities one can conclude that g > 0 or oy < fy.
Similarly we will prove now that («g, 8p) are lower and upper solutions of (3.2). Set
a=apand 8 = Fp in (3.2). Then we get

LBy > f(t,z, Bo) —|—f0 (t,z,s,Bo(s,x))ds
= Fx(t,z,Bo; o) +f0 Ga(t, @, s, Bo(s, ); Bo(s,z))ds,
Bo(t,z) > ®(t,x), x € 09, (3.5)
Bo(0,2) > wp(x), x €8,

¢
Loy flt,z, a0) + / g(t,x, s, a0(s,x))ds
0

1 .
o T ag — Bo)" 2 T ag — Bo)?
— ; f(g,ui,ﬁo)( 0 ilﬁo) I f%’ui &) ( 0(2)!50)

8lg(ta x,s, ﬂo) (O[O - 60)1 azg(tv zZ,s, 62) (050 - 50)2
+/0 [Z; ou T o @) Jas (3.6)
< Z f(gufl? , Bo) (040 - ﬁo / g(t,z,s ﬂo) (ao ;50)1515

i=0
= F5(t, z, Bo; ) +f0 Ga(t,z, s ﬁo,ao)
ap(t,x) < O(t,x), x € 01,
O‘O(Ov'r) < UO(x)v YIS Qa
where (7)) S 51752 S ﬁo.
One can conclude that «p and fp are the lower and upper solutions of (3.2)

considering (3.5) and (3.6). By Theorem 2.1 there exists a unique solution (; of
(3.2). We show that ag < 81 < fBo. Let u = By — $1. Then we have

Ly = L(Bo—H)
> Fy(t,x,Bo; Bo) +f0 Ga(t, x, s, Bo; Po)ds
—Fy(t, x, Bo; B1) fo Ga(t, x, s, fo; f1)ds
= Fy,(t,z,B0;& /H-fo Gay, (t,x, 5, Bo; &) pds,
wt,z) = 0, x € 08,
(0,z) = 0, x € Q.

Applying again Theorem 2.2 we can conclude that p > 0 or Gy > ;.
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Next set u = 1 — 9. Then

Ly = L(B1— )
> Fy(t,x, Bo; 1) +f0 Ga(t,z, s, Bo; B1)ds
—Fg(t x ﬁo,ao fO G2 t x,Ss ﬁo,ao)ds
= Fy,(t,z,B0;& /H-fo Goy, (t,x, 5, Bo; &) pds,
w(t,z) = 0, x € 08,
w(0,z) = 0, x € Q.

Using again Theorem 2.2 we can obtain that y > 0 or 81 > ag. Hence ag < 61 < So.
Next we prove that 81 > a1. We can get

flt,z,a1) —I—foig(t,x,s,al(s,x))ds
_ Z(’“)if(t,x_,ao) (o1 — ap)’ 4 D*f(t,x, &) (o — ap)?

gt o’ il ou’ (2)!
e (9ig(t,:v, S7a0) (041 - ao)i a2g(t,$, S, 52) (al - 040)2
* /0 {Z; o T s @) ]d; .,
2 , L2 A ; )
0'f(t,r, ap) (a1 — ap)” d'g(t,z,s,ap) (1 — ap)"
> ; = 0 1 - 0 +/0 {; £ T }ds
= Fl(t,iE,Oéo;Oél) + fot Gl(taxa 8,050;011)
= Eah
ar(t,z) = (¢, x), x € 08,
a1(0,2) = wuo(x), x €,
and
F(t,81) + Jy 9(t, 2,5, B (s, 2))ds
1. ,
o° _ 4 82 _ 2
fz f((’;,ui?ﬁo) (81 .'50) i f%a;ga &) (ﬁl@)!ﬁo)
L dig(t, g(t — Bo)?
/ [Z g(t,z,s ﬁo) (B Z'50) (8228 §2) (B (2)!50) ]ds
=0 2 (3.8
' (t &g(t, x5, Bo) (B = Bo)’
<ZO f(wﬁo (B — 50) /O{Z; — 0 1i!o}d8
= F2(taxaﬁo;61 + fo GQ(taIa Saﬁo;ﬁl)
= 5617
ﬁl(tux) = (I)(t,l'), T e 697
£1(0,2) = wup(x), x € Q.

By (3.7) and (3.8) together with Theorem 2.3 one can obtain that 8; > a;.
Hence we have ap < a1 < 1 < fy. Using this inequality and the method of
mathematical induction, one can show that

<o <. <o, <GB, <...<B1 < B for all n.
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Let u be any solution of (2.1) such that ap < u < By with ag(0) < ug < 5o(0)
on (. Suppose for some u , we have a,, < u < (B, on Qp. Set @1 = v — i1,
®5 = (41 — u so that

E‘I)l = Lu— EO(,H_l
= f(t,z,u) + [y g(t, 7,5, u(s, v))ds
2 .
_ Zalf(ta T, ) (Qnt1 — an)'
o’ 7!
B /t ialg(t,x,s,an(s,x)) (nt1 — an)ld
0 1=0 auz Z'
> flt,x,u) — f(t, @, ang1 —i—fo (t,x,s,u) — g(t, 2,8, ant1(s,x))]ds

> fult,z,m)®1 + [ gu(t, z, 5,m2)®1]ds,
) =0, x € 09,
1(0,(E> :Ov HAES Qv

S

LPy = LOnt1 —
:—ft:zcu fo (t,z,s,u(s,x))ds

4 Za tvxiv 677.) (6n+1"_ 6’”«)
i=0
ok g(t,z,s ﬁn(s )) (6n+1 671)
* fO Z ou’
1=0
> f(t z,u) + f(t 2, Bptr)
+Jylogltm s uls, ) + glt.w.s. B (s.)lds
> fult,z,m3)Po —I—fo gu(t, z, s,m1)P2)ds,
Dy(t,z) =0, x € 09,
®5(0,2) =0, x €8,
where 71, 72 are between v and ay, 41, and 73, 14 are between v and S,41. It is clear
that a,+1 < u < B,41 by Theorem 2.2. Since oy < u < fy, this proves by induction
that a,, < u < 3, for all n. From this we can conclude

ag<a; <. Za, Sul B, << B < B

Since {an(t,x)} and {B3,(t,x)} are in C'*2:2t7[Q, R], one can show that these
sequences converge to (p,r) using the same technique as in [15].
That is
lim a,(t,z) = p(t,z) <u <r(t,z) = lim G,(t z).

n—oo n—oo

Now we need to prove that p(t,z) > r(¢,z). From (3.1) and (3.2) we get

,Cp(t,:t) = Fl(ta T, p; p) + fot Gl(ta Z,$s, p(s,x);p(s, I))ds
= f(t,z,p) + [y 9(t, 2,5, p(s,7))ds,
p(t,z) = Dt x), x € 01,
) = ug(x), x €,
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and
Lr(t,z) = Fa(t,z,rr) —|—f0 Ga(t,x,s,r(s,x);7(s,z))ds
= f(t,x,7) —|—f0 (t,z,s,7(s,x))ds,
r(t,z) = ot ), x € 09,
r(0,2) = wuo(x), x e Q.

u
Setting © = r(t,x) — p(t, x), we get

LO =Lr—Lp
= f(t,x,7) —i—fo (t,z,s,7(s,x))ds — f(t,z,p) — fo (t,z,s,p(s,z))ds
<Li(r—p —l—fOLgr— p)ds
< L6 + fO LoOds, Ly, Ly >0,

O(t,x) =0, x € 08,

0(0,2) =0, x € Q,

using assumptions (ii¢) of the hypotesis. Now by Theorem 2.2 we can conclude that
r(t,z) < p(t,z). This proves r(t,z) = p(t,z) = u(t, x) is the unique solution of (2.1).
Hence {an,(t,2)} and {5, (¢,x)} converge uniformly and monotonically to the unique
solution of (2.1).

Let us consider the order of convergence of {a, (¢, z)} and {53, (¢, z)} to the unique
solution u(t, z) of (2.1). To do this, set

pn(t, ) = u(t,x) — an(t,z) >0,

an(t,x) = Bn(t,z) — u(t,xz) > 0.
Using the definitions for a,,, By, the Taylor expansion with Lagrange remainder, and
the Mean Value Theorem, we obtain
Lpni1 = Lu— Loy
= f(t,z.u) + [g g(t,. 5, u(s, ))ds
2 . .
Zazf(t X, Q) (an+1_'— ay)’

l 2!

S

/ gt,z,s an(s,x)) (nt1 —Oén)id
2!
5 2
it~ Sman ¢ 7

_82f(2’u€’ On) (an+é2;! an)* +/ [g (t,x,s,u) —g(t,z,s,ani1(s,z))
Pyt x.5.6(5.2)) (01 — o)’

) ou? 2)! ,

_9 g(tawagllgn(saw)) (an+12;! ) } ds
< fult,zym)(u — angr) + (2—)1!(51 — o) (ang1 — an)?

[ fultasm)u = 0u) + G 6 — 0)(aner =0,

+
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¢
< Kipny1 + Kop, +/ [K3pni1 + Kap)ds,
0
Pnt1(t,z) =0, x € 0N,
pn+1(07x) = Oa T e Qv
where o, < &1,& < ang1, g1 <12 S u, [ fu] < Ko, % = Ko, |gu| < K3, and

Mo _ K,

@)

Let r(t) be the solution of the following ordinary integro-differential equation:
¢
r'(t) = Kir(t) + Kg/ r(s)ds + (K2 + K4T) mémxpfl, r(0) = 0.
0

Now computing the solution of the above equation, we get

V72
r(t) < Zexp(V KT + 4K, T) [(Ke + K4T) mgxpf’l].

VE?+4K3

One can see that

t
/ Kyp3ds < K4ngxpi.
0

It follows that pp41(t, ) < r(t) by Theorem 2.4. Hence

max |ppi1 (8, )| < [(Koy + K4T)] [2exp(\/m T)

max |p}) (¢, z)|.
Qr vV K12 + 4K3 } Qr

Similarly, one can obtain that

2ex K24+ 4K3 T
g1 (1, )| < [(0, + 1)) [222 B IR T)

3
max|q,, (t, z)|.
Qr V 1(12 + 4K3 } Qr

Hence the order of convergence of the sequences {a,(t,7)}, {B.(t,7)} is cubic. U

4. Numerical Results
In this section we demonstrate the applications of the main result which we have
developed in Section 3. Let us consider the following example:

¢
Up — Upy = ul —9u+sin’t+ / [u (s, x) + 6u(s, x)|ds, 0<z,t<1
0
u(0,t) = wu(l,t) =0, 0<t<1
u(0, x) sin(ma), 0<z<1.
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Choosing ag(t,2) =0 and Sy(¢,z) = 1, we have

<sin?t, 0<t<1,
>1-94sin®t+7t, 0<t<1,
<1, 0<t <1,
<sin(rmz) <1, 0<z<1.

OO OO

Hence ap(t,x) = 0 and By(t,z) = 1 are natural lower and upper solutions for (4.1)
respectively. Denote

[tz u) = u(t,z) — Yu(t,z) + sin’t,

g(t,z,u) = ud(t,x) + 6u(t, ).
It is true that

9u(0) = 3(0)2 +6 > guu(1)(1 —0) = 6(1)(1 - 0),

OSfuu(t,I,Ul)—fuu(t,I,Uz) §24(U1—U2), 3t 2“25

0 < guult, z,u1) — Guu(t, z,uz) < 6(ur —uz), wuy > us.

Hence we can apply iterates of Theorem 3.1 with the Lipschitzian constants M; = 24
and My = 6 to find the approximate solution of the equation (4.1). After only three
iterates of @ and 3 we can derive the approximate solution of (4.1) as shown in the
following table for ¢ = 0.5:

Table of Three «, (3 - Iterates and the Solution

x o (t) aa(t) a3 (t) u B3(t) Ba2(t) B1(t)

0.1 | 0.0050893 | 0.0050893 | 0.0050893 | 0.0050893 | 0.0050893 | 0.0051042 | 0.0614934
0.1 | 0.0085013 | 0.0085026 | 0.0085026 | 0.0085026 | 0.0085026 | 0.0085225 | 0.1046710
0.3 | 0.0106567 | 0.0106573 | 0.0106573 | 0.0106573 | 0.0106573 | 0.0107025 | 0.1257870
0.4 | 0.0118672 | 0.0118694 | 0.0118694 | 0.0118694 | 0.0118694 | 0.0119073 | 0.1447620
0.5 | 0.0122466 | 0.0122471 | 0.0122471 | 0.0122471 | 0.0122471 | 0.0123077 | 0.1435990
0.6 | 0.0118866 | 0.0118888 | 0.0118888 | 0.0118888 | 0.0118888 | 0.0119275 | 0.1451940
0.7 | 0.0106907 | 0.0106913 | 0.0106913 | 0.0106913 | 0.0106913 | 0.0107380 | 0.1265440
0.8 | 0.0085404 | 0.0085417 | 0.0085417 | 0.0085417 | 0.0085417 | 0.0085631 | 0.1056010
0.9 | 0.0051180 | 0.0051188 | 0.0051188 | 0.0051188 | 0.0051188 | 0.0051348 | 0.0622288

On the Figure 1 we can see the a-iterates ( with unbroken line ) and the S-iterates
(with broken line ) for ¢ = 0.5.
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Figure 1.

The graph on the Figure 2 shows the approximate solution of (4.1) using the
finite-difference method and Mathematica for each iterate.

Figure 2.

Since the convergence of the iterates is of order 3 we obtained the approximate
solution very fast, in three steps only.

Remark 4.1. The above result can be extended to include the situation when

flt,x,u) = fi(t,z,u) + folt, z,u),

where fi(t,x,u) satisfies the hypothesis of the theorem whereas fa(t, z,u) satisfies

02 fo(t, x, 02 fo(t, _
0> PRO0G)  TRULG) oy —g) ey

for ag(t,z) < Go(t, ) < Gi(t, x) < Folt, x).
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Conclusions

In the above theorem we assumed that the 2nd derivative of the functions f(¢,x,u)
and g(t,x,u) with respect to u are nondecreasing and one-sided Lipschitzian with
respect to u. We have developed iterates of nonlinearity of order 2 which converge
rapidly (order 3) to the unique solution of nonlinear integro-differential equation of
parabolic type. The error in this numerical computation of solution can be made
as small as possible. We demonstrate the application of the theoretical result with
numerical simulation.
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